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Introduction to the HQET I

QCD has two very special properties:

Confinement: quarks are never observed as
asymptotic states. The coupling constant between
quarks and gluons with the interquark
distance (low energy region)

Asymptotic freedom: quarks are almost free at

small distances. The coupling constant between
quarks and gluons decreases with the Interquark
distance (high energy region)

%refere, at small distances PT is a good approximation
arge distances nonperturbative methods must be used:
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A deep understanding of strong interactions is crucial.

For exemple, weak transition amplitudes involving quarks,
which theoretical predictions are determined by some matrix
elements of the weak hamiltonian between physical hadronic
states,

Yt qosaibldofay-outs are:
‘We can yse nonperturbative:methods, like QGDSRor, Lattice.

‘We c¢an use effective theories exploting the scale separation..

We can use both approaches together.” . .
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Introduction to the HQET I

Effective theories: basic ideas

What is an effective theory ?

An effective theory is a tool for computing low energy processes,
with a prescribed accuracy, without having to use the complete
theory, which contains irrelevant degrees of freedom.

In an effective theory, one considers the relevant
degrees of freedom only. The "others" are eliminated.
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Effective theories: basic ideas

Example:
Consider the neutron beta decay n-= p+e+v
The typical scale of the process is about E~M ~1Gel'.

But the process is mediated by an intermediate W boson
with a high virtuality and a large mass, M ,~80Gel .



Introduction to the HQET I

Effective theories: basic ideas

Notice that the process, at the energy scale E, receives
contributions from virtual states of much higher energy.

This is a common feature of particle physics processes
which is due to their intrinsic quantum nature.

These effects may be quite large because they involve

large logarithms of the two very disparate scales. For
example, consider the t quark effects on the W and Z
mediated processes.

These logarithms can break the perturbative expansion.
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Effective theories: basic ideas
The correct procedure to remove them is the following:

Neglect the W boson field and consider only the particles
which appear as asymptotic states: neutron, proton, electron
and neutrino.

Compensate the virtual effects of the W boson by introdu-
cing new local interactions between these light particles.

Each new interaction is the product of a nonrenormalizable
higher dimension operator and a coefficient which determines
its strength of the interaction.

The coefficients, or coupling constants, are chosen in such a
way that, at an energy equal to the large mass scale, the low
energy results of the complete theory are reproduced.
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Effective theories: basic ideas
At tree level, this procedure consists in expanding the propagator:

Note that on the right hand side, the W degrees of freedom do
not appear anymore. Each term in the expansion can be
considered as generated by a new piece in the lagrangian with a
coefficient suppressed by inverse powers of the high scale, M ,, .
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Effective theories: basic ideas
So, at lowest order, the effective lagrangian is simply:

G .G
.L'é_aff = ——J’u]p with — = :

V2 8Mj,

V2

where the weak current is given by:

Ju=uYu (1 —vs)d + V(1 —1s)e

This is the old Fermi theory for the neutron beta decay.

Each fermion-W-fermion vertex has been replaced by a four fer-
mion interaction: the W boson has been explicitly eliminated.

The crucial property of this theory is that it is simpler.
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Construction of an Effective Theory
|dentify the different scales of the problem.

Suppose M is a large mass and the relevant scale of energy is E
with £<M. We will consider M as an energy cut-off.
Removal of the heavy degrees of freedom

All fields with masses larger than M, will be eliminated from the
original theory. The physical degrees of freedom are then the
fields which correspond to external (asymptotic) states.
Construction of the effective interactions.
With only these fields, add

which are consistent with relativistic invariance, unitarity of the S
matrix, CPT invariance and other general symmetries of the

original theory. Doing this, we make sure that no quantum effect
IS missed or omitted.
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Construction of an Effective Theory

We do not require the new interactions to be renormalizable
because we know that the effective theory is not complete. In
other words, the matrix elements of the S matrix have to be
computed at tree level or at a specified number of loops.

The couplings.

Each new interaction has a coupling constant that determines its
strength. Strictly speaking, the number of these couplings is infi-
nite. Therefore, it seems that we have lost the predictive power
of the complete theory. Actually, this is not the case, because:

We can calculate them because we know the complete theory.
They are suppressed by invers powers of the large scale.
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Construction of an Effective Theory

Lepr = Z ci(u) Oi(u) where ¢;(u) ~ M*4

Therefore, when the large mass M is large enough with
respect to the typical energy E, higher contributions are
small, the series converges quickly and we can consider the
first few terms only.

Consistency and matching.

Finally, we have to impose that the complete and the
effective theory give equivalent physical predictions at low
energies. This is the consistency requirement.
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Construction of an Effective Theory

The implementation is based on this idea: connect in a suitable
way the effective theory couplings just below the cut-off M with
those just above and impose that both couplings must match
at the cut-off. This procedure is called matching:

Choose a sufficient number of amplitudes to determine all effective
couplings of the effective theory.

Compute the amplitudes in the complete theory at a given order in
perturbation theory.

Expand them to a given order in the inverse of the large scale.

Compute the same amplitudes in the effective theory at the scale M.

Compare both amplitudes and determine the couplings at the scale M.
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Construction of an Effective Theory

Renormalization Group Techniques.

Since the amplitudes are, in general, divergent, one has to
renormalize them both in the complete and effective theories using
suitable renormalization schemes. Therefore, the effective opera-
tors and couplings will depend on the renormalization point || . This
fact allows us to play the following game with it:

The requirement that bare quantities are independent of || ,allows
us to write differential equations which determine the evolution of
the couplings and operators on the renormalization point. These
are called the Renormalization Group equations.

The matching is performed at the renormalization point,u~M.
Hence, the couplings are obtained at this high scale first.




