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Gauge symmetries in particle physics

consider first the example of electrodynamics, a fermion of mass m and charge Q
Interacting with the photon

L= 3 Fu o — Uy — QA+ ml
Fuy = 0,4, — 0,4, Fuv = (4/2)€pvpo Fpo
0 B; —By, —iE, | 0 FE3 —Ey —iE,
0 B, —iF, 0 E —iBy
0 il 0 —iBs
0 0

the components of £, are just the electric and magnetic fields

eix By — iF}; with the duality transformation B _E

the electromagnetic Lagrangean leads to the equations of motion
aMFMV — _QJV - . . . ~
and the Bianchi identity 0, F,,, = 0

(’VMDM+m)¢:O Y Outin
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In vacuo these are just Maxwell’s equations

i E=VxB E=-V¢— A
4 - V-E=0 B=-VxA
and
1 B=_-VxE
4 - V-B=0

which define ED
Note that e.m. current conservation

Opdy —0u(0F,,) =0
IS equivalent to local gauge invariance

1

W — e A, — A, + —0,A
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Covariant derivative
With D, defined as

D, =0, —iQA,

one can see that D1 transformas covariantly

Dytp — Dy’ = [0, — iQAL]Y'

so that the Lagrangean

[ —

IS indeed gauge invariant
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=0, —1Q(A, +

1

QaﬂA”eiAw

= "M A0 N + 0, — iQA, — 40, At
_ ez’ADuw

_F,LLVF,LLV _ IZ’YMDMP o &mw
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Non abelian Yang Mills theories

generalizing from ED which is a U(1) abelian gauge theory one can build a
consistent theory based on any gauge group G. For example, G=SU(3) corresponds
to QCD under a gauge transf

v —Uy UU=1=U0U0" , detU =1
we have D,y = (0, — igA,)Y; ¥ € “Fundamental” rep
D,y — |0, — Z'gA;L]UIb
1
= [0, —ig(UA, U + @aMUU—l)]Uw

= [0, U+ U8, —igUA, — 9, Ul
= U0, — gAYy =UD,y

so that, as in the abelian case, D, transforms covariantly.
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Gauge Invariance of the Yang Mills Lagrangean

upgrading the form for the kinetic term expressed in terms of the field strength
(“curvature”)

Fo = 0,4, — 0,4, —iglA,, A,

one can show that under A,, — UA, U~ + %@LUU*, F,,,, also transforms

covariantly, i.e. F,,, — UF,,U~" Asaresult ...

1 _
L = §Tr FoFu, — (D, + m)y

Is invariant under local gauge transformations defined by

F,,=0,A, —0,A, —ig|lA,, A
D, = (0, —1igA,)Y ; 1 €fund. rep.
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Covariant derivative in Adj Repr.
DyFy = 0uFyu —iglAu, Ful

Bianchi identity
D,F,; =0

For constant (x-indep) gauge transf one has that
Aay = U AU, ;U =const

transforms as a tensor in the Adj SU(2) Repr. It can be expanded as

1
A,u = AZta ta = §TCL

where t, = %ra = 1 are the SU(2) generators obeying the group Lie algebra,

Tr toth = 04

[taa tb] — ieabctc

this way one sees that A? = == 41=142 and similarly for AL,

V2 V2
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Yang Mills Lagrangean in components

1 a a N . aTa N
‘C — _ZFMVFMV o ¢7u(au o ZgA,u7>¢ o ¢m¢

where the field tensor is also expanded as F,,, = Fot,
a a a b pc
Fp, =0,A, — 0L A + geanc A A,
9 ra_a
Dlﬂp — (au o EAMT W

(D, F,)* = ngFg,, = 0, F ta — i[Alta, Fg,,tb]

= 0y Flta + €apctALEy,

= (6*°0,, + geancAL)F),
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Yang Mills eqs

Using the Euler-Lagrange equations

9 oL oL
50,0 Sy

one derive the YM field eqs

(D,LLF,W/)CL — _ZQQZT_ZG’YV@&
(’YMDM +m)yp =0

Note that mass terms for gauge fields not gauge-invariant. Fermion mass terms OK in

ED and CD. As we will see later, a basic feature of the Standard Model is that
fermion masses are not gauge invariant, since the theory is chiral
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Rough structure of the Standard model
We now generalize from SU(2) to an an arbitrary group G defined by

[ta, tp] = iCupete where C’s are structure const.
The gauge group can be a product, each factor with its gauge coupling constant g;

G=G1 G Gs3...
gi g2 gs...

