APPENDIX A.- SU(N)

Let Ta (a= 1,2,..., N2-1) be the SU(N) generators,

which close a Lie algebra

(A.1)
Tr [ Ta,] = 0

fabc being real and totally antisymmetric, normalized in such a way

that

bave Fave = N oo (A.2)

The gluon fields transform as its adjoint (regular) representation

and then
( Ta) be - L gaba (A.3)

The quark fields transform under SU(N) as the fundamental (lowest-

dimensional cogradient) representation and in this case

Te = Ae (A.4)

N
2

where Aa are hermitian, traceless, NxN matrices generalizing the

Gell-Mann matrices of SU(3) and which satisfy

Lhxe, 2o = 02 fape A

%t\c\, ,\b} = —;" éob 1 + Zd«ubc )xc, (A.5)
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where dabc are real and totally symmetric. Hence

)‘a >‘b = éab I + dobe >‘c + ;:;Lbc, Xe (A.6)

Zlfa

ity simple algebraic manipulations it is easy to prove the following

uneful relations

Taby =0 (A.7)
2
"C«.b\" "Cd.’(‘ = T (é&c ébd_ - Aa¢ ébc\ + d,g,(_\» ddh? - (A.g)

- dady dovey

(A.10)
}abv dear t ?aCV dap v + Ludv dypee =0
(A.11)
Labr {»cd.v + "O«C’f' Fabv + iadv Frer = 0
Then from (A.6) and (A.9)
Te [ A2 ] = 2 3ap T 4 TR Oup (A.12)
Te T3] = 2 (dave + € tobe) (A.13)

Te [Madp X 2] =2 (beb dca - dacdba * dud dbe)
N

+ 2 {dabr d'cd\” - dace ddbe + d wde d~b¢‘f')

+ 20 {dape fear - dace babe + dade feee) (A1)
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In order to compute the needed traces in the adjoint repre-

sentation we must remember [CV 761

(Nedap (Xedyy = 2 { Sus Opy - Sup Sy } (A.15)

and using (A.3) a straightforward calculation leads to

Te o [TaTl = N Say (A.16)
T:“aa, {TC»Tb T, = ¢ '—;— {'aloc_ (A.17)
Tfad, I Ta, Th Tc Td.] = Seab écd_ + édd_ ébc, +

+T(d“bv dcd.v - daee ddbe + dadve d‘bc") ( )

Some other useful relations that can be easily derived are

(Ah)a‘;} ‘/\Q)g,»r = 2 X &4' 80‘7 = 4 (g (R) é"(Y (A.19)

(Tu)bc (Ta‘,:\cd_ = N 650[' = C.?. (G) éb(L (A.ZO)

(A.21)

(AbAQ )b)o!?; "'3- lko-\)o\‘a
N

; (A.22
(xakb\dp (Tb)cn_ = N (A o3 )
Let us now consider a vertex with n external gluon lines,
then its contribution to the invariant T-matrix element can be writte
as V , where only the colour indices have been explicited.
a’a2ooooan
This can always be written as [PT 80]
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(18] (L)
va‘ CL2 e Oom = z— V Gy lg - Gm (A023)
<
where the tensors S(l) (i =1,2,...) form a basis construc-
ai8p....8n
1ed uniquely from & , T and d . Let us try to characterize
ab abc abc

this basis for the lowest values of n . For n =1 the base does
not exist. For n = 2 the basis contains only one element : éab .
for n = 3 the elements of the basis are fabc and dabc . Finally

let us consider the situation for n = 4 . Let us characterize an irre

ducible representation of SU(N) by its Young diagram (,kl,.Aa,...,

)\N_l) where )\j+ A Foaeeee + A

. denotes the number of
j+1

N-1

boxes in the row j . Then one can prove that the Clebsch-Gordan se-

ries for the product of two adjoint representations can be written as
N:3 (1, 1) & 4,4 = (0,00 ® U4 e (1,4) e (3,0) e (0,3 e (2,2)

N:t (A 0,4 e (4,0,4) = (0,0,0 & 4,0, 4) e (4,64 e (0,2,0)

® (24,00 & (0,4.2) o (2,0,2)

NZS ("‘I 0)") 0'4) © (4- D:‘-'JDI'L) = (DIO)"“) o: D) ® (A,O) ”‘)014')
® (4, 0,...,0,4) @& lo,4,--,4,0) & [2,0,-.,4,0) &

+ l-o)L)" )0‘2) @ {210)““‘;0; 2)

where the dots denote (N-5) zeroes., If we characterize the irreduci-

ble representations by their dimension we can write (N> 3)



(N°-4) @ (N*-4) = 4L o (6%-4) o (M*-41) @ ZL, NE (N +L) (N-3)

oL InZ ) (n®-1) @ L [whu) (N%- L NP (N-1) (N+3)
o IN=a) ) 7 (V- v-ay e ¢ + (A.24)

Clearly for N = 3 the fourth term in the r.h.s. disappears. For one
external gluon line (n=1) there are no invariant tensors. For n=2
since (N2—1) ® (N2—1) contains only once the trivial representation,
there is only one irreducible tensor: Aab . For n=3 and since
(N2-1) ® (N2—1) 8 (N2—1) contains only twice the trivial represen-
tation there are two invariant tensors: dabc and fabc . For n=4
and N3 4 the Clebsh-Gordon series for (N2—1) ® (N2—1) ® (N2-1)&

(N2—1) contains nine times the trivial representation, and therefore

the independent invariant tensors can be chosen as

Sab dca Suc dav dad b
dabr dear Adace dedbr Aaae Aoece (A.25)
Aobe f»cav dace (—dbv Aode tbcv

If N=3 the same reasoning proves that there are only eight invariant
tensors and there must therefore exist a relation among these nine ten

sors and it is

Sap Scaq T dac dap + Sad dbc
= 3 { dabe dear + dace ddpe + dadve ¢bev ] (A.26)

For N = 3 an explicit representation of the )\ a is
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}.': 0 A [¢] )2- 0 - L (4} Aa: 4- o] [+4
A o o t © o ¢ <4 o
O o o o © 4} o o o
=] 0 o 1 dg=| 0 o -v =] © o o
¢ o 0 o 6 o (&) '3 i
4 o6 o l £ o o o 1 o (A.27)
o= © ©o o A,:.l_ 4 o o
3
0O 0 -¢ © 1 o
o 4 0 o o -2
Furthermore
;l'zs = + 4.
. 1
Frug = - fase = tawe = F2sy = bses - fagr =+
(A.28)
_ 3
hsx = Hn =+ .
L
dyg = de22¢ = dazz = - dggy = Y
i
- - - 2 dacg == c - d T4 —
d,,. = dygz = - d2er T dase = 4aus 3ss 366 3 2134 00)
1
‘iq«x = dggy = degy T 4wy (T 203

The components of these tensors which cannot be obtained by permuta-

tions of indices of the above given ones are zero.