Introduction to the HQET I

Construction of an Effective Theory

Then the RG equations are used to evolve the couplings down to
the renormalization point scale u~£E , i.e. equal to the typical
energy of the processes of interest.

This procedure resums the leading logarithms o"log" (M /u)which
are the contributions of heavy excitations to low energy physics.

These logarithms are absorbed into the running effective coupling
constants, C.(u).

Therefore, if one chooses the renormalization point to be close to
the energy scale of interest, no large logarithms appear in the
matrix elements of the effective operators.

Notice that the matching involves the computation of the
anomalous dimensions of both the complete and effective theory.
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Construction of an Effective Theory

In going from the complete theory to the effective one, we
have eliminated a virtual particle; i.e. it does not appear
In the external states. We can do that because both the energy
and the momentum are small, E <M ,|p|<M .

If we want to construct an effective theory for a real heavy
particle, we cannot eliminate it completely because it appears
In the asymtoptic states. What we do is to remove some
degrees of freedom, those that are irrelevant to the process at
hand. For instance, a real particle which suffers small
momentum transfer with respect to its mass, E~M ,|p|< M .
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Introduction to the HQET
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Introduction to the HQET I

Physical ideas and motivation of the HQET

Quarks can be classified according to their masses in two
classes:

Light quarks: m <A, like m,,m,, m,
Heavy quarks: m > A,qp like m,,m,,m,

The properties of hadrons vary according to its quark
composition. For a meson, which is a quark-antiquark bound
state, we can study the following cases:
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Physical ideas and motivation of the HQET

1) Mesons composed of two light quarks:

The size of such a meson is set by the QCD nonperturbative scale,
R~A_¢p~1 Fermj which is the order of their Compton wavelength.

By the uncertainty principle, the typical momentum exchange is of the
order of the meson size, me‘lmAQCD~200—3OOMeV.

This is also indicated by the success of the constituent quark model
and by the argument that the exchange of high momentum gluons
should be suppressed due to asymtotic freedom.

The light quarks are very far off-shell and its motion is relativistic.

The dynamics is nonperturbative but can be simulated on current
lattices @' ~2+3GeV .

The Chiral ET, an expansion in low momenta, is useful in this case.
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Physical ideas and motivation of the HQET

The reduced mass of the system, that governs the dynamics, is of the
order of the heavy quark mass M . This is the first scale.

An estimation of the size of the system is the Bohr radius, R™'~M a,
where the strong coupling is small by asymptotic freedom. Therefore,
the size of these mesons is much smaller than the typical size of a
hadron of the type 1).

From the uncertainty principle, the typical momentum exchange can
be larger than in case 1).

Since exchange of high momentum gluons is suppressed by asymp-
totic freedom, the motion of the quarks is nonrelativistic. In fact, the
velocity can be estimated by its atomic physics analog, v~a., .
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Physical ideas and motivation of the HQET

For example, (v’ ~Lfor ceand = for pb. Therefore, M>Mv,
which is the second refevant scale 01l ?hese systems.

Finally, based on atomic physics analogs, the Rydberg scale is a
measure of the energy spacings. This is of the order of the average
kinetic energy, Rydberg~1/M R°~M " and is much smaller than the
other two scales because experimentaly the charmonium mass
spacings (100-600 MeV) are small compared to their mass (3-4 GeV).

The dynamics can be studied by nonrelativistic potential methods.

We can also construct an effective theory to deal with the different
scales: the so-called NRQCD. It can be considered as an expansion in

the relative velocity of the1 heavy quark pair or, as pointed out by

Grinstein, in the parameter -



Introduction to the HQET I

Physical ideas and motivation of the HQET

1) RNAééDNIFermi
p~R I~ A 50p~200—300 MeV

AQCD

M > A e

vzzconstant
Pog—=MgVg

vQZpQ/mQ
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Physical ideas and motivation of the HQET

e

= moW! + k" with k| ~ Apcp < mo |
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Introduction to the HQET I

Derivation from the QCD Lagrangian
Consider the quark kinetic energy term of the free action:

As we said before, a heavy quark is almost on-shell and hence
its momentum is:

et

= moW + k" with k| ~ Apcp < myp |
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Derivation from the QCD Lagrangian

Therefore, substituting in its Dirac equation, we have:

(Po—m0)Q(p) =0 — (f=1)Q=—k/mg

(fOI" mo > AQCD) — }/Q ~ ()

Fields that do not satisfy this relation and momenta far from
the one of the heavy quark, give a large contribution to the
action and thus make a small contribution to the path integral.
We define an effective heavy quark field satisfying exactly:

¥0, = 0, with 0,(p) = 0(p) — O(1/m)




Introduction to the HQET I

Derivation from the QCD Lagrangian

Then, we can rewrite the action in terms of the effective field
and the residual momenta:

Notice that the dirac structure has disappeared !!
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Derivation from the QCD Lagrangian

The QCD interactions can now be easily incorporated by
Imposing gauge invariance and we get the HQET lagrangian:

The effective field annihilates heavy quarks of velocity v.
Where are the antiquarks ?

Exercise 1: derive the lagrangian for a heavy antiquark.

Ly =—i0;(7-D) Q5 with } 05 = —05
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Derivation from the QCD Feynman rules

We start with the propagator of a heavy quark in QCD:

sz _ f?"'lé + e k? —+ 2!’}"1Q (1«’ y k) + 1€

+ O(1/my)

This is the propagator of a heavy quark with velocity v.

Notice that the propagator only has one pole in momentum.
This fact has physical consequences: there is no pair creation !!

Exercise 2: why ?
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Derivation from the QCD Feynman rules

Consider now the heavy-quark--gluon vertex in QCD. Taking
Into account that the vertex always appears between heavy-
quark propagators, it is easy to obtain the heavy-quark—gluon

vertex in the effective theory:
)Otﬁ > ) Tu | =2

()

1_y)
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Derivation from the QCD Feynman rules

Notice that the effective vertex does not couple Dirac indices
because the gamma matrix has disappeared.