For the Standard model the Gauge group is G=SU(3) ® SU(2) ® U(1)
SU(3) describes QCD: 8 gluons

SU(2) ® U(1) : 4 gauge bosons (W=, Z, ) describing the electroweak part

Fermions may sit in any representation of G, not necessarily irreducible. In the SM

.0,

R UR dR}z’l 2,3
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Note on functional integrals-1
start with 1-dimensional from Gaussian

(©.@)
2
Gz/ dr e 297 — —W, Reea > 0
and go to the multi-dimensional case
- / [ deie =% 4%, A=4"
—oo T

where the matrix A defines a quadratic form that be diagonalized as

X=RX' = R'AR=A=diag>0

T T pT / /
/_ dez 5))((/ —2X'""R"ARX / Hdaze‘”z
U N——"
=1
o2m) 2
=TI G = (2m)
; v detA
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Note on functional integrals-2
for a general quadratic form

1
Q(z) = 5XTAX +b X +C

peaked at T = —A~'b one has

o0 L (2m)2
d.flj . . dajne_Q(a:) — G_Q(x) (
/_OO ! VvdetA

Generalizing to the functional case

4 4 1
dole— ] @z [ &y o(@)Alx,y)é(y) boSONS
/[ ’ vdet A

/[dw] dy) e/ o [ dyP@)M@)$W) o det M fermions
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Quantization of Gauge Theories
Instead of using the usual canonical procedure

Pert. Theory
Feynman rules

Canonical variables

6, 7lpg — [0, 7]+

we will use Feynman’s path integral method which skips the intermediate step

starts from generating functional in the presence of an external (Schwinger)
source J(X)

(0]0)” = 7 oc / dg] e/ e EHT9)
and gives directly the connected n-point Greens functions as (Feynman rules)

oz
0J(x1)0J (x2) - 0J(Tn) | _g
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Free scalar field generating functional
(0[0) ox / d) e3 | @' w(@He—m 6™+ 70)

gives, by completing the square,

p— 3 AT
so that the propagator is given as
1 ? el T
At - d*
T O-m2tie (2%)4/ pp2—|—m2—z'e

where the ie makes the integral well-defined. If we try to do the same for QED, we
find that A~! does not exist, since A is a projection

1
L= —5(0,A0,4, - 0,4,0,A,)
1 1
= 5 (ALA + A,0,0,A,) = =5 A (=0, 0+ 0,0,) A,
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gauge invariance problem

any vector potential can be split as

A, =AL+ A
where 0.0
AL — H=v
a H
oMo,
T L v

so that only the transverse part appears

1 0,0 1 1
A0 6, — 22 ) A, =-AT0AT + —ALOAL
L (5“ D) g AvHA, T4/ 04
. 8,0,
T _ v 2 Ow = T ipa r _ 1 _
DW——(27T)4/dp po e'? DW—a—oo
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Gauge invariance in QED
therefore if one integrates over all gauge potentials

[laajed e o fiaar)aaty-.)

N

oo

one gets a divergence due to the overcount. One should integrate only over transverse

0]0) = / dAT] 'S
— [ aAsag e
= / [dA,) 6[F(4)] (det%) e'”

o00) = [ fda et (3¢ ) slFcanes’

B where the gauge is specified by the condition F'(A) =0
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Fadeev-Popov trick in QED

to calculate the generating functional

F=0,A,—0p
OoF = lDA
Q
OF 1 _ OF
SN = éD indep. A = det (5_/\)

(0]0) /[dA](S[@'A—p]eiS
[ [a4)dp] 519 4 — pletS o5

= [l e o a0
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now we can invert

—% (@MAV@LAV — a,uAyavA,u T éaﬂAﬂaVAy)

1 1
— _§AI/ (_5NV|:| —|— aua,/ - aaﬂ@l/) AI/

| —1
Diy x [5WD — (1 — —) 8M8V]

8%

1 l -«
F

Dy (p) = — (27)3 / d4pm€ ? [%u - ;—2(1 - 04)]

different « choices correspond to different gauges

« || gauge parameter
1 Feynman
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Fadeev Popov quantization (non-abelian Y M)
As we saw, from

Al = UAUt - 29,00
g
. —~dim G ;;a
U = el Xt Uta U = U(x)

we get

1 .
At = A% — Capet”AS, + =0,u” a=1---dim G
g

Now we choose a covariant gauge specified by
F*=0,A}, —p* =0

and calculate the generating functional with the FP ansatz

O i [ dix|o—eZe?
(0]0) / [dAa][dpa]é[ﬁuAZ—pa]det( 5Ub>e [ dte]o- 2o ]

Including the FP determinant and the gauge-fixing term (where the last term in exp)
angp http://ific.uv.es/"ahep Vic, 2004 - p.20/?
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000) o [ [aAgigetar '] le-ss 0]

Fadeev-Popov trick

detM = [ [do][dde) =v®»M=u®s  \where ¢, anticommuting

[ anrtend o = [ deatvice (G0 o'

a C 1 a
foy — C1abcayu54(aj _ y)A,u(y) + 55 bD54(ZE _ y)
where the FP determinant is

