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Motivation

/ \ Theorem for model builders:

Beauty - Simplicity - Predictability

* Aesthetics: why three gauge groups?

» Simplicity: why three different strengths? why so many representations? are
quarks and leptons that different?

* Predictability: why so many inputs? why arbitrary charges? what about the
Yukawas? and the Weinberg angle?



Motivation

/ \ Theorem for model builders:

Beauty - Simplicity - Predictability

* Aesthetics: why three gauge groups?

» Simplicity: why three different strengths? why so many representations? are
quarks and leptons that different?

* Predictability: why so many inputs? why arbitrary charges? what about the
Yukawas? and the Weinberg angle?

SU(S) is the only rank 4 candidate able to embed SM!




The simplest GUT: SU(S)



Simplest GUT: SU(5)
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Simplest GUT: SU(5)

* Matter content:
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= The 15 SM Weyl d.o.f. perfectly fit @
in the two simplest SU(S) representations! g



Simplest GUT: SU(5)
* What about anomalies?  A(R)du = Tr ({TX, TR}, T'})

1 N-—-4
For SUN), . A(anti-fund) + A(anti-symmetric) = ~3 + —5—
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* What about anomalies?  A(R)du = Tr ({TX, TR}, T'})
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Fixing the normalisation:
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=\ 31



Simplest GUT: SU(5)
* What about anomalies?  A(R)du = Tr ({TX, TR}, T'})

1 N-4
For SUN), . A(anti-fund) + A(anti-symmetric) = ~3 + —5—
forN=5, A(5)+ A(10) =0 2%
* Hypercharge generator:
-1 0 0 0 O
1 0o -1 0 0 O
To = 0 0 -1 0 O Y
TV o o0 o 10 B
o 0o o0 0 2
Fixing the normalisation: All hypercharges predicted!
5
Y =1/3Tx TOoTe

3



Simplest GUT: SU(5)

* And the gauge bosons?
V24N(8,1,0)@(17370)@(3,2,—5/6)@(372,5/6)@(171,0)
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Simplest GUT: SU(5)

* And the gauge bosons?
V24N(8,1,0)@(17370)@(3,2,—5/6)@(372,5/6)@(171,0)
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SU(5): scalar sector
« Breaking I: SU(5) 2% SU(3) @ SU(2) ® U(1)y

X X3,

(24y) = Y2 /T5diag(2,2,2,—3,~3) : breaks to SM
(245) = voy diag(1,1,1,1,—4) : breaks to SU(4) ® U(1)

(24y) = diag(0,0,0,0,0): no breaking



SU(5): scalar sector
« Breaking I: SU(5) 2% SU(3) @ SU(2) ® U(1)y

b %
24y = <2( 8 (23;2)> + X /\24,

(245) = Y2 /15diag(2,2,2, —3,~3) : breaks to SM
(24y) = voq diag(1,1,1,1,—4) : breaks to SU(4) @ U(1)
(24y) = diag(0,0,0,0,0): no breaking

» Breaking IT: SU(3) @ SU(2) @ U(1)y 2% SU(3) @ U(1)

T 0
T° 0
Su=| 1T | i5m=] o0
H 0
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But it is too predictive...

Predictability may be its most beautiful feature

but it 1s also its Achilles’ heel



Fermion masses

* Yukawa Lagrangian (i, ], k are SU(3) indices and «, 8 are SU(2)
indices)

Ly D Y]g 105;} + Y310 10 5y €5
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* Yukawa Lagrangian (i, ], k are SU(3) indices and «, 8 are SU(2)
indices)
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* After SSB: (54) = vs/v/2,
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* Yukawa Lagrangian (i, j, k are SU(3) indices and «, 8 are SU(2)
indices)

Ly D Y5105} + Y310 105, €5



Fermion masses

* Yukawa Lagrangian (i, j, k are SU(3) indices and «, 8 are SU(2)
indices)
Ly D Y5105 + Y31010 5y 5
D Y (5,10 + 5510°%)55, + Y3(107105 + 10°10%)55 €0