Exercise 3. calculate the Feynman rules for heavy antiquarks.
What is the origin of the change of sign with respecte to quarks?

Propagator —

Vertex
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Derivation from position space

Consider now the Dirac equation for the position space propa-
gator of a heavy quark in QCD:

According to our physical ideas, the velocity of a heavy quark
iIs almost constant beacuse the low energy QCD interactions
cannot change it. Going to the its rest frame, the heavy quark
Is almost at rest and its Dirac equation simplifies:

(DY~ mg) i (x,y:4) = 5*(x—) ]
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Derivation from position space

In other words, we have neglected the spatial components of
the momentum with respect to its energy.
Exercise 4: solve the heavy quark Dirac equation exactly.

' | [
S}I_(.?C,_}-’;A) _ _ie(xo_yo) e—zmo(x —y0 ( _;YO) P* [X‘ y ] 63(? ﬁ)

— i8(° —x0) e ime (") (1 _YO) P [x°, ] 8 (7 - %)

2

/\'0 dtA%(t, ?)}
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Derivation from position space

This propagator just describes a particle sitting still and
propagating only in time.

The first term represents a particle propagating forward in time
(a heavy quark), while the second piece describes a particle
propagating backward in time (a heavy antiquark).

There is no interference between the forward and the
backward propagation. They are independent !

Both the heavy quark and the antiquark behave as a static
source of colour (see the Dirac delta).

The whole interaction with the gluon field is contained in the
time ordered exponential. This parallel transport the quarks.
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Derivation from position space
Exercise 5: generalize this result to constant velocity v.

1
Shv(xay;A) — Pﬁ(xo—yo) [xo 0] _63(7_?_”7(

Vo

. 1
{_ie(xo_yo) e—zva-(x—y) (

. 1
0,0 —a0) ¢ mor (-0 (

WOREl i = v/vy and P; [x°,)°] = Pexp
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Derivation from the path integral approach

The HQET, as any effective theory, can be constructed by
integrating out some irrelevant degrees of freedom but not the
complete particle because it appears in external states.

To identify the irrelevant heavy degrees of freedom, is
convenient to remember that a heavy quark moves with
constant velocity because the interactions with the light
degrees of freedom are soft. In other words, it moves as if it
were free. Therefore, the space-time dependence of its field
will be very close to the one of a free particle propagating with
constant velocity v; that is, a plain wave.

On the other hand, we know that in the heavy (anti)quark field
only the upper (lower) components are relevant.
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Derivation from the path integral approach

These remarks suggest to introduce two new heavy quark
fields to scale out the rapidly varying space-time dependence
and to split, using the velocity vector, the field into upper and
lower components:

e:l:ir?-IQ(_v-x) ( I :I:)/{

2

2

e:l:in-IQ(_v».x) ( L :F)/
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Derivation from the path integral approach

Using these fields, we can reparametrize the heavy quark
field in QCD as follows:

e~ me(x) (B (x) + Hf(x)) for  quarks

etime() (F-(x) + hy (x)) for antiquarks

Notice that this descomposition is exact. No approximation
has been made yet. The first parametrization is useful to
describe a heavy quark in a hadron because the h field has a
small space-time dependence and contains the upper
components only. Similarly, the second parametrization is
useful for heavy antiquarks.
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Derivation from the path integral approach

Consider, for example, the quark parametrization. Inserting it
in the QCD lagrangian, we get:

0(iPp-mg)Q
hii(v-D)h — H {i(v-D) + 2mgp} H,

_ L — 1
+ + + bt

The upper component field has no mass term while the lower
one has a mass twice the mass of the heavy quark. Therefore,
the lower component field will give a large contribution,
proportional to the heavy quark mass, to the action and thus a

small contribution to the path integral.
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Derivation from the path integral approach

This can be done analiticaly because the integral is gaussian.
The effective lagrangian turns to be:

_ _ |
O e L

i(v-D) +2mg — i€
i/2Tr1n [i(v-D) + 2mo — i€

Notice that the lagrangian is not local !!

The last term is the determinant of the gaussian integration.

Exercise 6: using that the determinant is gauge invariant,
show that it is just a constant and thus can be omitted.
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Derivation from the path integral approach
Note also that the non local piece is just the solution of the
classical equation of motion of the lower component field:

1 1
(i(v-D) + 2mp) H = ilp hi — H = —iﬁl hy

(i(v-D) + 2mg))

The lowest order of the expansion in invers powers of the
heavy quark mass, is the effective lagrangian of the HQET in
terms of the effective upper (lower) component fields:

ht i (v-D)h! for  quarks

h, (—i)(v-D)h; for antiquarks




Introduction to the HQET I

Derivation from the path integral approach

Notice that the effective fields for heavy quarks and antiquarks

are independent. They are separately conserved because no
interaction in the effective theory can create a pair of heavy
quark-antiquark. They live in completely separated worlds.
Therefore, the lagrangian is the sum of both pieces.

We have shown that the different approaches for the cons-
truction of the effective theory of a heavy quark are in perfect
agreement among them. This is a check of our results.
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Introduction to the HQET I

Lorentz invariance of the HQET

In the HQET, the heavy quark velocity is a good quantum
number because it is fixed; i.e. no low energy interaction can
modify it.

In this case, we have an independent effective field for each
velocity. This is the Georgi's velocity superselection rule which
divides the Hilbert space in unrelated orthogonal subspaces.

The effective lagrangian is not invariant under a general
Lorentz transformation due to the presence of a fixed vector.

