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Gauge symmetries in particle physics
consider first the example of electrodynamics, a fermion of mass m and charge Q
interacting with the photon

L =
1

4
FµνFµν − ψ̄[γµ∂µ − iQγµAµ +m]ψ

Fµν = ∂µAν − ∂νAµ F̃µν = (i/2)εµνρσFρσ
0 B3 −B2 −iE1

0 B1 −iE2

0 −iE3

0

0 E3 −E2 −iE1

0 E1 −iB2

0 −iB3

0

the components of Fµν are just the electric and magnetic fields

Ei = iFi4
εijkBk = iFij

with the duality transformation
E → −B
B → −E

the electromagnetic Lagrangean leads to the equations of motion

∂µFµν = −QJν
(γµDµ +m)ψ = 0

and the Bianchi identity ∂µF̃µν = 0
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in vacuo these are just Maxwell’s equations

i : Ė = ∇×B E = −∇φ− Ȧ

4 : ∇ ·E = 0 B = −∇×A

and

i : Ḃ = −∇×E

4 : ∇ ·B = 0

which define ED
Note that e.m. current conservation

∂µJµ − ∂µ(∂νFνµ) ≡ 0

is equivalent to local gauge invariance

ψ → eiΛψ Aµ → Aµ +
1

Q
∂µΛ
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Covariant derivative
With Dµ defined as

Dµ = ∂µ − iQAµ

one can see that Dµψ transformas covariantly

Dµψ → D′
µψ

′ = [∂µ − iQA′
µ]ψ

′

= [∂µ − iQ(Aµ +
1

Q
∂µΛ)]eiΛψ

= eiΛ[6 i∂µΛ + ∂µ − iQAµ− 6 i∂µΛ]ψ

= eiΛDµψ

so that the Lagrangean

L =
1

4
FµνFµν − ψ̄γµDµψ − ψ̄mψ

is indeed gauge invariant
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Non abelian Yang Mills theories
generalizing from ED which is a U(1) abelian gauge theory one can build a
consistent theory based on any gauge group G. For example, G=SU(3) corresponds
to QCD under a gauge transf

ψ → Uψ U †U = 1 = UU † , detU = 1

we have Dµψ = (∂µ − igAµ)ψ; ψ ∈ “Fundamental” rep

Dµψ → [∂µ − igA′
µ]Uψ

= [∂µ − ig(UAµU
−1 +

1

ig
∂µUU

−1)]Uψ

= [∂µ 6 U + U∂µ − igUAµ − ∂µ 6 U ]ψ

= U [∂µ − igAµ]ψ ≡ UDµψ

so that, as in the abelian case, Dµψ transforms covariantly.
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Gauge Invariance of the Yang Mills Lagrangean
upgrading the form for the kinetic term expressed in terms of the field strength
(“curvature”)

Fµν = ∂µAν − ∂νAµ − ig[Aµ, Aν ]

one can show that under Aµ → UAµU
−1 + 1

ig
∂µUU

−1, Fµν also transforms

covariantly, i.e. Fµν → UFµνU
−1 As a result ...

L =
1

2
TrFµνFµν − ψ̄(γµDµ +m)ψ

is invariant under local gauge transformations defined by

Fµν = ∂µAν − ∂νAµ − ig[Aµ, Aν ]

Dµψ = (∂µ − igAµ)ψ ; ψ ∈ fund. rep.

Vlc, 2004 – p.7/??



http://ific.uv.es/˜ahep

Covariant derivative in Adj Repr.

DµFµν = ∂µFµν − ig[Aµ, Fµν ]

Bianchi identity

DρF̃ρσ = 0

For constant (x-indep) gauge transf one has that

Aab → Uaa′Aa′b′U
†
b′b ; U =const

transforms as a tensor in the Adj SU(2) Repr. It can be expanded as

Aµ = Aaµta ta =
1

2
τa

where ta = 1
2τa = t†a are the SU(2) generators obeying the group Lie algebra,

Tr tatb = 1
2δab

[ta, tb] = iεabctc

this way one sees that A2
1 = 1√

2
A1−iA2√

2
and similarly for A1

2.
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Yang Mills Lagrangean in components

L = −1

4
F aµνF

a
µν − ψ̄γµ(∂µ − igAaµ

τa

2
)ψ − ψ̄mψ

where the field tensor is also expanded as Fµν = F aµνta

F aµν = ∂µA
a
ν − ∂νA

a
µ + gεabcA

b
µA

c
ν

Dµψ = (∂µ − ig

2
Aaµτ

a)ψ

(DµFµν)
a = Dab

µ F
b
µν = ∂µF

a
µνta − i[Aaµta, F

b
µνtb]

= ∂µF
a
µνta + εabctcA

a
µF

b
µν

= (δab∂µ + gεabcA
c
µ)F

b
µν
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Yang Mills eqs
Using the Euler-Lagrange equations

∂µ
δL
δ∂µϕ

=
δL
δϕ

one derive the YM field eqs

(DµFµν)a = −igψ̄ τa
2
γνψ

(γµDµ +m)ψ = 0

Note that mass terms for gauge fields not gauge-invariant. Fermion mass terms OK in
ED and CD. As we will see later, a basic feature of the Standard Model is that
fermion masses are not gauge invariant, since the theory is chiral
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Rough structure of the Standard model
We now generalize from SU(2) to an an arbitrary group G defined by

[ta, tb] = iCabctc where C’s are structure const.

The gauge group can be a product, each factor with its gauge coupling constant gi

G =G1 ⊗G2 ⊗G3 . . .

g1 g2 g3 . . .