* After SSB: (5y) = vs/V/2,

*

v

LyDY dfd + ee€) +4(Y; + YT Lulcu’
PN )4+ ) o
* Fermion masses:
My= M =7, "2
a=M; =Y—5 RULED OUT

Vs

V2

M, =4(Ys + Y1)



Unification constraints
* RGEs:

_ _ B;
a; '(Mz) = agyr+5—Log

——L !
Meur B =b;" + biry
2

M _ LOg(MGUT/M[)
z LOg(M(;UT/Mz)

r , Mz < M; < Mgur

* In Yang-Mills theories:

1 1 for R scalar,
bi= |3 > S(RIT,(R) [ [ dimy(R)| , S(R) 4 2 for R chiral fermion,
R J#i —11 for R gauge boson.

* Table of B;j = B; — B; contributions to the running:

5 10 Voa 5 2y

b;/Bj; Iy @)y ) qr () G Wy Hy T g s
by 3 Z g I ¢ 0 0 5 Lrr 0 0
by 1 0 0 3 0 0 2 i 0 0 i,
by 0 1 1 2 0 —1 0 0 Lo Irag 0
b2 H % s -5 -3 0 7 -5 & 0 — 3,
By3 1 1 -1 1 0 1 z 1 — L — i, i,




Unification constraints
* Introducing B;; = B; — B;,

@ Sil’l2 ew(Mz) — Oé(Mz)/Oé3(Mz)

5
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Unification constraints

* Introducing B;; = B; — B;,

@ _ § Sil’l2 ew(Mz) — Oé(MZ)/a3(MZ)
312 8 3/8 — Sin2 GW(MZ)
Log [ Mour\ _ 167 3/8 — sin” Oy (My)
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* Input:

a ' (Mz) =127.94,  sin®Oy(Mz) =0231,  oy(Mz) =0.1185



Unification constraints

* Introducing B;; = B; — B;,

% _ § Sil’l2 ew(Mz) — Oé(MZ)/a3(MZ)
312 8 3/8 — Sin2 GW(MZ)
Log [ Mour\ _ 167 3/8 — sin” Oy (My)
&\, © S5a(My) B,

* Input:
cfl(MZ) = 127.94, sin’ Ow(Mz) = 0231, «,(Mz)=0.1185

* To achieve unification:
By
By,

Lo Mgur _ 134.87
g Mz ~ Bp

= 0.718




Unification constraints

* SM contribution (assuming only the spitting of 5g):
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Unification constraints

* SM contribution (assuming only the spitting of 55):

SM
323

SM
BlZ

=0.53

e SU(5) contribution (assuming splitting of 24 too):
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Unification constraints

* SM contribution (assuming only the spitting of 55):

60
50 ~
BSM 40 <~
23 5
BW =0.53 ¥ 30
12 2
10
1000 o o 10 100
Acur(GeV)

e SU(5) contribution (assuming splitting of 24 too):

SU(5 1 1 1 SU(5
323( ) . B%VI + 37S; = T — 37'ss mostoptiﬂ)isliccase 323( ) <06
SU(5) SM 1 1 SU(5) ~ 7
B12() By —3rss + 307 BIZ()

= Unification cannot be achieved at any scale... RULED OUT



Too beautiful to be truth...

Wrong fermion mass relation : M.(Mcur) = My(Meur)

B
SU(5) ¢ Unification cannot be achieved at any scale : 3—23 <06
12

Massless neutrinos: M, =0



Too beautiful to be truth...

Wrong fermion mass relation : M.(Mcur) = My(Meur)
B
SU(5) ¢ Unification cannot be achieved at any scale : 3—23 <06

12

Massless neutrinos: M, =0

But it is also too beautiful to give up on it!



Too beautiful to be truth...