As pointed out by Grinstein: “This is not a surprise, since we
have expanded the Green functions about one particular
velocity: in boosted frames, the expansion becomes invalid

because the boosted residual momentum can become
arbitrarily large”
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Lorentz invariance of the HQET

From Grinstein's point of view, the break of Lorentz invariance
Is a convenient property of the effective theory. We can recover
Lorent invariance simply by boosting also the velocity. In other
words, the effective fields of different velocities are unrelated
but connected by Lorentz transformations:

vu — A, vy and hl(x) — Q)(A_l)hi_“,(/\_lx)

Georgi proposed to recover the Lorentz invariance by
summing over all velocities. This does not lead to overcounting
of states because the sectors of different velocity do not couple
to each other so far as the low energy theory is concerned.



Introduction to the HQET I

Flavour symmetry of the HQET

Consider N different heavy quark flavours, i.e. heavy quarks of
different but very large masses and all moving with the same
velocity v. We can assign an effective field to each flavour and
construct the complete lagrangian as the sum

N ,_

J=1

To determine the symmetries of this lagrangian, it is
convenient to put the fields of different flavours together into a
column vector of 4N components,
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Flavour symmetry of the HQET

Since the HQET lagrangian does not contain any mass term,
we can rotate all fields simultaneously by a unitary
transformation that does not change the lagrangian,
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Flavour symmetry of the HQET

Uhf
with U € SU(N)

ST +
h, U

This is the so-called flavour symmetry of the HQET.
Some remarks are in order here:

This is not a symmetry of QCD, which is invariant under a
U(1) abelian transformation for each flavour.

If the velocity of the heavy quarks is different, this
transformation is not a symmetry.

The masses of the flavours can be very different but large.
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Spin symmetry of the HQET
Consider the lagrangian of the HQET

L, = hf i(v-D)hf for  quarks
L, h, (—i)(v-D)h; for antiquarks

Since there is no Dirac structure, this lagrangian is diagonal in
the spinorial indices. Therefore, a unitary transformation acting
on the spinorial indices will be a symmetry of the lagrangian,

(1) () = Sap () (¥

(7)) = (i) S
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Spin symmetry of the HQET

What is this unitary transformation? It cannot be a complete
Lorentz transformation because the lagrangian is not invariant
under a general boost. However, any restricted Lorentz
transformation that does not change the velocity v, will be a
symmetry of the HQET Lagrangian.

To get a clue to the form of S, it is convenient to go to the rest

frame of the heavy quark. The most general unitary transfor-
mation of the spinorial indices that keep the velocity unchan-
ged, is a three-dimensional rotation which generators are,

c; 0 I+ 1o .
0 G,-) (T) = 521 with v, =(1,0)
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Spin symmetry of the HQET

Therefore, the HQET static lagrangian has a SU(2) spin
symmetry. Going back, by a Lorent transformation, to the
frame in which the heavy quark is moving with velocity v,

- 1ty
(ST—L)I 4&],1 &, &] ( 2)/) with &;,€; = —8;;,v,& = 0

These are the generators of a SU(2) symmetry of the HQET
lagrangian for each velocity v and for quarks and antiquarks.
This symmetry is called the spin symmetry of the HQET.

Notice that it is an internal symmetry because no transforma-
tion of the coordinates is performed (or needed).
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Tensor analysis and covariant states

Symmetries are useful to obtain relations between matrix
elements and physical quantities.

To exploit the combination of the flavour and spin symmetries
of the HQET, a tensor calculus have been devised. This
method is powerful and permits to obtain the relations due to
the symmetry in a simple way.

In this short course, we do not have time to explain it.
Therefore, we choose to present an alternative method, by
Aglietti and Martinelli, to obtain the symmetry results which is
closer to lattice ideas. In this method, we will use the
propagator in coordinate space of a heavy (anti)quark.
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1/m corrections to the Lagrangian

The following equation allows us to systematicaly find higher
order corrections in 1/m to the lagrangian of the HQET,

_ _ 1
hii(v-D)hl + h zTJZSL (—) iﬁﬁL ht

i(v-D) +2mgp — i€
i/2TrIn [i(v-D) + 2mg — i€

In fact, expanding the non local piece in powers of 1/m, we get

|

— — 1 1
LHQET — ]?1_!_ I(l’D) h;!_ + h;!_ I¢ (2—) I¢ ]?1_!_ + O(I/WZQ)
| mo U
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1/m corrections to the Lagrangian
Exercise 7. demostrate the identity,

gl gL — g -
h:“ JZS JZS h:“ — hj D1 hj - —h..:“ Oy GHY h:r

2

Using the exercise 6, we get the HQET lagrangian up to 1/m
|

L, _, [V Gy
hiD| h — ght —= ) By
4mg

v 2mg

The first correction is the heavy quark kinetic energy while the
second one is the chromomagnetic moment interaction.
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1/m corrections to the Lagrangian

The first term is the covariant expression of the kinetic energy
of the heavy quark. Indeed, in the rest frame it corresponds to
the non relativistic kinetic energy.

It breaks the flavour symmetry but not the spin symmetry.

The second term is the covariant expression of the magnetic
moment interaction because, in the rest frame, it reduces to the
Pauli (chromomagnetic) term.