For the Standard model the Gauge group is G=SU(3) ⊗ SU(2) ⊗ U(1)
• SU(3) describes QCD: 8 gluons

• SU(2) ⊗ U(1) : 4 gauge bosons (W±, Z, γ) describing the electroweak part

Fermions may sit in any representation of G, not necessarily irreducible. In the SM
we have







(
ν

e

)

L

(
u

d

)

L

eR uR, dR







i=1,2,3
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Note on functional integrals-1
start with 1-dimensional from Gaussian

G =

∫ ∞

−∞
dx e−

1

2
ax2

=

√

2π

a
, Re e a > 0

and go to the multi-dimensional case

G =

∫ ∞

−∞

∏

i

dxi e
− 1

2
XTAX , A = AT

where the matrix A defines a quadratic form that be diagonalized as

X = RX ′ =⇒ RTAR = Λ = diag > 0

∫ +

−

∏

i

dx′i

∣
∣
∣
∣

∂X

∂X ′

∣
∣
∣
∣

︸ ︷︷ ︸

=1

e−
1

2
X′TRTARX′

=

∫ +

−

∏

i

dx′ie
−x′

i

Λi
2
x′

i

=
∏

i

Gi =
(2π)

n
2

√
detA

(1)

Vlc, 2004 – p.12/??



http://ific.uv.es/˜ahep

Note on functional integrals-2
for a general quadratic form

Q(x) =
1

2
XTAX + bTX + C

peaked at x̄ = −A−1b one has

∫ ∞

−∞
dx1 · · · dxne−Q(x) = e−Q(x̄) (2π)

n
2

√
detA

Generalizing to the functional case

∫

[dφ] e−
R

d4x
R

d4y φ(x)A(x,y)φ(y) ∝ 1√
detA

bosons

∫

[dψ] [dψ̄] e−
R

d4x
R

d4y ψ̄(x)M(x,y)ψ(y) ∝ detM fermions
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Quantization of Gauge Theories
• instead of using the usual canonical procedure

Classical

L
Canonical variables

[φ, π]PB −→ [φ̂, π̂]±

Pert. Theory

Feynman rules

• we will use Feynman’s path integral method which skips the intermediate step
• starts from generating functional in the presence of an external (Schwinger)

source J(x)

〈0|0〉J = eiZ[J] ∝
∫

[dφ] ei
R

d4x(L+Jφ)

• and gives directly the connected n-point Greens functions as (Feynman rules)

δnZ

δJ(x1)δJ(x2) · · · δJ(xn)

∣
∣
∣
∣
J=0
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Free scalar field generating functional

〈0|0〉J ∝
∫

[dφ] e
i
2

R

d4x(φ�φ−m2φ2+Jφ)

gives, by completing the square,

e−
1

2
JTA−1J

so that the propagator is given as

A−1 ∝ 1

� −m2 + iε
→ − i

(2π)4

∫

d4p
eip·x

p2 +m2 − iε

where the iε makes the integral well-defined. If we try to do the same for QED, we
find that A−1 does not exist, since A is a projection

L = −1

2
(∂µAν∂µAν − ∂µAν∂νAµ)

→ −1

2
(−Aν�Aν +Aν∂µ∂νAµ) = −1

2
Aν(−δµν� + ∂µ∂ν)Aµ
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gauge invariance problem
any vector potential can be split as

Aµ = ALµ +ATµ

where
ALµ =

∂µ∂ν
�

ATµ =

(

δµν −
∂µ∂ν
�

)

Aν

so that only the transverse part appears

L −→ 1

2
Aµ�

(

δµν −
∂µ∂ν
�

)

Aν ≡ 1

2
ATν �ATν +

1

2
ALνOA

L
ν

DT
µν = − i

(2π)4

∫

d4p
δµν − ∂µ∂ν

�

p2
eip·x DL

µν =
1

0
= ∞
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Gauge invariance in QED
therefore if one integrates over all gauge potentials

∫

[dAµ] e
i

R

d4xL →
∫

[dAT ] [dAL][· · · ]
︸ ︷︷ ︸

∞

one gets a divergence due to the overcount. One should integrate only over transverse

〈0|0〉 =

∫

[dAT ] eiS

=

∫

[dAµ] δ[A
L
µ ] eiS

=

∫

[dAµ] δ[F (A)]

(

det
δF

δAL

)

eiS

〈0|0〉 =

∫

[dAµ]det

(
δF

δΛ

)

δ[F (A)]eiS
J

where the gauge is specified by the condition F (A) = 0
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Fadeev-Popov trick in QED
to calculate the generating functional

F = ∂µAµ − ρ

δF =
1

Q
�Λ

δF

δΛ
=

1

Q
� indep. A ⇒ det

(
δF

δΛ

)

〈0|0〉 ∝
∫

[dA] δ[∂ ·A− ρ]eiS

∝
∫

[dA] [dρ] δ[∂ ·A− ρ]ei
R

d4x(L− ρ2

2α
)

=

∫

[dA]ei
R

d4x(L− 1

2α
(∂·A)2)
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now we can invert

−1

2

(

∂µAν∂µAν − ∂µAν∂νAµ +
1

α
∂µAµ∂νAν

)

→ −1

2
Aν

(

−δµν� + ∂µ∂ν −
1

α
∂µ∂ν

)

Aν

DF
µν ∝

[

δµν� −
(

1 − 1

α

)

∂µ∂ν

]−1

DF
µν =

1

�

(

δµν −
1 − α

�
∂µ∂ν

)

Dµν(p) = − i

(2π)4

∫

d4p
1

p2 − iε
eip·x

[

δµν −
pµpν
p2

(1 − α)

]

different α choices correspond to different gauges

α gauge parameter

1 Feynman
0 Landau
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Fadeev Popov quantization (non-abelian YM)
As we saw, from

A′a
µ = UAµU

† − i

g
∂µUU

−1

U = ei
Pdim G
a=1

Uata , U = U(x)

we get

A′a
µ = Aaµ − Cabcu

bAcµ +
1

g
∂µu

a a=1 · · · dim G

Now we choose a covariant gauge specified by

F a = ∂µA
a
µ − ρa = 0

and calculate the generating functional with the FP ansatz

〈0|0〉 ∝
∫

[dAa][dρa]δ[∂µA
a
µ − ρa]det

(
δF a

δU b

)

e
i

R

d4x
h

L− ρaρa

2α

i

including the FP determinant and the gauge-fixing term (where the last term in exp)

δF a = ∂µδA
a
µ = δ

[

−Cabc∂µ(U bAcµ) +
1

g
�Ua

]

=

∫

d4y

[

Cabc∂yµδ
4(x− y)U b(y)Acµ(y) +

1

g
�Uaδ4(x− y)

]
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〈0|0〉 ∝
∫

[dAaµ]detM ei
R

d4x[L− 1

2α
(∂·Aa)2]

Fadeev-Popov trick

detM =

∫

[dφ][dφ̄]e
R

xy
φ̄xMx,yφy where φ, φ̄ anticommuting

∫

xy

φ̄a(x)Mab(x, y)φb(y) =

∫

d4x d4yφ̄a(x)