What is the simplest realistic renormalizable model based on SU(5)?



Too beautiful to be truth...

Wrong fermion mass relation : 45y
SU(5) ¢ Unification cannot be achieved at any scale : 454

Massless neutrinos: 10y



The 45y representation

455 ~ (8,2,1/2)® (6,1,—1/3)8 (3,3, -1/3)®(3,2,-7/6) &
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The 45y representation

(458)) ~ f{®2, ®s} = NPy + Mgy D5 6+3-3=6d.o.f
(I)z,-[ = ‘1)2[,- and <I)Sil = *‘1)51,' 6+3
(A5u)Y"  ~ O Y = (N &5 + SHS 16 +2 =18 d.o.f
(450)]  ~ " Dugy 6 d.of.
@5n)d ~f{®s = (A1, A0, As), Bs} = S5 830]3 + 505" 12doof.
455 ~ (A +i0) V2 = (gsF5) 3
. . . 4 .
450 ~ (A = i) V2 = (937 5) 3
. . . 1. .
4524~A3'/ﬁ+ ds' = ((]5377)'/\54— D5’ 3
i5 i i 1y i
452 ~ — A N2+ D5 = —(373) V2 + Ds 3
(45m)7" ~ P, 3dof.



Tackling problem of fermion mass relations

Ly =510 (Y, 55;+Y,455;) + 1010 (Y3 55+ Y4 455)es+Y5 551056, +h.c.



Tackling problem of fermion mass relations

Ly =510 (Y, 55, +Y,455;) + 1010 (Y3 55+ Y4 455)es+Y5 551056, +h.c.

* Fermion masses as a function of * Where do the Higgs doublets live?
Yukawas: H® ~ 54,
Md:Md(Y17Y2)7 o 5
i [e%
M, = M,(Y3,Y), ~ A5 0) — %6 453",

M, = M, (Y, Y).



Tackling problem of fermion mass relations

Ly =510 (Y, 55, +Y,455;) + 1010 (Y3 55+ Y4 455)es+Y5 551056, +h.c.

* Fermion masses as a function of * Where do the Higgs doublets live?

Yukawas: Ha ~ 5y,
My = My(Yy,Ys), o S
l (e}
M, = M,(Y3,Ys), Hy' ~ 45y; 6; — %6 45457,

M, = M, (Y, Y).

*

\% vE
My =Y —> +2Y,-8
d 1\@ 2\/5
v vE
MG:Y{75—6Y2T\4[5
V45
M, = 4(Ys +YT) 22 _8(v,— Y
(3 3)\/2 (4 4)\/5



Tackling problem of unification

5 10 Voy 5 24y
b;/Bjj I @ | g ar (I | Gu Wy Hi T =g >3
T 7 g 3 ) 7 T T T
By -3 5 15 b 0 EN I E R 1° T3
B3 1 -1 -1 1 0 1 -2 : — L s, i,
45y 10y
@, @, N N @5 o Hy 5T 5(3,2) 5t
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157® 157®y 57®3 157®y 15'®5 15'®g 15 "Hy 575+ 15793 2) 1567
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Tackling problem of unification

5 10 Vou 54 iy
bi /Bjj I, @)L [ ar, (L | Gu Wy Hy T B 33
7 7 g ps) T T T
B> -1 Z L - -2 0 i - Tsl'T ]0 —15@3
By3 1 1 -1 1 0 1 -z i =% | -3rs, Irsy
45y - 10y