It breaks both the flavour and spin symmetries because
couples the heavy quark spin to the chromomagnetic field.
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1/m corrections to the currents

Consider first a heavy-heavy current in QCD,

O(x) = 01(x)T 0a(x) \

To obtain the corresponding effective current, we split each
field into its upper and lower components and scale out its
space-time plain wave dependence,

[ p— (B2 () + B2 () T (W& () + 132 (v))
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1/m corrections to the currents

Then, we formally write the lower component fields in terms of
the upper component ones using the equation,

|

l 1—’1?3-D) +2myp — i€

This is equivalent to integrate out the lower component fields
In the path integral. Finally, we expand the current and obtain,

h 1__'.' 1

i A U — 111 11 — )+
oI (mavo—myvy) [h(Ql

' 1
LRt (0 TRl ( ] + O

2m> ’”%,2 " mmy
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1/m corrections to the currents

Consider now a light-heavy current,
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Two-point Green functions
Consider the euclidean correlation function,

Co(f) = / BxePE < 0T {OB(.f,t) 03(6,0)‘1‘} 0>

where

05(0)" creates from the vacuum a state |[B > — < B|0(0)" |0 >+ 0

The quantum numbers of the state are the same as those of
the interpolating operator.
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Two-point Green functions
Inserting a complete set of intermediate states,

and taking into account that at large time distances, only the
lightest state with the quantum numbers of the interpolating
operator, gives a sizable contribution, we have

—Ept

| < 0] 0g(0)|B(P) > |* + exponentially suppressed

€
Cg(l) — 2En
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Two-point Green functions

On the other hand, by using the Feynman Path Integral
formalism, the vacuum expectation value of a product of
operators is equal to the average,

1 -
< 01 (’Cl) U O??-(x??-) > = Z / ‘DA Q)Cl Q)Cf 01 (xl) T 0}-1_ (X}-z.) e_S(A’q’Q)

Writting the vacuum matrix element in the two-point Green
function as an average, we get the important relation,

e—EpI

2Ep

| < 0] 0p(0) |B(P) > |2 — /613.‘4’6‘5'? < Op(X,1) 03(6, 0)' > as r—roo
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Two-point Green functions

This equation is the master relation we will use as a theore-
tical tool to study the masses and decay constants of mesons
and the relations among them that the flavour and spin
symmetries of the HQET generate.

It Is also used as a numerical tool in numerical simulations.
The idea is to compute the right hand side on a lattice space-
time for large enough time slices. Comparing (actually, by
fitting) the numerial data to the exponential behaviour of the
left hand size, we can obtain both the mass of the state and its
operator matrix element. This procedure can be applied not
only to QCD but also to the HQET and other effective theories.
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Heavy meson binding energy

In the rest frame of the heavy meson, the heavy quark is
almost at rest, too. Therefore, we can use the static effective
propagator in coordinate space we have calculated before,

=

. 1 N | )
< 0p(x)0p(0)" >= = / DATr (Sq((o’r)’(0’0))FTFP6[O=I]) oMot ,—S(A)

Substituting this into the master relation, it follows that

Notice that the rhs is independent of the heavy masses !!
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Heavy meson binding energy

Let us consider now two types of heavy mesons:
pseudoscalars, B, and vectors, B*.

The key observation is that the left hand side is indepen-
dent of both the heavy meson and the heavy quark mass.
However, it depends, in a very complicated way, on the light
degrees of freedom and its interactions; the brown muck.

Since the temporal dependence must be the same on both
sides, the binding energies are the same and are also
independent of the heavy quark mass,

| = yoyi — Mp—mp = A

=y = Mg —mp=A" where A = A" and A # A(mp)
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Heavy meson decay constants

We define the pseudoscalar and vector decay constants,
calculated in the HQET and denoted with a tilde, as

<0|05(0)|B > Mg fB

P . . .
i M7z, where € is the polarization of B*
s

Again we apply that the right hand side is independent of the
heavy quark and meson masses to arrive at the scaling laws

< 0] OSQ(O) |B*, & >




Introduction to the HQET I

Heavy meson decay constants

Of course, this scaling laws are also valid for the D and D*
mesons, at least approximately. Since the constants that
appear in the scaling laws are independent of the heavy quark
mass, we have
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Heavy meson decay constants
we obtain, from the relation between pseudoscalar and vector,

Comparing the time dependent and independent terms, we get
the following complementary relations,
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Semileptonic decays of heavy quarks

The semileptonic decays of D and B mesons are a rich source
of information on the properties of the weak interaction; for
exemple and specially, on the CKM matrix elements.

Consider this very important example:

In order to see if the HQET is appropriate, we study the
kinematics of the decay.
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Semileptonic decays of heavy quarks
Exercise 10: show that the momentum transfer is in the range

2

= (pe+pv.)" = (Pp—ppn)” = 0<q” < (Mp—My.))°

The maximum value of the square of the momentum transfer
corresponds to the zero recoil kinematic point where the D is at
rest in the rest frame of the B meson.

The minimum value occurs when the D is recoiling maximally.

As can be seen, the momentum transfer can be large. But this
IS not the important parameter to decide the applicability of the
HQET.
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Semileptonic decays of heavy quarks

What we have to verify is if the momentum tranfer

Exercise 11: show that the velocities of the B and D mesons
satisfy the constraints
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Semileptonic decays of heavy quarks

The momentum transfer to the light degrees of freedom can
be estimated to be:

| q] (AQCD VD — AQCD V ) — 2A ((1—’3 '1»’1)) — 1) ~ AZQCD

Therefore, we can use the HQET to study this decay.

Let us calculate its width. The process is mediated by a W
boson that can be integrated out and thus we can describe the
decay, as far as weak interactions is concerned, by the weak
four fermion lagrangian.
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Semileptonic decays of heavy quarks

The width of this decay is proportional to the square of the
folowing B to D matrix element,

Exercise 12: show that using Lorentz invariance, parity and
time reversal symmetries, the matrix elements of the vector
current and the axial vector current, can be written in terms of
six unknown form factors.
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Semileptonic decays of heavy quarks

<D,vp|cV¥b|B,vpg >

VMpM

= J+(@)(vg +vp)" + f-(®) (vg — vp)”

D
<D,VD|E’YU’YSZ7|B, VB > 0
< D*,vp, €|cYVb|B,vg >

= | EHGBYEZ (VD) B (VB)yfV (0))

vV MpMp

< D*,vp, €|cY¥ b|B, vg >

M5 Mp = —fa(w) (v8)(€" - vB) — Sy (©) (v (" -vi)

fAl ((D) gH* (1 +vp - 1»’1))

where w=v,v,..