—1

detM = exp (?) i / dixd y¢ 06 5% (x — y) + g 0, d2CueAS @20 (x — )

g = ¢ ) Ce(0u00,8% 9 Canedu 0 AL0%)  non-ahelian ghosts couple to gauge fields (QCI
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Yang Mills generating functional
000 = [10az]iaodg)e') = (Lt + I3 A7) = 7V

LrotaL = Lym + Lg.f + Lghost + Lfermions

1

,CYM — - iTl’FM,/FM,/
1 a\2
Loyt = —5-(0u42)
LghOSt = _8M$aau¢a + g CabcauéaAZ¢b
Ltermions = —4(0uDu+m)q

Lo = quadratic

— —
Lym= Lo+ L = {g’ = cubic + interactions = L3 + L4

2
L3 = —gCupc0, A2 AP A° L4 = —gz i Cogi AT AD A€ A

vitpt -ty [T Ve VR ¥
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Non-abelian YM Feynman Rules

— b (1 - a)pupv
p? — ie O O — p2

_ v sab

p2 — ge

_QQMCabc

—9Vu(t)ij

~i9°[CabsCoedf (Sar0s5 — 0p~0as)
+Cacfcbdf (504[3576 - 50455[3’)/)
+Coaf Coef(6apd~vs — dary03s)]

g Cabc[(sa'y(p — T)B + 5a5 (q - p)’y + 557(7“ - Q)Oé]

anep http://ific.uv.es/"ahep

r

b, 1t AN

a

}i

q,b, 3

Vlc, 2004 — p.23/?



Towards a weak interaction gauge theory
So far we have seen
1. % scalar field theory

2. unbroken Yan-Mills gayge theory
abelian: QED
nonabelian: QCD

The basic feature of the weak interaction is that it has short range and is well
described by a contact 4-fermion interaction. Although this gives a good
phenomenological description of muon and beta decays, © — evv and n — per, the
theory is not renormalizable nor unitary. To develop the weak interaction as a gauge
theory in which these processes are described by gauge boson exchange, we need to
combine 1 and 2 above. For this to work we need to incorporate mass in the gauge
theory, and this is incompatible with gauge invariance. Spontaneous symmetry
breaking Is the basic ingredient needed to overcome this conflict.

v v

v v
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Goldstone model-1
consider the theory of a massive real scalar field

this has ¢ = 0 as ground sate. Now take 2 scalars

1
L= —5[0up1)” + 0up2)’] = V(] + ¢3)

with V' symmetric under an O(2) rotation,

(o) — (5 0(2)

©2 —Ss C P2

O(2) invariance forbids cubic terms, while renormalizability implies that V is at most
of degree 4. Thus there can only be quadratic and quartic terms
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Goldstone model-2
An O(2) symmetric of 2 scalar fields ¢, o5 can be rewritten as

L=-0,0"0.0—V(ep)

where

P = %(901 — ip2)

and is symmetric under the U(1)=0(2) transformation ¢ — e*®y. Renormazability
and U(1) invariance imply

V=—ApTo+ B(pp)?

where A, B are constants. For A < 0 and B > 0 the ground state corresponds to
v1 = 0 = 2. Incontrast, If A, B > 0 we have (up to irrelevant overall constant)

A A2 A?
V =B |(¢'p)? —§¢T¢+432] ZB[soTso—@]
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Goldstone model-3
Now one sees that o1 = 0 = 5 IS not the ground state and V is minimized when

o' = Z=. This gives an infinite degeneracy of vacua, corresponding to any point

along the circle define by /o = . Let us rewrite the Lagrangean in terms of
shifted fields

Pa = Pa — {Pa) a=1,2
with small fluctuations around any chosen minimum

1 1 1 1

L = _5((9#951)2 — _5(8%52)2 — 2<Vab>90a90b 3 <Vabc>90a¢b90c
1
=1 Viabed) PaPoPepa
where
A B
V = —— a¥a — a¥a 2
5 PaPat (Papa)
Vo = —Ap,+ Bovprpa  ; V) =
‘/,ab = _A(gab + 2B¢b90a + B@c@céab; <‘/,ab> — [B<<100900> — A]5ab + QB<90a90b>
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Goldstone theorem

the second derivative of the potential at minimum is the mass-squared matrix of the
scalars

(Vap) | &1 @2
5, |24 0
D2 0 O

showing that 5 Is a massless particle and the O(2) symmetry between ¢, and (5 has
been spontaneously broken. The appearance of the massless mode (Goldstone boson)
IS a general consequence of spontaneously breaking a continuous symmetry, O(2) in

this case.