@, @, @, N P @6 Hy 5 53,2) Sr
— LD 2 —y 17 Is T6 iy I, _ T 4,

1570 2] 570y 157y 15" ®5 15/ ®¢ 15 "Hy 575+ 1576(3,2) 15767
n2 = 3 1 N =i i 1, 1

37 6@, 27 6/ Py 6/ s 6'Pg 6"ty 0 6"3(3,2) 6'or




Tackling problem of unification

5 10 Vs SN iy
bi /Bj; iy )L )L qr ()L Gu Wi Hy J [+ g 33
T 7 g i ) ps) T T T
By, -1 Z £ -u -2 0 5 -5 1_51'T ]0 —15@3
By3 1 -1 -1 1 0 1 z i arr ) —irs, irs,
P 45y PN N - PR
Ll 2 [ 2\ oy /2 \ /% Hy 3 1 %62 N St
— B Z v 7 i T6 s I, — T a4,
1570 2] 5" 157y 15" ®5 15/ ®¢ 15 "Hy 't 15783, \oisTer
n2 = 3 1 N =i 1 1 1
37, 5y 2rdy [N 57 Ps 6/ @ 6'Hy 0 \\(,Qs(u) / 667
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Unification constraints
By only assuming the splitting in the 45y,

Unification constraints

|
16.0 H
]
]
15.81 D S
5 15 : por e (HK)
o :
ge 15.6 e o D
- I p>7Pet (SK 2014)
]
154 i
]
]
1
1525 1 ‘ ‘ ‘ ‘ A
30 35 40 45 50 55 60
Logio Mo,
T(p — m%eT) > 1,29 x 10* years (SK), 7,(p — 7’¢") > 1,3 x 10 years (HK)

* 45y alone is enough to achieve unification!

o & ~ (8,2,1/2) predicted to be light! i.e. My, ~ 10° — 10° GeVs

Ly D2 dCY2‘1);qu + 4 uC(Y4 — YZ)QL(I’I + h.c.

« O3~ (3,3,—1/3), My, ~ 10%° — 10*? GeVs



Proton decay




Proton decay mediators

Very naivly:

field [ chdo —QQQL [ decay channel decay width T

> 3

&2 — i — m
X Yp | £xy D SGET ik () v g™ {Ce grHd P + (@) yte, Py p— et (ut)al "‘éUT,\Tﬁ
X

%5

T 272 b {Ua Y1 4™ (ap 397 ePT) + @1 i) vy ) | p— 0t (ut) " Yz)zm—g’
T T

p = U 7r+

3

_ o m

LN L, D #(10‘ Yy a8) (d0r Ya 4)eBY p— okt (1, 7y)? mf

E 2
p— et a0

. - ms,
®s Lgs D (d€ Yy u€) (u€ ¥y e€) p— 7Out () (V27p)2 -2~
o m<I>5

. . _— . _ my,

@ Ly D m%(dﬁ ¥a ) (u€ V4 u) p = wlet =ty | (r V)2 m4'>
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Proton decay mediated by vector leptoquarks

Decay process: o)
N(p1) = &(p2) + P(p3) N(p)

N\ Plps)



Proton decay mediated by vector leptoquarks

Decay process: (p2)
N(p]) - é(pz) + P(p3) N(p1)

~

N\ Plps)

p> .

B—L
0

(N — Pl) = % (1 - (”Z;>2>z|<ﬂo



Proton decay mediated by vector leptoquarks

Decay process: (ps)

N(p1) = £(p2) + P(p3) N(p1)

~

AN P(p3)

p> .

o\ 2
P ) = (1 - () ) ars

* Integrating out the heavy vector leptoquarks:

2
B—L 8eur e
Oi = W €ijk €ap u,%'y“Qjaaef’YP«Qkﬁm
X
2
B—L _  8Gur uC~ 0. dC~ L
0 €ijk €aB UigY" Qjaadiy,YuLpb-

S V3



Proton decay mediated by vector leptoquarks

O(¢5,dg) = C(eS, dg)euly" ujeS,dis,
O(ea,dg)
0(v,dy, df)

Clea, dg)e,-jkuicvuujd,fﬁfyuea,

Cvi, da, d§) e diad Sy

_ 8 2GUT c
2M3




Proton decay mediated by vector leptoquarks

O(elds) = C(e§, dg)esuly" weSudis,
O(ea,dg) = C(ea,dg)e,-jkuicvuujdkcﬁ'y“ea,
OV, do,d§) = C(vi,da,d§)esul"diadSyy, 1.
:g%}UTC
2M3

c(eb,dg) = V'3 + (ViVup) P (VaVip) ™,

clea,df) = V'Vy°,
eV, da,d5) = (ViVup)'™(V3Ven)?".