(
δF a(x)

δU b(y)

)

φb(y)

Mab
x,y = Cabc∂yµδ

4(x− y)Acµ(y) +
1

g
δab�δ4(x− y)

where the FP determinant is

detM ≡ exp

(−i
g

)

i

∫

d4xd4yφ̄a�φaδ4(x− y) + g ∂xµ φ̄
a
xCabcA

c
µ yφ

b
yδ

4(x− y)

⇒ ei
R

d4x(−∂µφ̄a∂µφa+g Cabc∂µφ̄aAcµφb) non-abelian ghosts couple to gauge fields (QCD)
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Yang Mills generating functional

〈0|0〉J =

∫

[dAaµ][dφ
a][dφ̄a]ei

R

d4x(Leff + JaµA
a
µ) = eiZ[J]

LTOTAL = LYM + Lg-f + Lghost + Lfermions

LYM = −1

2
TrFµνFµν

Lg-f = − 1

2α
(∂µA

a
µ)

2

Lghost = −∂µφ̄a∂µφa + g Cabc∂µφ̄
aAcµφ

b

Lfermions = −q̄(γµDµ +m)q

LYM = L0 + L′ =

{
L0 ≡ quadratic
L′ ≡ cubic + interactions = L3 + L4

L3 = −g Cabc∂µAaνAbµAcν L4 = −g
2

4
CabiCcdiA

a
µA

b
νA

c
µA

d
ν
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Non-abelian YM Feynman Rules
a b

µ ν
−→p

a b

−→p

b, µ

c

a

qi qj

a, µ

a, α

c, γ

b, β

d, δ

r, c, γ

p, a, α q, b, β

−i

p2 − iε
δab

»

δµν −
(1− α)pµpν

p2

–

−
i

p2 − iε
δab

−gqµCabc

−gγµ(ta)ij

−ig2[Cabf Ccdf (δαγδβδ − δβγδαδ)

+Cacf Cbdf (δαβδγδ − δαδδβγ)

+Cadf Cbcf (δαβδγδ − δαγδβδ)]

g Cabc[δαγ(p− r)β + δαβ(q − p)γ + δβγ(r − q)α]
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Towards a weak interaction gauge theory
So far we have seen

1. ϕ4 scalar field theory

2. unbroken Yan-Mills gayge theory
• abelian: QED
• nonabelian: QCD

The basic feature of the weak interaction is that it has short range and is well
described by a contact 4-fermion interaction. Although this gives a good
phenomenological description of muon and beta decays, µ→ eνν̄ and n→ peν̄, the
theory is not renormalizable nor unitary. To develop the weak interaction as a gauge
theory in which these processes are described by gauge boson exchange, we need to
combine 1 and 2 above. For this to work we need to incorporate mass in the gauge
theory, and this is incompatible with gauge invariance. Spontaneous symmetry
breaking is the basic ingredient needed to overcome this conflict.

Ψ

Ψ

Ψ

Ψ

Vlc, 2004 – p.24/??



http://ific.uv.es/˜ahep

Goldstone model-1
consider the theory of a massive real scalar field

L = −1

2
(∂µϕ)2 − 1

2
m2ϕ2 − λ

4
ϕ4

this has ϕ = 0 as ground sate. Now take 2 scalars

L = −1

2
[(∂µϕ1)

2 + ∂µϕ2)
2] − V (ϕ2

1 + ϕ2
2)

with V symmetric under an O(2) rotation,

(
ϕ1

ϕ2

)

−→
(

c s

−s c

)(
ϕ1

ϕ2

)

O(2) invariance forbids cubic terms, while renormalizability implies that V is at most
of degree 4. Thus there can only be quadratic and quartic terms
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Goldstone model-2
An O(2) symmetric of 2 scalar fields ϕ1, ϕ2 can be rewritten as

L = −∂µϕ†∂µϕ− V (ϕ†ϕ)

where

ϕ =
1√
2
(ϕ1 − iϕ2)

and is symmetric under the U(1)=O(2) transformation ϕ→ eiαϕ. Renormazability
and U(1) invariance imply

V = −Aϕ†ϕ+B(ϕ†ϕ)2

where A, B are constants. For A < 0 and B > 0 the ground state corresponds to
ϕ1 = 0 = ϕ2. In contrast, if A,B > 0 we have (up to irrelevant overall constant)

V = B

[

(ϕ†ϕ)2 − A

B
ϕ†ϕ+

A2

4B2

]

= B

[

ϕ†ϕ− A

2B

]2
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Goldstone model-3
Now one sees that ϕ1 = 0 = ϕ2 is not the ground state and V is minimized when
ϕ†ϕ = A

2B . This gives an infinite degeneracy of vacua, corresponding to any point

along the circle define by ϕ†ϕ = A
2B . Let us rewrite the Lagrangean in terms of

shifted fields
ϕ̃a = ϕa − 〈ϕa〉 a = 1, 2

with small fluctuations around any chosen minimum

L = −1

2
(∂µϕ̃1)

2 −−1

2
(∂µϕ̃2)

2 − 1

2
〈V,ab〉ϕ̃aϕ̃b −

1

3!
〈V,abc〉ϕ̃aϕ̃bϕ̃c

− 1

4!
〈V,abcd〉ϕ̃aϕ̃bϕ̃cϕ̃d

where

V = −A
2
ϕaϕa +

B

4
(ϕaϕa)

2

V,a = −Aϕa +Bϕbϕbϕa ; 〈V,a〉 = 0

V,ab = −Aδab + 2Bϕbϕa +Bϕcϕcδab; 〈V,ab〉 = [B〈ϕcϕc〉 −A]δab + 2B〈ϕaϕb〉
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Goldstone theorem
the second derivative of the potential at minimum is the mass-squared matrix of the
scalars

〈V,ab〉 ϕ̃1 ϕ̃2

ϕ̃1 2A 0
ϕ̃2 0 0

showing that ϕ2 is a massless particle and the O(2) symmetry between ϕ1 and ϕ2 has
been spontaneously broken. The appearance of the massless mode (Goldstone boson)
is a general consequence of spontaneously breaking a continuous symmetry, O(2) in
this case.