1 _ 1 N .
£==50up1)" = 5(0up2)" — AP + 03

¢,

Vi)
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Goldstone theorem in polar coordinates
write scalar fields in polar coordinates, as

! : L i : i
Y= 75(901 —ip2) = 7§P6 ’; Ou(pe ") = (Bup + ip0,0)e ’

1

— Mng(?MQO = —5(5%0 — 1p0u0)(Oup + 1p0,.0)
1 1
= —5(0up)” = 5P (0u0)"

p= P)+p=v+p
shift — ¢ 0= (0) +0

angp http://ific.uv.es/"ahep

Vlc, 2004 — p.29/7



Goldstone theorem in polar coordinates-2

1 1, - 152 - 5
L= —50u0) = 50.0) = 550,0) = £(9,8)” = V(s?)

clearly V has no 6-dependence or, equivalently, no mass term for ’. This is the
Goldstone associated to the breaking of U(1) and corresponds to the flat direction in
mexican hat. Note that the GB has interactions with p. As we will see later in the
electroweak theory, since the continuous which breaks spontaneously is the gauge
symmetry, the GB will eventually disappear. However, in the case of genuine
continuous global symmetries such as lepton number, which break spontanously, say,
to generate neutrino masses, Goldstone theorem leads to physical GB, called majoron
'the above cubic term then leads to the invisible decay of the Higgs boson, see A. S.
Joshipura, J.V., Nucl. Phys. B397 (1993) 105-122]
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Goldstone-theorem (non-abelian case)-1
Let T4 be the generators of a Lie group G of structure const. C 4g¢

T4, Tp| =iCapclc

The T4 are matrices acting on the representation space of the scalar fields ,’s. By
assumption, under an infinitesimal transf in G

0, = iuTHey, VA 1<A<dimG
the Lagrangean is invariant

L= (@)~ V(®)

and in particular the potential V, so that

5V =0 = iV,auAT;})gpb, vV u?

differentiate w.r.t. 0. and setting o — () we have (V ,.) T4 (0p) + (Vo) T 0pe = 0
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Goldstone-theorem (non-abelian case)-2
As a result the scalar mass-squared matrix

M?, = (Va.) has o2 =T% (o) asnull vector

M*ypA=0 VA

this is automatic for those 74 that kill the vacuum, i. e. for the subgroup H of G

which is left unbroken since it leaves the vacuum invariant. For the other 74 the
scalar mass-squared matrix will have non-trivial null vectors corresponding to the 2
broken generators in G/H. This is the non-abelian version of Goldstone-theorem.
Take as an example O(3) broken to O(2)

(p)#0
) =5

0(3 0(2)

by a nonzero () of a triplet scalar field @, = (1, 2, p3).
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Goldstone-theorem O(3) example-1
SOZ = (1, P2, ¥3)

1 . . -
I _5((‘9“%)2 —V(p) Ginvariantif V =V (oT)

3
ol p = Z vapa =9 R"Rp VrotationR € G

a=1

Let VV be minimized for (¢) # 0. e. g.
V o B(p!p —v?)?

we can always choose

angp http://ific.uv.es/"ahep
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Goldstone-theorem O(3) example-2

In this case we have
Mgceagd — O, \V/d

d=1 = M; =0
d=2 = M{ =0

thus

O O O

Ty 15 13

O O 0|0 O =-11¢0 1

O O 1/]0 O O-1 O

O -1 0|1 O 0 0 0
T (p) =0

angp http://ific.uv.es/"ahep
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Goldstone-theorem O(3) example-3
1. M?T? () = M?2.0 = 0 corresponding to the surviving symmetry, while
2. M?*T* (o) = 0 although T+ () # 0, corresponding to the

2 broken generators | in O(3)/0(2)

Thus there are

two Goldstone bosons |, the same number as broken symmetry

generators. In what follows we will see what happens to these massless scalars (there
are none in the PDG) in the presence of gauge fields. This so-called Higgs
mechanism will form the basis for the construction of a Yang-Mills gauge theory of
the weak and electromagnetic interaction
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Abelian Higgs mechanism-1
add to Goldstone model a U(1) gauge field

1

L= __F,W/F,ul/ o (DMQO)TDMSO o V(SO)

4

where
D,y = (@,,J - igAu)SO

F,,=0,A4, —0,A,

A 2
V=28 (w*so — @) = 12T + ApTp)? {

this lagrangean has a U(1) gauge invariance
o — eiA(:E)gO
1
A, — A,+ -0,A
g

eiA(x)D,UJQO
F..