Introduction to the HQET I

Semileptonic decays of heavy quarks

Using these form factors, it is easy to see that the differential
decay width is proportional to a complicated combination of them,

)2 (14 )

Vep |“ |Fp— D ((D)|

Where r=m,/m,. At this point the HQET can be used to find
relations between the form factors and simplify this equation.

We anticipate the result, all the non zero form factors are equal !!
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Semileptonic decays of heavy quarks

E(o) and &(1) = 1

The single form factor is the so-called the Isgur-Wise function.

Moreover, this unknown function has an absolute normalization
that can be used to calculate the CKM matrix element V', .

In fact, by extrapolating the experimental data for the differential
decay width to the non recoil point, we can calculate this CKM
matrix.
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Three-point Green functions
Consider the three-point euclidean correlation function,

Gs(t1) = [@rid e 5% < 0|7 {05, 71,0)5(0) 0}, (,0)7 } 0>

where the operators (O, are the interpolating operators which
annihilate the states Blzand J 1s some current with the correct
gquantum numbers.

On the one hand, we can insert two complete sets of
iIntermediate states in the T-ordered product, take the limits 7, > o
and ¢,»>—oo and use that excited states are exponentially
suppressed. On the other hand, the T-product can be written as a
path integral average. Putting all together, we have
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Three-point Green functions

e—EPl 11+Ep, 1

SE R < 0| Op,(0)|B1(P1) > < B1(P1)]J(0) |B2(P2) > < Ba(P)| 05,(0)T 10> —
P P

fCZB.Xl CZS.XQ (3}61"1751_}3:2":752 < Op, (.._76'1,1‘1)](0) OB, (.fz,tz).l‘ > f| —> o0, f) — —o0

This will be our master equation for the study of three-point
functions in the HQET.

Notice also that this equation is basically what we use in the
analysis of Lattice data.
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Form factors of heavy-heavy currents

Consider two heavy mesons, a D-like meson moving with
velocity v, and a B-like meson moving with velocity v, . The

corresponding interpolating operators and the heavy-heavy
current which mediates the transition are

| J(x) = Ay (0)TAY)(x), Op(x) = G)Tohly) (), 0s(x) = G)Tahly " (x) |

The Dirac matrices 1 ,and I'; are chosen to describe pseu-
doscalar or vector mesons, ({ is the polarization of vectorB (D))

I'pp = Yo'f for pseudoscalar I'pp = ¢ for vector
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Form factors of heavy quark currents

As usual, the right hand side of the master equation can be
written in terms of heavy and light-quark propagators by
funtional integrating over the fermionic variables,

X S,(,b; ((0,0), (%5,18)) YTy’
x Sq((¥p,18), (¥p,1p))Tn} >

< Op(Zp,10)J(0) Op(p,18) > = : {:,(;‘) ((Fp,1p), (0,0))T

Exercise 13: using the propagator for an effective heavy quark
moving with four-velocity v, rewrite the master equation for
three-point functions as,
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Form factors of heavy quark currents

<D, vp|J(0)|B,vg >= KTr

< 0 OD(O) D, vp ><0|0p(0)|B, vg >*
= —¢eXp ] < PbSq((l_;BtB,tB), (?DtD,lLD))PC >

Pexp |1

-0
P exp ig/ vB-A(TJ'Bt,t)Y—

I
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Form factors of heavy quark currents

The dirac-color matrix L is a very complicated functional
integral of the light degrees of freedom over the gauge field.

The crucial observation is that, acording to the equation
above, L must be independent of both times.

Therefore, L can only be a function of the velocities. Lorentz
iInvariance tells us that the most general form of L is

L = Li(vp-vg) + La(vp-vg)f s + L3(vp-vB)} |, + La(vD-vB) Y 5},

where the L's form factors are unknown color matrices which

depend on the only scalar we can form with the quantities we
have at our disposal.
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Form factors of heavy quark currents

Exercise 14: show that higher powers of the velocity do not
introduce linearly independent form factors. Why do not
appear terms proporcional to Y ?

B> D Decays:

In this case we have a pseudoscalar B meson which decays
Into a pseudoscalar D meson. The currents we are interested
In are the vector and the axial heavy-heavy current. Inserting
the corresponding dirac matrices in the equation for L, we get

<D, vp |th Y“I |B, v > MgMp (vp + W))’“é(VB -Vp)

<D,v |111D YuYhu; B, vp > 0
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Form factors of heavy quark currents

This is the famous Isgur-Wise function.
B = D* Decays:

In this case we have a pseudoscalar B meson which decays
iInto a vector D meson. The currents we are interested in are
the vector and the axial heavy-heavy current. Inserting the
corresponding dirac matrices in the equation for L, we get
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Form factors of heavy quark currents

— l . i~
< D%, vp, ¢ il£?;)+7u"’-—£’;)+ B,vg > = VMpMpig"“Pe, (vp)p (vB)y&(vB - VD)

7(c (b ~
<D",vp, €| h’g’g)Jr 188 }Z£’3)+ B, vp > VMpMp&(vs - vp)
e (1+vp-vp) — (vp)(€-vB)]

The conclusion is that, in the infinite mass limit, the six form
factors which determine the B into D and D* semileptonic
decays, can all be written in terms of a single form factor, the
Isgur-Wise function, due to the additional symmetries of HQET.

This function, which contains the nonperturbative interaction
between the light quarks and gluons, is unknown.