L = −1

2
(∂µϕ̃1)

2 − 1

2
(∂µϕ̃2)

2 −Aϕ̃2
1 + 0ϕ2

2
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Goldstone theorem in polar coordinates
write scalar fields in polar coordinates, as

ϕ =
1√
2
(ϕ1 − iϕ2) =

1√
2
ρeiθ; ∂µ(ρe

iθ) = (∂µρ+ iρ∂µθ)e
iθ

−∂µϕ†∂µϕ = −1

2
(∂µρ− iρ∂µθ)(∂µρ+ iρ∂µθ)

= −1

2
(∂µρ)

2 − 1

2
ρ2(∂µθ)

2

shift →







ρ = 〈ρ〉 + ρ̃ = v + ρ̃

θ = 〈θ〉
︸︷︷︸

=0

+θ̃

L = −1

2
(∂µρ̃)

2 − 1

2
(v + ρ̃)2(∂µθ̃)

2 − V (ρ2)

θ̃′ = vθ̃
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Goldstone theorem in polar coordinates-2

L = −1

2
(∂µρ̃)

2 − 1

2
(∂µθ̃

′)2 − 1

2

ρ̃2

v2
(∂µθ̃

′)2 − ρ̃

v
(∂µθ̃

′)2 − V (ρ2)

clearly V has no θ-dependence or, equivalently, no mass term for θ̃′. This is the
Goldstone associated to the breaking of U(1) and corresponds to the flat direction in
mexican hat. Note that the GB has interactions with ρ. As we will see later in the
electroweak theory, since the continuous which breaks spontaneously is the gauge
symmetry, the GB will eventually disappear. However, in the case of genuine
continuous global symmetries such as lepton number, which break spontanously, say,
to generate neutrino masses, Goldstone theorem leads to physical GB, called majoron
[the above cubic term then leads to the invisible decay of the Higgs boson, see A. S.
Joshipura, J.V., Nucl. Phys. B397 (1993) 105-122]

ρ

ρ

θ̃′

θ̃′

ρ

θ̃′

θ̃′
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Goldstone-theorem (non-abelian case)-1
Let TA be the generators of a Lie group G of structure const. CABC

[TA, TB] = iCABCTC

The TA are matrices acting on the representation space of the scalar fields ϕa’s. By
assumption, under an infinitesimal transf in G

δAϕa = iuATAabϕb, ∀ A, 1 ≤ A ≤ dim G

the Lagrangean is invariant

L = −1

2
(∂µϕa)

2 − V (ϕ)

and in particular the potential V, so that

δAV = 0 = iV,au
ATAabϕb, ∀ uA

differentiate w.r.t. ϕc and setting ϕ→ 〈ϕ〉 we have 〈V,ac〉TAab 〈ϕb〉+〈V,a〉
︸ ︷︷ ︸

=0

TAabδbc = 0
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Goldstone-theorem (non-abelian case)-2
As a result the scalar mass-squared matrix

M2
ac ≡ 〈V,ac〉 has ψAa = TAab〈ϕb〉 as null vector

M2ψA = 0 ∀ A

this is automatic for those TA that kill the vacuum, i. e. for the subgroup H of G
which is left unbroken since it leaves the vacuum invariant. For the other TA the
scalar mass-squared matrix will have non-trivial null vectors corresponding to the 2
broken generators in G/H. This is the non-abelian version of Goldstone-theorem.
Take as an example O(3) broken to O(2)

O(3)
〈ϕ〉6=0−→ O(2)

by a nonzero 〈ϕ〉 of a triplet scalar field ϕa ≡ (ϕ1, ϕ2, ϕ3).
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Goldstone-theorem O(3) example-1

ϕTa ≡ (ϕ1, ϕ2, ϕ3)

L = −1

2
(∂µϕa)

2 − V (ϕ) G invariant if V = V (ϕTϕ)

ϕTϕ =
3∑

a=1

ϕaϕa ≡ ϕTRTRϕ ∀ rotation R ∈ G

Let V be minimized for 〈ϕ〉 6= 0. e. g.

V ∝ B(ϕTϕ− v2)2

we can always choose

〈ϕa〉 = δa3 v →





0

0

v




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Goldstone-theorem O(3) example-2
In this case we have

M2
acεa3d = 0, ∀ d

d = 1 =⇒ M2
2c = 0

d = 2 =⇒ M2
1c = 0

thus M2 1 2 3
1 0 0 0
2 0 0 0
3 0 0 M2

33

so that M2
33 is the only one not forced to vanish. The O(3) generators are repr. by

T1 T2 T3

0 0 0 0 0 -1 0 1 0
0 0 1 0 0 0 -1 0 0
0 -1 0 1 0 0 0 0 0

T 3 〈ϕ〉 = 0
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Goldstone-theorem O(3) example-3
1. M2T 3 〈ϕ〉 = M2.0 = 0 corresponding to the surviving symmetry, while

2. M2T± 〈ϕ〉 = 0 although T± 〈ϕ〉 6= 0, corresponding to the

2 broken generators in O(3)/O(2)

Thus there are two Goldstone bosons , the same number as broken symmetry
generators. In what follows we will see what happens to these massless scalars (there
are none in the PDG) in the presence of gauge fields.This so-called Higgs
mechanism will form the basis for the construction of a Yang-Mills gauge theory of
the weak and electromagnetic interaction
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Abelian Higgs mechanism-1
add to Goldstone model a U(1) gauge field

L = −1

4
FµνFµν − (Dµϕ)†Dµϕ− V (ϕ)

where
Dµϕ = (∂µ − igAµ)ϕ

Fµν = ∂µAν − ∂νAµ

V = B

(

ϕ†ϕ− A

2B

)2

≡ µ2ϕ†ϕ+ λ(ϕ†ϕ)2
{
λ = B > 0

µ2 = −A < 0

this lagrangean has a U(1) gauge invariance

ϕ → eiΛ(x)ϕ

Aµ → Aµ +
1

g
∂µΛ

Dµϕ → eiΛ(x)Dµϕ

Fµν → Fµν
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Abelian Higgs mechanism-2
since