3
=
©

l

e
<
l

angp http://ific.uv.es/"ahep
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Abelian Higgs mechanism-2

since
2
PN U
(¢'e) =5
we write
Lot p)et = i ptriot )
= —(v ev = —(v ()
o=l tr N A

now since L is gauge invariant we can choose (U-gauge) A(x) = %

_; 0 1 1 /
o —e 'vp=—(v+p) Ay — Ay — —0,0=A),
V2 gu
so that
1 / / 1 . / T . /
L= Pk - 5[%/} —igA}, (p + )] [Oup —igA, (p+v)] — V()
1 1 1 1
=~ FuwFl - 5(%0)2 -~ 5(921)2)%1;141,, — 59202%142,, — g°vpAl A,

B
=7 (p" +4p%0% 4 4p%0)
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Abelian Higgs mechanism-3

the massless A-vector has been replaced by the massive A’ field and the
Nambu-Goldston boson has disappeared
naively we expected

2 transverse degrees of freedom of a massless vector

1 massive scalar

1 massless scalar

instead we have found
3 components of a massive vector
1 massive scalar

angp http://ific.uv.es/"ahep
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renormalizability and unitarity-1

note that the original description was in the | R-gauge | where one can check
renormalizability (t’Hooft-Veltman) but particle identification can not be made

1 _ .
DMQOZ ﬁ(aup—l—aue—zg%lu(v—kp—k@@)_|_...)

due to presence of cross terms

1
(Dugp)TDugo = —5[(8,“0)2 +(9,0)* + g2v2Ai —2gvA,0,0 + -]

In contrast in the new description in the [ U-gauge | particle content can be identified

(massive vector A’+ scalar p) but renormalizability is not manifest, since here we
have

. k,ky

[/ 5/11/ + # k—>o\o

AT = — > 1
HY (2m)% k2 4+ m? — ie

In contrast with QED, where the propagator behaves as ,}2
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renormalizability and unitarity-2
using gauge invariance t’Hooft [NPB33 (71) 173] showed that massive gauge
propagator can be written in any | R¢-gauge | as

| k, k. |
HY 2m)* | k2 4+ m? —ie 12 (12_2 4 m2>

For finite £-values we have QED behavior, so that theory is renormalizable

k— o0 1
AMV — ﬁ

As £ — oo one can show that the propagator becomes becomes that of a massive

vector boson in the U-gauge

because of gauge invariance theory must be both renormalizable and unitary
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Non-abelian Higgs mechanism-1
In non-abelian case we have

£ = —3Tr(Fw) = 5(Due*)(Due) — V(™)

where a basis is chosen where the generators are chosen to be imaginary and skew

—t* = +tq = _tz;; [taa tb] — ifabctc

where
F,ul/ — (‘LAV — 8,,AM — Zg[AlM A,/], AM — AZtCL7 e — %
DMSO — C%QO — thaAZQO or Dlugpa = 8ugpo‘ — lthBAigpﬁ

choose parameters in scalar potential so that minimum occurs for

(%) = A" #0

Shdft 1xgalans.as.es ahep Vic, 2004 - p.41/?



Non-abelian Higgs mechanism-2

©=A+

and substitute. One can now show that the non-abelian gauge fields now get a mass
term described by the matrix

M2 (A") oc M tgtp\

thus those generators which anihilate the vacuum correspond to unbroken gauge
symmetries and massless intermediate vector boson, like the QED photon

for each generator broken by the vacuum the corresponding intermediate vector
boson becomes massive, as needed to describe the weak interaction

for example in the O(3) example abobe 2 gauge bosons are eaten by the gauge fields
In O(3)/0(2) with the O(2) gauge field remaining massless

W+
wW-—
ol
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Non-abelian Higgs mechanism-3

this would be a perfect model (Glashow) except that it has no room to account for the
weak neutral currents and the existence of a massive Z boson discovered and
well-studied at LEP

(SUS) x SUy x Uy
so that we have
W+
W-
7
Y
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The Standard Model

result of detailed interplay of different fields over around 30 years
we adopt anti-historical approach, present it and derive implications
The gauge group is a product, each factor with its gauge coupling constant g;

G =SUB)®SU@Q)LeU1) with g g @

chiral fermion multiplets
scalar multiplet
focus on SU(2) ® U(1)

angp http://ific.uv.es/"ahep Vic, 2004 — p.44/?



SM lepton assignments

3 left-handed, color singlet, SU(2) ® U(1) doublet leptons

1
XAL:( Xo4 ) = +V5XA A=1,2.3
X-A /), 2

3 right-handed, color singlet, SU(2) ® U(1) singlet leptons

A=1,2,3 is the generation index

replication problem: who ordered the muon?
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SM quark assignments

3 left-handed, SU(3)-color triplet, SU(2) ® U(1) doublet quarks

L wu _1+75
¢AL—(wd>AL— 5 (0

6 right-handed, SU(3)-color triplet, SU(2) ® U(1) singlet quarks

L —s5
WZR — 9 }L%

L — s
wffm — 9 fl:a

we still need to define the U(1) assignments of all multiplets. For this we need to
analyse the gauge sector and the symmetry breaking induced by the scalar multiplet.
The result is (see next)

Y =2(Q - T13)
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SU(2) ® U(1) gauge fields
{a=a5=3(mn 0" ) B