However, the HQET allows us to fix its normalization.
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Form factors of heavy quark currents
To see this, consider both mesons at rest.
Exercise 16: show that, in this case,

<D,vp= (L) A VYHITIB, vg = (1,0) >= /4MgMp

On the other hand, we can express this matrix element in
terms of the Isgur-Wise function,

< D, vp = (1,0)| ) Y"1y, " |B, vs = (1,0) >= 2v/MpMpE(1)

Comparing, we obtain the absolute normalization,
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Heavy hadron spectrum structure

Consider hadrons containing a single heavy quark. We write
the total hadron spin as the sum of the spin of the light degrees
of freedom and the spin of the heavy quark, S=5,+5, .

The total spin of the hadron, which is the generator of
rotations, is conserved due to the invariance under rotations.

The spin of the heavy quark is conserved in the heavy mass
limit, as we have shown before.

Therefore, the spin of the light degrees of freedom is
conserved too !!

This fact has important physical consequences on the
structure of hadrons containing a single heavy quark.
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Heavy hadron spectrum structure

Since the spin of the heavy quark is 1/2, the total spin of the
hadron has only two permitted values: 5=, +l

Therefore, the heavy hadrons come in degenerate doublets, at
lowest order in the HQET.

The heavy hadron states can be classified with the quantum
numbers (s,, m,;s,=1/2,m,=+1/2).

For heavy-light mesons, and assuming that in the ground state

the angular momentum of the light antiquark is L,a$9 in the
constituent quark model, the total spin of the light degrees of
freedom is s,=1/2 . The parity of this states is negative

because they are quark-antiquark systems in an S-wave.
The first excitation corresponds to [ =1. Therefore, we have
two possibilities: s,=1/2 ;s,=3/2 and the parity is positive.
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Heavy hadron spectrum structure
Is this pattern present in nature?

7

I
S S

DO 1864.5
D+ 1869.3

N
r—thCJ

D 2006.7
| D) 2010.0
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I

I =1 | = | —b| —

Therefore, the doublet of spin 0 and spin 1, corresponding to

the spin of the light degrees of freedom equal to %2, are the
heavy-light mesons (D, D*) and (B, B*). As you can see, they
are almost degenerate in mass.
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Heavy hadron spectrum structure
Consider now the first radial excitacion L=1.

DY 2422.1(1.8) 1(1%)
0 2458.9(2.0) L (2%
2459(4)  1(2%)

-
1

D,

P9 —19 | —

Therefore, this is the predicted doublet of spin 1 and spin 2,
corresponding to the spin of the light degrees of freedom 3/2
As you can see, they are almost degenerate in mass.

However, the doublet %2 is not observed. Wise has suggested
that the reason is that the members of this doublet decay in an
S-wave and are expected to be too difficult to observe because
they are quite broad (width greater than 100 MeV).
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The mass formulae

Can we make quantitative predictions? Start with the HQET
lagrangian in the rest frame of the heavy quark, v=v =(1, O)

LHOET = h ID()/’I

1 = ~4 [ Oh
+ 2,??th; D* i} + Cimag(u) by ( .
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The mass formulae

The origin of the renormalization point dependent coefficient of
the chromomagnetic operator in the HQET lagrangian at order
1/m, is the following:

So far, all our calculations have been performed at lowest
order in the QCD coupling constant. At this order, we have
obtained that the coefficients of both the kinetic and the
chromomagnetic operators are, simply, 1.

However, these coefficients change, in general, when we
include QCD corrections.

The chromomagnetic operator is divergent, so its coefficient
will depend of the renormalization point and on the heavy quark
mass through weak logarithms of their ratio.
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The mass formulae

The dependence of the coefficient of the chromomagnetic
operator on the renormalization point is necessary to cancel the
dependence on the latter of the operator. In this way, the
lagrangian is independent of the renormalization point, as it
should be.

However, the kinetic energy operator
and thus its coefficient in the lagrangian of the
HQET is always 1, at any order in perturbation theory.

This result, which is refered to as the non renormalization
theorem of the kinetic energy, is a consequence of the so-called
reparametrization invariance of the HQET.
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The reparametrization invariance

In the basis of the construction of the HQET there is the
observation that the momentum of the heavy quark must be

: — vay + K with |k»“| ~ AQCD < mo

But this descomposition is not unique. In fact, we can always
make the following transformation, which leaves the heavy quark
momentum unchanged and the residual one is still small
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The reparametrization invariance
The physical idea behind this transformation is that it is
equivalent to a low energy interaction of the heavy quark with the
light degrees of freedom, which changes its velocity by a
negligible amount and thus it does not have any effect in HQET.

Exercise 17: find the general form of the field transformatlon
under a velocity reparametrization (impose that v*=1 and that
the new field must be an upper component field).

voo—= W+ e mg
kK — k' —¢

2mg

I # where € ~ O (AQCD)
o &) (1 + —) h’
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The reparametrization invariance

Exercise 18: Apply the reparametrization transformation to the
HQET lagrangian including the 1/m corrections with an
unknown coefficient for the kinetic energy operator. Show that
the invariance under reparametrizations implies that the
coefficient of the kinetic energy operator must be 1.

Non renormalization theorem:

The coefficient of the kinetic energy correction to the
HQET is 1 at any order in perturbation theory. Moreover,
the kinetic energy operator is finite and thus its anomalous
dimension is O.
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The mass formulae

We will use the 1/m terms to obtain the 1/m correction to the
lowest order mass formulae for a heavy hadron H we have
already derived using the flavour-spin symmetry,

My =mg+ A with A# A(mg)

We can consider the kinetic and the chromomagnetic moment
Interaction as perturbations to the lowest order lagrangian,
because they are suppressed by the mass of the heavy quark.