〈
ϕ†ϕ

〉
=
v2

2

we write

ϕ =
1√
2
(v + ρ)ei

θ
v =

1√
2
(v + ρ+ iθ + · · · )

now since L is gauge invariant we can choose (U-gauge) Λ(x) = θ
v

ϕ→ e−i
θ
vϕ =

1√
2
(v + ρ) Aµ → Aµ −

1

gv
∂µθ = A′

µ

so that

L = −
1

4
F ′

µνF ′
µν −

1

2
[∂µρ− igA′

µ(ρ + v)]†[∂µρ− igA′
µ(ρ + v)]− V (ϕ)

= −
1

4
F ′

µνF ′
µν −

1

2
(∂µρ)2 −

1

2
(g2v2)A′

µA′
µ −

1

2
g2ρ2A′

µA′
µ − g2vρA′

µA′
µ

−
B

4
(ρ4 + 4ρ2v2 + 4ρ3v)

Vlc, 2004 – p.37/??



http://ific.uv.es/˜ahep

Abelian Higgs mechanism-3

m2(A′
µ) = g2v2, m2(ρ) = B v2

A′

v

A′

v ρ ρ ρ v ρ ρ

ρ ρ ρ ρ

ρ

• the massless A-vector has been replaced by the massive A′ field and the
Nambu-Goldston boson has disappeared

• naively we expected
• 2 transverse degrees of freedom of a massless vector
• 1 massive scalar
• 1 massless scalar

• instead we have found
• 3 components of a massive vector
• 1 massive scalar

Vlc, 2004 – p.38/??



http://ific.uv.es/˜ahep

renormalizability and unitarity-1
note that the original description was in the R-gauge where one can check

renormalizability (t’Hooft-Veltman) but particle identification can not be made

Dµϕ =
1√
2
(∂µρ+ ∂µθ − igAµ(v + ρ+ iθ) + · · · )

due to presence of cross terms

(Dµϕ)†Dµϕ = −1

2
[(∂µρ)

2 + (∂µθ)
2 + g2v2A2

µ − 2gvAµ∂µθ + · · · ]

In contrast in the new description in the U-gauge particle content can be identified

(massive vector A′+ scalar ρ) but renormalizability is not manifest, since here we
have

∆m
µν = − i

(2π)4
δµν +

kµkν
m2

k2 +m2 − iε

k→∞−→ 1

in contrast with QED, where the propagator behaves as 1
k2 ,
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renormalizability and unitarity-2
using gauge invariance t’Hooft [NPB33 (71) 173] showed that massive gauge

propagator can be written in any Rξ-gauge as

∆ξ
µν = − i

(2π)4




δµν − kµkν

m2

k2 +m2 − iε
+

kµkν

k2
(
k2

ξ
+m2

)





For finite ξ-values we have QED behavior, so that theory is renormalizable

∆µν
k→∞−→ 1

k2

As ξ → ∞ one can show that the propagator becomes becomes that of a massive
vector boson in the U-gauge

because of gauge invariance theory must be both renormalizable and unitary
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Non-abelian Higgs mechanism-1
in non-abelian case we have

L = −1

2
Tr(Fµν)

2 − 1

2
(Dµϕ

α)(Dµϕ
α) − V (ϕTϕ)

where a basis is chosen where the generators are chosen to be imaginary and skew

−t∗ = +ta = −tTa ; [ta, tb] = ifabctc

where

Fµν = ∂µAν − ∂νAµ − ig[Aµ, Aν ], Aµ = Aaµt
a, ta =

τa

2

Dµϕ = ∂µϕ− igtaAaµϕ or Dµϕ
α = ∂µϕ

α − igtaαβA
a
µϕ

β

choose parameters in scalar potential so that minimum occurs for

〈ϕα〉 ≡ λα 6= 0
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Non-abelian Higgs mechanism-2

ϕ = λ+ ϕ̃

and substitute. One can now show that the non-abelian gauge fields now get a mass
term described by the matrix

M2
ab(A

′) ∝ λT tatbλ

thus those generators which anihilate the vacuum correspond to unbroken gauge
symmetries and massless intermediate vector boson, like the QED photon

for each generator broken by the vacuum the corresponding intermediate vector
boson becomes massive, as needed to describe the weak interaction

for example in the O(3) example abobe 2 gauge bosons are eaten by the gauge fields
in O(3)/O(2) with the O(2) gauge field remaining massless





W+

W−

γ




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Non-abelian Higgs mechanism-3
this would be a perfect model (Glashow) except that it has no room to account for the
weak neutral currents and the existence of a massive Z boson discovered and
well-studied at LEP

(SUC3 ) × SU2 × U1

so that we have






W+

W−

Z

γ






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The Standard Model

• result of detailed interplay of different fields over around 30 years
• we adopt anti-historical approach, present it and derive implications
• The gauge group is a product, each factor with its gauge coupling constant gi

G = SU(3) ⊗ SU(2)L ⊗ U(1) with g3 g2 g1

• chiral fermion multiplets
• scalar multiplet
• focus on SU(2) ⊗ U(1)
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SM lepton assignments

• 3 left-handed, color singlet, SU(2) ⊗ U(1) doublet leptons

χAL =

(
χ0A

χ−A

)

L

=
1 + γ5

2
χA A = 1, 2, 3

• 3 right-handed, color singlet, SU(2) ⊗ U(1) singlet leptons

χAR =
1 + γ5

2
χAR

A=1,2,3 is the generation index

replication problem: who ordered the muon?
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SM quark assignments

• 3 left-handed, SU(3)-color triplet, SU(2) ⊗ U(1) doublet quarks

ψAL =

(
ψu
ψd

)

AL

=
1 + γ5

2
ψA

• 6 right-handed, SU(3)-color triplet, SU(2) ⊗ U(1) singlet quarks

ψuAR =
1 − γ5

2
ψuR

ψdAR =
1 − γ5

2
ψdR

we still need to define the U(1) assignments of all multiplets. For this we need to
analyse the gauge sector and the symmetry breaking induced by the scalar multiplet.
The result is (see next)

Y = 2(Q− T3)
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SU(2) ⊗ U(1) gauge fields
{

Aµ = Aaµ
τa

2
=

1

2

(
A3 A1 − iA2

h.c. −A3

)

, Bµ

}

W± =
A1 ∓ iA2√

2

A3, B ↔ Zµ, γ.