A1 F 1A
V2
A* B — Z,.n.

b <90+>
¥0

L =L+ LEN + Livatter

W+ =

the full SM Lagrangean

contains
Yang-Mills gauge fields
scalar fields and their gauge couplings (covariant derivative)
fermions with their gauge (covariant derivative) and Yukawa couplings
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Symmetry structure-1
the YM Lagrangean is

1 1
LyM = —Z(E)MBV —9,B,)° — 5Tr(FWﬂW)

%Fﬁu =0, Ay — 0V Ay —ig|Ay, Ayl

The scalar-gauge Lagrangean can be written as

Fo =

Ls=-D,p'D,p—V(p)

where
Vip) = CL(SOTQO — U2/2)2, a,v2 > ()

120+ 2(p7p)? + const

-/

: g
D,p=0,p—1gA,p + 7Bugp

where ¢ and ¢’ are the SU(2) and U(1) gauge couplings
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Symmetry structure-2
the scalar potential can be chosen as

'02 2
V = fo— ) = —aqv2ef T)2 & const
a(soso 2) av” o' +a(p')” +
12 <0

IS Invariant under

o — €ia($)g0

o — Ulx)p
where

U'U = 1  detU=1

For

2
2 Py Y
a,v* >0 -— S
as a stable minimum <g0 90> 2 7

b

Vi)
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Symmetry structure-3
under a gauge transformation it is allways possible to bring

¢H§%<(¢+%A@)

so that
e = (o) 3 (ke
s 0.8/V2 ) 2 \ Ve2WF A3
K ! 0 3
2 \ (p+v)/v2 )"
—1q9 ©+v
_ (L EYI
\j%o +2920\7;;(9A2+Q’BM)
where
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Symmetry structure-4

ﬂWi:A}LIFAi, © —
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%( (¢+v>/ﬁ)

2
g° . 1 -
— —Z(go + U)QW:WM — 5((‘9%0)2
2
(@ +v)? (94 + 9By (P +d?) e
8 /g2 + ¢’ . g2 )
ZQL c03219W
g*v° _ 2
I
(9> +g%)v°
4 -z
mw ) _ 0
= ———— = cosfy
mz g°+yg
e=g¢gsinly = ¢ cosbOy

/

- g
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Symmetry structure-5

s(v) = (5)
“(2)

(13 +Y)|0)
+1=2I3+Y =2Q

< O

I
7 N\
S O
N~
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The Standard SU(2) ® U(1) Model

€R

)

) )L

MR

)

CR

-
L

™R

t)
b
L
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The Standard SU(2) ® U(1) Model Lagrangean

the SM Lagrangean can be rewritten in terms of the mass-eigenstate gauge fields as follows as a sum of

sin Oy

seven terms
cos Oy

mwy — Mz COS QW

/
:%:tanew

e = g sin Oy = g’ cos Oy

~ 10 Ay — By AL)? — FOUW — 0, W) (@uWe — W) — 1(0u2,

2 vt — _ Mz 72
—my Wy Wy — =22,
ie[A (Wil 8 Wy + Wif 0 Wi — 0, WEWo) + (0pAw — 8y A )W W]
igew [Z, (Wit @ WWo + Wit 8 uWi — Wi W) + (042 — v Z,)WiE W, ]
2 B 2 . _ _
— L (WEWi)2 + (Wi Wy )2 + 2 (A AW Wy — Ay A W W)
2.2

92 (ZuZ,WIW, — Z2ZWFW,)

egew [AuZ, (WIW, — W)W, ) — 24, Z, W, W, ]
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— 0vZu)?

WLLIIIkr‘:l:WZ

Z

%

N,
AN
AN
/ N,
/ N,
/ \

_—

e

3

\WW\{W

3
!

v
~
zZ

w

W

Nouow
:’:Jﬂ{::wyi:{’y
ww W

v
A

=z

=z

Wﬁw
”H;:?Li::z
\%%4 W
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Higgs boson piece
In addition we have the Higgs interactions with e-w gauge bosons -

3 4
L;—gauge = ﬁ( )gauge + ﬁ( )gauge

3 v~ B — P
L) juge = — T2 (W;WV + —22) ’{iw_ i

2cos? Oy T 1

LN wt H o~ z
(4) g> =2 N 1 2 { ) é‘i

2cos? Oy T

Lo=—30,0)* — smye? + L) + L

H . H
£(~3) _ g my >3 il
¥ 4 mw P
H H
4 _ g mp 4
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Yukawa couplings and fermion masses

we should also add to the SM Lagrangean couplings of fermions to the scalar doublet,
since these are allowed by consistent with gauge invariance and renormalizability

Lyukawa = — Z hZBf(égOTXf + h.c.
AB
B Z [th@EﬁRWT@bE + hﬁg&f(ingp*)zpr} + h.c.
AB