Therefore, we calculate their contributions in first order in
perturbation theory. These are simply the matrix elements of
the kinetic and chromomagnetic operators between lowest
HQET meson states, that is composed of a static heavy quark .
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The mass formulae

In order to extract the complete heavy mass dependence from
the matrix elements, we will use a mass Iindependent
normalization of states.

In QCD the covariant normalization is,

(H(K)|H(k)) = 2E (21)* & (k— k)

But the energy E contains a hidden mass factor.

However, it is easy to define a normalization of states which is
independent of the meson mass,

(K V) [ H K, v) =220 8,y 8 (k—K) — H(k) =
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The mass formulae

With this normalization, we can study the mass and spin
structure of the matrix elements.

Kinetic energy matrix element

Since the square of the covariant derivative does not contain
any heavy quark mass and it is rotational invariant, we para-
metrize the kinetic matrix element as a function of A,,

This parameter is independent both of the mass and spin of
the heavy quark. Moreover, it is of the order of A, .
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The mass formulae
Chromomagnetic matrix element

The matrix element of the chromomagnetic operator must be
proportional to the scalar product of the spin operators of the
heavy and light quarks. In fact, these are the only vectors we
have at our disposal to construct a Lorentz invariant.

It iIs convenient to parametrize the chromomagnetic matrix
element as a function of A,,

(31-51) 1630 = —Coagl) (A, |1 (0 G™) i | )

4Cmag () (L, | 157 (Si-gB) mi | )
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The mass formulae

Chromomagnetic matrix element

Since the chromomagnetic operator is divergent, it has a weak
logarithmic dependence, In(m,/u), on the mass of the heavy
quark.

However, A, is independent both of heavy and light quark spin,
as can be seen from its definition.

By using the total hadron spin, S=S,+S,, we can write
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The mass formulae

Chromomagnetic matrix element

On the other hand, quantum mechanics tells us that the
possible values of the total hadron spin are,

51_1/2} _ (S’h'gg)i::l:

S;;—I—l/2

Putting all together we get the mass formulae

M vy = m A — —— - - =~ 1 01 )"]“?..2
H') 0t 2mg i 2mg (1/ Q)
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The heavy meson spectrum

It is useful to form some combinations of the masses of the
doublet which are independent of the kinetic energy or of the
chromomagnetic corrections,
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The heavy meson spectrum

Let us study the doublet (D, D*), (B, B*) of spin 0 and 1.
The mass equations for the members of the doublet are:

Al 3A2
— +
2mg  2mg

_ A Ao
mQ+A——l~¥ -
2mg  2mg

mo + A —

A,
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The heavy meson spectrum

Exercise 19: improve the prediction above by using the formu-
la for the gravity center and the mass difference in the doublet

which is in very good agreement with the experimental data:
1.115 GeV? = 0.978 GeV?

Let us study the heavy-light mesons containing a strange quark

We can use exactly the same mass formula but notice that the
values of the parameters are different because the light quarks
are different .
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The heavy meson spectrum

Exercise 20: obtain the following relations between the
masses of the D and B mesons in the doublet of spin 0 and 1,
with g=s.

We can use these equations to predict the mass of the B
meson doublet with a strange quark.
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The heavy meson spectrum

5375 MeV
55 MeV

To be compared to the experimental data:

DI 2112.4(0.7) 2(?%)

DE  1968.5(0.6) 0(07) | B 5369.3(2.0) ()
B ————

Similar predictions can be obtained for excited mesons and for
baryons. The agreement with the experimental data is good.




r /
w‘m;mﬁ
m‘u‘w‘dw‘u‘ ‘ H\

\\\w m
H\mm\m‘
“\\\\‘\\\““‘ \ | “\ m‘ mu
IR p 1l
\ !
\\ ww
| M‘u




Introduction to the HQET I

Relation between Green functions

We have constructed an effective theory for a heavy quark in a
hadron affected by low energy QCD interactions only.

The construction has been made at tree level, that is without
iIncluding radiative corrections.

At tree level, the HQET is an effective theory of QCD in this
region of energies because any Green function in QCD can be
approximated by a series of effective Green functions

’ "'D) with p =mgov + k
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Relation between Green functions

When we include radiative corrections, this relation is not valid
anymore.

The reason is the following: QCD and the HQET have the
same infrared structure but behaviour.

In fact, in QCD and for a large quark mass, the Green
functions contain large logarithms In(m,/u). However, in the
HQET the heavy quark mass does not appear explicitly
because we are in the infinit mass limit. Therefore, the HQET
does not have these large logarithms. Quantum fluctuations in
the HQET give rise to logarithms In((v-k)/w) . Then, the tree
level relation between Green functions is incomplete; the QCD
logarithms must be added to the effective theory in some way.
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Wilson coefficients

The correct relationship between Green functions of QCD and
the HQET includes some coefficients that correct the different
ultraviolet behaviour of the theories: the Wilson coefficients,

n—1 Ni
I & o~ (i 1 An
G(p: i u) = Z — Z C(I"])(!?"'IQ/H, o) G (ks g ) + O( Q’_CD) with p =mgv + k

i=0 Mo i=1

The Wilson coefficients contain the QCD logarithms that the
HQET cannot reproduce.

Notice that they do not depend on external momenta of gluons
and light quarks and masses. They are a function of the ratio of
the heavy quark mass and the renormalization point only.
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Calculation of the Wilson coefficients

Calculate a sufficient number of suitable Green functions in
QCD at a given order in the coupling constant.

Calculate the same Green functions in the effective theory.

Expand the QCD Green functions in invers powers of 1/m up
to a given order.

Renormalize the Green functions using, if you like, different
renormalization schemes in QCD and in HQET.

Compare them and obtain the Wilson coefficient.

Use the Renormalization Group Equations to sum the
dominant and, if you know the two-loop anomalous
dimensions, the subdominant logarithms of the large mass.
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| The End
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