Φ →
(
ϕ+

ϕ0

)

the full SM Lagrangean

L = LAYM + Lϕ,AS + Lψ,Φ,Amatter

contains
• Yang-Mills gauge fields
• scalar fields and their gauge couplings (covariant derivative)
• fermions with their gauge (covariant derivative) and Yukawa couplings
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Symmetry structure-1
the YM Lagrangean is

LYM = −1

4
(∂µBν − ∂νBµ)

2 − 1

2
Tr(FµνFµν)

Fµν =
τa

2
F aµν = ∂µAν − ∂νAµ − ig[Aν , Aµ]

The scalar-gauge Lagrangean can be written as

LS = −Dµϕ
†Dµϕ− V (ϕ)

where
V (ϕ) = a(ϕ†ϕ− v2/2)2, a, v2 > 0

≡ µ2ϕ†ϕ+ 2(ϕ†ϕ)2 + const

Dµϕ = ∂µϕ− igAµϕ+
ig′

2
Bµϕ

where g and g′ are the SU(2) and U(1) gauge couplings

Vlc, 2004 – p.48/??



http://ific.uv.es/˜ahep

Symmetry structure-2
the scalar potential can be chosen as

V = a

(

ϕ†ϕ− v2

2

)2

≡ −av2

︸ ︷︷ ︸

µ2<0

ϕ†ϕ+ a(ϕ†ϕ)2 + const

is invariant under

ϕ → eiα(x)ϕ

ϕ → U(x)ϕ
where

U †U = 1 detU = 1
For

a, v2 > 0 −→
〈
ϕ†ϕ

〉
=
v2

2
6= 0

as a stable minimum
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Symmetry structure-3
under a gauge transformation it is allways possible to bring

ϕ→ 1√
2

(
0

(ϕ̃+ v)/
√

2

)

so that

Dµϕ =

(
0

∂µϕ̃/
√

2

)

− ig

2

(
A3
µ

√
2W+

µ√
2W+

µ −A3
µ

)(
0

(ϕ̃+ v)/
√

2

)

− ig
′

2

(
0

(ϕ̃+ v)/
√

2

)

Bµ

=

( −ig
2

ϕ̃+v√
2

√
2W+

µ
∂µϕ̃√

2
+ i ϕ̃+v

2
√

2
(gA3

µ + g′Bµ)

)

where √
2W± = (A1

µ ∓ A2
µ),
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Symmetry structure-4
√

2W± = A1
µ ∓A2

µ, ϕ→ 1√
2

(
0

(ϕ̃+ v)/
√

2

)

−(Dµϕ)†Dµϕ = −g
2

4
(ϕ̃+ v)2W+

µ W
−
µ − 1

2
(∂µϕ̃)2

− (ϕ̃+ v)2

8

(

gA3
µ + g′Bµ

√

g2 + g′2

)2

︸ ︷︷ ︸

Z2
µ

(g2 + g′2)

g2

︸ ︷︷ ︸
1

cos2 θW

g2

g2v2

4
= m2

W

(g2 + g′2)v2

4
= m2

Z

mW

mZ

=
g

√

g2 + g′2
= cos θW

e = g sin θW = g′ cos θW

tan θW =
g′

g
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Symmetry structure-5

τ3

(
0

v

)

=

(
0

−v

)

Y

(
0

v

)

=

(
0

v

)

(τ3 + Y )|0〉

τ3 + 1 = 2I3 + Y ≡ 2Q

Q = I3 +
Y

2

Lgauge
mass = −m2

WW
+
µ W

−
µ − m2

Z

2
Z2
µ + 0A2

µ

(
Zµ
Aµ

)

=

(
cW sW
−sW cW

)(
A3
µ

Bµ

)
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The Standard SU(2) ⊗ U(1) Model







νe

e







L







νµ

µ







L







ντ

τ







L
eR µR τR







u

d







L







c

s







L







t

b







L
uR cR tR

dR sR bR

ϕ =







ϕ+

ϕ0







χL 2 -1 1

χR 1 -2 1

ψL 2 1/3 3

ψu
R 1 4/3 3

ψd
R 1 -2/3 3

gauge-scalar sector

Wµ, Zµ 3 0 1

Aµ 1 0 1

gµ 1 0 8

ϕ 2 1 1

Y = 2(Q− T3)

Vlc, 2004 – p.53/??



http://ific.uv.es/˜ahep

The Standard SU(2) ⊗ U(1) Model Lagrangean
the SM Lagrangean can be rewritten in terms of the mass-eigenstate gauge fields as follows as a sum of

seven terms mW = mZ cos θW
sin θW
cos θW

= g′

g
= tan θW e = g sin θW = g′ cos θW

−
1

4
(∂µAν − ∂νAµ)2 − 1

2
(∂µW+

ν − ∂νW+
µ )(∂µW−

ν − ∂νW−
µ )− 1

4
(∂µZν − ∂νZµ)2

−m2
W W+

µ W−
µ −

m2
Z
2

Z2
µ

W

v

W

v

Z

v

Z

v

ie[Aµ(W+
ν
←→
∂ µW−

ν + W+
ν
←→
∂ µW−

µ − ∂νW+
µ W−

ν ) + (∂µAν − ∂νAµ)W+
µ W−

ν ] W−

W+

γ

igcW [Zµ(W+
ν
←→
∂ µW−

ν + W+
ν
←→
∂ µW−

µ − ∂νW+
µ W+

ν ) + (∂µZν − ∂νZµ)W+
µ W−

ν ] W
−

W
+

Z

−
g2

2
(W+

µ W−
µ )2 + g2

2
(W+

µ W−
ν )2 + e2(AµAνW+

µ W−
ν − AµAµW+

ν W−
µ ) W

W

W

W

W

γ

W

γ

g2c2W (ZµZνW+
µ W−

ν − Z2
µW+

ν W−
ν ) W

Z

W

Z

egcW [AµZν(W+
µ W−

ν −W+
ν W−

µ )− 2AµZνW+
ν W−

ν ] W

γ

W

Z
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Higgs boson piece

In addition we have the Higgs interactions with e-w gauge bosons m2
H = 8av2

Lϕ̃−gauge = L(3)
ϕ̃−gauge + L(4)

ϕ̃−gauge

L(3)
ϕ̃−gauge = − gmW

2 ϕ̃
(

W+
µ W

−
ν + 1

2 cos2 θW
Z2
µ

)