Note that ¢ ™ transforms as ¢ under SU(2). These Yukawa terms introduce many
new arbitrary parameters

/
)\ g g v d,u,e
hAB
Ow myg mw mgz

some are spurious, others directly given by experiment
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rewrite Lyykawa 1IN Matrix form

Lyukawa = _>_<R<PTheXL — @W%V’Thde — @D]ug(iﬁﬁp*)hu@h + h.c.

where h¢, h*, h¢ are arbitrary, non-hermitian matrices. In the U-gauge we have

H
F— (0 v )
o= (0.1
thus the lepton piece becomes

- v+ H) ( X% )
0, h° &
XK ( V2 XL
_ _(v+ H _
= Xgrh'XL % + h.c. = ERQEheQLEL

(v+ H)
V2

After SSB these Yukawa terms will generate the lepton masses as

+ h.c.

h® — Mey MMy, My
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general matrix diagonalization theorem

(Dirac) fermion Yukawa couplings are generally specified by arbitrary square
matrices. Any such matrix M may be decomposed in polar form as

M = UK whereK =K' and U'U=UU'=1
~— =~

2n2 n2+4n?
one can always find a unitary matrix V so that

K =VDV1 D real diag > 0
VivV=vvi=1
M =UVDV?
= W'MV =D; where W=UV
thus any square matrix can be bi-diagonalized, if M = M7Tthen V = W. The

diagonalizing matrices may be found by solving the eigenvalue equations:

MM'? = WDVIVDW'=WD*WT
MM = VDW'WDVT =VD?V?
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similarly for the quarks

Lvw=—> [m(ui)ui (1 + %) +dim(d;)d; (1 + %)]

where

so we finally have
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)

0 me O , m(d) = 0O mg O
0 0 my 0 0 my
%Qghe ¢ = m(e) real diagonal
U
—QYTR"O% = m(u) real diagonal
\/5 R
Y odipdad _ -
7§th Q7 = m(d) real diagonal

note that, in SM, m,, =0
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fermion masses
not gauge invariant, but arise from SSB.

not predicted by theory, Yukawas are fitted parameters
experiment gives

me =~ 0.511 MeV, m, = 1.5+ 4.5 MeV, mgqg = 5+ 8.5 MeV
m, ~ 105.66 MeV, m,=1-+1.4GeV, ms = 80 + 155 MeV
m, ~ 1.777 GeV, my = 174.3 £5.1 GeV, mp =4.0-+4.5GeV

Higgs boson couplings

prop to mass, all Yukawa terms proportional to 1+H/v

Higgs boson couplings diagonal in mass eigenstate basis
thus no Higgs-mediated FCNC
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fermion gauge interactions

all gauge interactions determined by the fermion covariant derivatives, whose SU(2)
piece we already know, and whose U(1) piece is given by the table of hypercharge
assignments

/

. g
Dyxr = 0uxr —1gAuxL — ZEBMXL
D,xr = 0uXr —ig'BuXR
. g
D,qu — a/ﬂpL — ZgAqu - ZgB,qu
2iq’
D/ﬂvbuR — a,uqu 39 B,uqu
iqg’
D,bar = Ouvar — ?Buwd}%
so that
»Cmatter - Z(XAL/Y,UJD;JJXAL + XAR’VMDMXAR)
A
— Z(@ZALVMDuwAL + Y arYu Dy ar) + Lyukawa
A
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understanding hypercharge assignments

we already saw that the generator 75 + Y annihilates the vacuum |0) = ( ¥ ) I e.

T3

(%

+1=2I+Y =20

this allows us to identify the electric charge as| Q) = I3 + % using

(%)

_ Cw SW Ai
—SW Cw B,UJ

and|e = g sin Oy = ¢’ cos Oy

one can understand the U(1) piece on previous page
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CC and NC weak Interactions

the general structure of the gauge interactions of the fermions is very simple form in
the original (weak-eigenstate) basis, namely

weak CC  Ev,NW, + Dv,UW, + h.c.

weak NC 7LL”YM?&LZM @ZRVM@DRZM
em current (QED) has L+R form VYA,

where the original SU(2) doublet fermions are denoted xy = (IV, E) and ¢ = (U, D),
and similarly for the SU(2) singlets, with N, E, U, D being 3-dimensional vectors in
generation space

E erprtr €ERURTR
N VeLVuLVrL
U

urcrir URCRIR
D dLSLbL dRSRbR

In contrast to kinetic terms and the QED couplings which are form-invariant (parity
conservation) the weak couplings must be rewritten in mass-eigenstate basis
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CC weak interactions-1

the next step is to the gauge interactions of the fermions in the mass-eigenstate basis.
For the leptons we have

1g Wi X0
e = (")),
nX V2 X- /;
—ig 4
\/i Wlu X—L
)
thus we have  — xrv,Duxr — Lic = %WJ;‘COL%X_L + h.c.
where xor = Q7 Np
x-r = QpEp

thus L = %W:{NL% 08 Ep +he.