W
−

W
+

H

Z

Z

H

L(4)
ϕ̃−gauge = − g2

4 ϕ̃
2
(

W+
µ W

−
ν + 1

2 cos2 θW
Z2
µ

)

H

H

W
−

W
+

H

H

Z

Z

Lϕ̃ = − 1
2(∂µϕ̃)2 − 1

2m
2
H ϕ̃

2 + L(3)
ϕ̃ + L(4)

ϕ̃

L(3)
ϕ̃ = − g

4
m2

H

mW
ϕ̃3

H H

H

L(4)
ϕ̃ = − g2

32
m2

H

m2

W

ϕ̃4

HH

H H

note the Higgs mass is undetermined, if heavy, Higgs becomes more strongly coupled

Vlc, 2004 – p.55/??



http://ific.uv.es/˜ahep

Yukawa couplings and fermion masses
we should also add to the SM Lagrangean couplings of fermions to the scalar doublet,
since these are allowed by consistent with gauge invariance and renormalizability

LYukawa = −
∑

AB

heABχ̄
A
Rϕ

†χBL + h.c.

−
∑

AB

[
hdABψ̄

A
dRϕ

†ψBL + huABψ̄
A
L (iτ2ϕ

∗)ψBuR
]
+ h.c.

Note that iτ2ϕ∗ transforms as ϕ under SU(2). These Yukawa terms introduce many
new arbitrary parameters

λ g g′ v

θW mH mW mZ

∣
∣
∣
∣

hd,u,eAB

some are spurious, others directly given by experiment
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rewrite LYukawa in matrix form

LYukawa = −χ̄Rϕ†heχL − ψ̄dRϕ
†hdψL − ψ̄uR(iτ2ϕ

∗)huψL + h.c.

where he, hu, hd are arbitrary, non-hermitian matrices. In the U-gauge we have

ϕ† =

(

0,
v +H√

2

)

thus the lepton piece becomes

χ̄R

(

0,
v +H√

2

)

he
(
χ0
L

χ−
L

)

= χ̄−
Rh

eχ−
L

(v +H)√
2

+ h.c. = ĒRΩ†
Rh

eΩLEL
(v +H)√

2
+ h.c.

After SSB these Yukawa terms will generate the lepton masses as

he −→ me,mµ,mτ
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general matrix diagonalization theorem
(Dirac) fermion Yukawa couplings are generally specified by arbitrary square
matrices. Any such matrix M may be decomposed in polar form as

M
︸︷︷︸

2n2

= UK
︸︷︷︸

n2+n2

where K = K† and U †U = UU † = 1

one can always find a unitary matrix V so that

K = V DV † D real diag > 0

V †V = V V † = 1

M = UV DV †

⇒W †MV = D; where W = UV

thus any square matrix can be bi-diagonalized, if M = M † then V = W . The
diagonalizing matrices may be found by solving the eigenvalue equations:

MM † = WDV †V DW † = WD2W †

M †M = V DW †WDV † = V D2V †
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similarly for the quarks

LYuw = −
∑

i

ūi

[

m(ui)ui

(

1 +
H

v

)

+ d̄im(di)di

(

1 +
H

v

)]

where

m(u) =





mu 0 0

0 mc 0

0 0 mt



 , m(d) =





md 0 0

0 ms 0

0 0 mb





so we finally have

v√
2
Ωe†R h

eΩeL = m(e) real diagonal

v√
2
Ωu†R h

uΩuL = m(u) real diagonal

v√
2
Ωd†R h

dΩdL = m(d) real diagonal

note that, in SM,mνi ≡ 0
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fermion masses
• not gauge invariant, but arise from SSB.
• not predicted by theory, Yukawas are fitted parameters

experiment gives

me ≈ 0.511 MeV, mu = 1.5 ÷ 4.5 MeV, md = 5 ÷ 8.5 MeV

mµ ≈ 105.66 MeV, mc = 1 ÷ 1.4 GeV, ms = 80 ÷ 155 MeV

mτ ≈ 1.777 GeV, mt = 174.3 ± 5.1 GeV, mb = 4.0 ÷ 4.5 GeV

Higgs boson couplings

• prop to mass, all Yukawa terms proportional to 1+H/v
• Higgs boson couplings diagonal in mass eigenstate basis

thus no Higgs-mediated FCNC
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fermion gauge interactions
all gauge interactions determined by the fermion covariant derivatives, whose SU(2)
piece we already know, and whose U(1) piece is given by the table of hypercharge
assignments

DµχL = ∂µχL − igAµχL − i
g′

2
BµχL

DµχR = ∂µχR − ig′BµχR

DµψL = ∂µψL − igAµψL − i
g′

6
BµψL

DµψuR = ∂µψuR +
2ig′

3
BµψuR

DµψdR = ∂µψdR − ig′

3
BµψdR

so that

Lmatter = −
∑

A

(χ̄ALγµDµχAL + χ̄ARγµDµχAR)

−
∑

A

(ψ̄ALγµDµψAL + ψ̄ARγµDµψAR) + LYukawa
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understanding hypercharge assignments

we already saw that the generator τ3 + Y annihilates the vacuum |0〉 ≡
(

0

v

)

, i. e.

τ3

(
0

v

)

=

(
0

−v

)

Y

(
0

v

)

=

(
0

v

)

τ3 + 1 = 2I3 + Y ≡ 2Q

this allows us to identify the electric charge as Q = I3 + Y
2 using

(
Zµ
Aµ

)

=

(
cW sW
−sW cW

)(
A3
µ

Bµ

)

and e = g sin θW = g′ cos θW one can understand the U(1) piece on previous page
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CC and NC weak interactions
the general structure of the gauge interactions of the fermions is very simple form in
the original (weak-eigenstate) basis, namely

weak CC ĒγµNWµ + D̄γµUWµ + h.c.

weak NC ψ̄LγµψLZµ ψ̄RγµψRZµ

em current (QED) has L+R form ψ̄γµψAµ

where the original SU(2) doublet fermions are denoted χ = (N,E) and ψ = (U,D),
and similarly for the SU(2) singlets, with N, E, U, D being 3-dimensional vectors in
generation space

E eLµLτL eRµRτR
N νeLνµLντL
U uLcLtL uRcRtR
D dLsLbL dRsRbR

in contrast to kinetic terms and the QED couplings which are form-invariant (parity
conservation) the weak couplings must be rewritten in mass-eigenstate basis
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CC weak interactions-1
the next step is to the gauge interactions of the fermions in the mass-eigenstate basis.
For the leptons we have

DµχL = ...− ig√
2

(
W+
µ

)(
χ0

χ−

)

L

+ · · ·

→ −ig√
2
W+
µ χ−L

thus we have − χLγµDµχL → L`CC =
ig√
2
W+
µ χ̄0Lγµχ−L + h.c.

where χ0L = ΩνLNL

χ−L = ΩeLEL

thus Llep
CC =

ig√
2
W+
µ N̄Lγµ Ων†L ΩeL

︸ ︷︷ ︸

1

EL + h.c.

since neutrinos can be redefined in an arbitrary way

Vlc, 2004 – p.64/??



http://ific.uv.es/˜ahep

CC weak interactions-2

LqCC =
ig√
2
W+
µ ŪLγµDL + h.c.