1

since neutrinos can be redefined in an arbitrary way
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CC weak interactions-2

‘C%C = ﬂI/VIL—J_[7[/}%1?[1 + h.c.

V2

7’9 — () d
L= EWJUL'VM QLTQL dr, + h.c.

v

note that quark phases can be redefined keeping mass terms invariant, so as to
simplify the form of V, leavingonly n? —n — (n — 1) =n? —2n+1 = (n — 1)3,
thus 9-3-2=4 physical KM parameters in V

U e U
C — et C
i0,
t I e t I
d ettd d
S — etts S
0y,
b I e b I
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CC weak Interactions-3

V can be written in many parametrizations, such as the original one of M. Kobayashi,
T. Maskawa, Prog.Theor.Phys.49:652-657,1973

C1 —S1C3 —S5153
)

)

VCKI\/I = S1C2 C1C2C3 — 8283615 C1C2C3 + 82836Z
S1S9 C1S9c3 + 023367’5 Cc1S89C3 — CaS3€"

U C t
C12€13 $12€13 s1ze” 13 | d
— 812023 — C12823€701 C13C23 — S12523513€°013 $23C13 | S
S$12823 — C12C23513€"013  —C12823 — S12C23513€"013 C23C13 b

which is essentially the same as Schechter & Valle, Phys.Rev.D22 (1980) 2227, with
the convenient ordering of Wolfenstein Phys.Rev.Lett. 51 (1983) 1945, who also
Introduced a nice truncated form

Only one CP violating phase responsible for violation seen in K system
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CC weak Interactions-4

Via~1l Ve~ Vi~ A3
VCKI\/I — Vcd ~ A Vcs ~ 1 Vcb ~ >\2
Via ~ A Vig~ X2 Vi ~ 1

1— %2 A AN3 pet?
Vekm ~ —A — ’\72 AN?
AN (1 — pe™ ™) —AN? 1

where A ~ 6. is small. This form shows explicitly that CP violation is small
unitarity triangle

VuaVub + VeaVey + ViaVip = 0

AN (p+in) — AXN? + AX® — AXN3(p+in) =0

(p,m)

(0,0) /\ (1,0)
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CC weak interactions-5
from various weak measurements and unitarity we have (PDG) (see Pich’s lectures)

Vudl = 0.9741 + 0.9756
Vus| = 0.219 = 0.226
Vur| = 0.0025 + 0.0048
Vur| = 0.0025 + 0.0048
Veal = 0.219 = 0.226
Ves| = 0.9732 = 0.9748
Vep| = 0.038 + 0.044
Via| = 0.004 = 0.014
Vis| = 0.037 = 0.044
Vis| = 0.9990 = 0.9993
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fix parameters from muon decay

i _
Loc = %W:{NL%EL + v,V Dy, +he.
g2
amp =~z W17 (14 75) va] [Wya (1 + 75)ul
\Y
T - L gz

BT —e T Vel 19273 Fm,u
Gr B 92
V2 Emd

Gr~1.16 x 107° GeV~?

link between Fermi phenomenological model and the gauge theory

One can now easily calculate all leptonic weak processes, also semi-leptonic weak
processes, like beta decyas. Non-leptonic weak processes are hard (QCD effective
lagrangeans)

angp http://ific.uv.es/"ahep Vic, 2004 - p.69/?



neutral currents in SM-1

D, =

/
gCw = € =(gsSw

K — putp”

g/

, 1
e — ngiTgww + —BMYV@[D/@&

2

/

. 7
o [—ig(ew Zy, — SWAM)Tzsw + i(SWZM — CWAM)Y%@W

2

. 1 ig’
.. [Z JSw AN (T3 -+ §YW)¢ _72/1 £T3 _ 31%1/@)%]1?
e h > g neutral current (NC)

Jﬁm = iZ%qu
al

TP = i) mu(Ts — 2Q)
Al

and | z = sin? Oy = st~ | with no FCNC, explaining rareness of
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neutral currents in SM-2

R E Q T3 —xQ
v | 1/2 | 0 1/2

er || —1/2| -1 —1/2+=x
ur || 1/2 | 2/3 || 1/2—2/3z
dr | =172 | =1/3 || =1/2 + 1/3z

ER 0 —1 T
UR 0 2/3 —2/3x
dr 0 —1/3 1/3x

Zu Z @Z’YM(TB — wQ)MD =

VL(-+ o ¥r + Yr(- - )pp¥r

(1+s) (1—1s)
0L 5 + Or 5

0z +0r] [0z = 0r]
2

A\ . 7 \ 7
Ve Ve

Us) V504
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