LqCC =
ig√
2
W+
µ ūLγµ Ωu†L ΩdL

︸ ︷︷ ︸

V

dL + h.c.

note that quark phases can be redefined keeping mass terms invariant, so as to
simplify the form of V, leaving only n2 − n− (n− 1) = n2 − 2n+ 1 = (n− 1)2,
thus 9-3-2=4 physical KM parameters in V





u

c

t





L

−→





eiθu

eiθc

eiθt









u

c

t





L




d

s

b





L

−→





eiθd

eiθs

eiθb









d

s

b





L
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CC weak interactions-3
V can be written in many parametrizations, such as the original one of M. Kobayashi,
T. Maskawa, Prog.Theor.Phys.49:652-657,1973

VCKM =





c1 −s1c3 −s1s3
s1c2 c1c2c3 − s2s3e

iδ c1c2c3 + s2s3e
iδ

s1s2 c1s2c3 + c2s3e
iδ c1s2c3 − c2s3e

iδ





u c t

c12c13 s12c13 s13e
−iδ13 d

−s12c23 − c12s23e
iδ13 c13c23 − s12s23s13e

iδ13 s23c13 s

s12s23 − c12c23s13e
iδ13 −c12s23 − s12c23s13e

iδ13 c23c13 b

which is essentially the same as Schechter & Valle, Phys.Rev.D22 (1980) 2227, with
the convenient ordering of Wolfenstein Phys.Rev.Lett. 51 (1983) 1945, who also
introduced a nice truncated form

Only one CP violating phase responsible for violation seen in K system
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CC weak interactions-4

VCKM =





Vud ∼ 1 Vus ∼ λ Vub ∼ λ3

Vcd ∼ λ Vcs ∼ 1 Vcb ∼ λ2

Vtd ∼ λ3 Vts ∼ λ2 Vtb ∼ 1





VCKM ≈






1 − λ2

2 λ Aλ3ρeiϕ

−λ 1 − λ2

2 Aλ2

Aλ3(1 − ρe−iϕ) −Aλ2 1






where λ ∼ θc is small. This form shows explicitly that CP violation is small

unitarity triangle

VudV̄ub + VcdV̄cb + VtdV̄tb = 0

Aλ3(ρ + iη)−Aλ3 + Aλ3
−Aλ3(ρ + iη) = 0

(0,0) (1,0)

(ρ, η)
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CC weak interactions-5
from various weak measurements and unitarity we have (PDG) (see Pich’s lectures)

• |Vud| ≈ 0.9741 ÷ 0.9756

• |Vus| ≈ 0.219 ÷ 0.226

• |Vub| ≈ 0.0025 ÷ 0.0048

• |Vub| ≈ 0.0025 ÷ 0.0048

• |Vcd| ≈ 0.219 ÷ 0.226

• |Vcs| ≈ 0.9732 ÷ 0.9748

• |Vcb| ≈ 0.038 ÷ 0.044

• |Vtd| ≈ 0.004 ÷ 0.014

• |Vts| ≈ 0.037 ÷ 0.044

• |Vtb| ≈ 0.9990 ÷ 0.9993
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fix parameters from muon decay

LCC =
ig√
2
W+
µ N̄LγµEL + ūγµV DL + h.c.

amp = −i
g2

8M2
W

[ū1γµ(1 + γ5)v2][ū
′γα(1 + γ5)u]

Γµ−→e−νeνµ =
1

192π3
G2
Fm

5
µ

GF√
2

=
g2

8m2
W

GF ≈ 1.16 × 10−5 GeV−2

link between Fermi phenomenological model and the gauge theory
One can now easily calculate all leptonic weak processes, also semi-leptonic weak
processes, like beta decyas. Non-leptonic weak processes are hard (QCD effective
lagrangeans)
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neutral currents in SM-1

Dµ = · · · − igA3
µT

ψ
3 ψ +

ig′

2
BµY

ψ
Wψ

= · · · [−ig(cWZµ − sWAµ)T
ψ
3 +

ig′

2
(sWZµ − cWAµ)Y

ψ
W ]ψ

= · · · [i gsw
︸︷︷︸

e

Aµ (T3 +
1

2
YW )ψ

︸ ︷︷ ︸

Qψ

− ig
′

2
Zµ (T3 − s2WQ)ψ
︸ ︷︷ ︸

neutral current (NC)

]ψ

J em
µ = i

∑

all

ψ̄γµQψψ

JZµ = i
∑

all

ψ̄γµ(T3 − xQ)ψ

g′cW = e = gsW and x ≡ sin2 θW ≡ s2W with no FCNC, explaining rareness of

K → µ+µ−
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neutral currents in SM-2

ψ T3 Q T3 − xQ

νL 1/2 0 1/2

eL −1/2 −1 −1/2 + x

uL 1/2 2/3 1/2 − 2/3x

dL −1/2 −1/3 −1/2 + 1/3x

eR 0 −1 x

uR 0 2/3 −2/3x

dR 0 −1/3 1/3x

Zµ
∑

ψ̄γµ(T3 − xQ)ψψ ⇒

ψ̄L(· · · )ψLψL + ψ̄R(· · · )ψRψR

()L
(1 + γ5)

2
+ ()R

(1 − γ5)

2

[()L + ()R]

2
︸ ︷︷ ︸

vψ

+γ5
[()L − ()R]

2
︸ ︷︷ ︸

γ5aψ
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