Proton decay mediated by vector leptoquarks

O(elds) = C(e§, dg)esuly" weSudis,
O(ea,dg) = C(ea,dg)e,-jkuicvuujdkcﬁ'y“ea,
O(Vlvda,dg) = C(Vlada,dg)ﬁijkg’)’“dja@’ml/l-

_ ngUTC
2M3
c(eb,dg) = V'3 + (ViVup) P (VaVip) ™,

clea,df) = V'Vy°,
eV, da,d5) = (ViVup)'™(V3Ven)?".

Vi =ULU,V, = E\D, Vs = DLE, Uly,U =v%e ply,p = v{*,
Vyp = U'D and Viy = E'N. ELY,E = y%ee NTy,N = ydiee,



« Using the identity: U7 Cyte = (UTCyte)T = — Cy* U



« Using the identity: U7 Cyte = (UTCyte)T = — Cy* U

O(¢a,ds) = —2C(eq,dp) € .CY" tir €orCudipL,
O(ea, dg) = -2C(eq, dg) Eijk ujTLC’y“uiR d;ZBRnyMeaL,
O, da,ds) = —2C(vi,da,d§) e din Cy" uir digrCyui,



« Using the identity: U7 Cyte = (UTCyte)T = — Cy* U

O(ey,ds) = =2 C(eg, dg) € ujTLC’y“uiR e(TlRnyMdkBL,
O(ea, dg) = -2C(eq, dg) Eijk ujTLC’y“uiR d;ZBRnyMeaL,
O, da,ds) = —2C(vi,da,d§) e din Cy" uir digrCyui,

* Using Fierz relations:



« Using the identity: U7 Cyte = (UTCyte)T = — Cy* U

O(eq,ds) =
O(ea,ds) =

O(Vly dou dg)

* Using Fierz relations:

-2 C(e5, dg) € ujTLC’y“uiR e(TlRnyMdkBL,
—2 C(ea,ds) € wy,Cy  uir diggCyuear,

—2 C(vi, day d§) € di. CY"tir digrCyuviL,

0(ci,,dg) = 2C(eS,ds) e (ujCipr)(ehrCuir),
Olea,ds) = 2C(ea,ds) e (ujrCear)(diprCuin),
O, da,ds) = 2C(vi,da,d§) € (djor,Cvi)(digrCuir).
N 2
7 my mp Iyl
I''N—>P))=A—|1—-|— C'Wy(N—P
(V- Pl =AY ( (2) ) S )




« Using the identity: U7 Cyte = (UTCyte)T = — Cy* U

O(ey,ds) = =2 C(eg, dg) € ujTLC’y“uiR e(TlRnyMdkBL,
O(ea, dg) = -2C(eq, dg) Eijk ujTLC’y“uiR dZBRnyMeaL,
O, da,ds) = —2C(vi,da,d§) e din Cy" uir digrCyui,

* Using Fierz relations:

0(ci,,dg) = 2C(eS,ds) e (ujCipr)(ehrCuir),
O(ea,d5) = 2C(ea,d§) e (uyCear)(digrCuir),
O, da,d§) = 2C(vi,da,dj) e (djor,Cri)(diprCuliv).

2

N 2
F(N%PZ):A% (1 (;’Z;) )

A= A Ace — (oa(m;;))é/23 ( a3(Q) )6/25 ( az(Mz) )2/7
= AgcpAsg = s (M) o (my) o (Mour) (Mour) .
Values taken: Apcp ~ 1,2 and Agg ~ 1,5.

> C'W(N — P)
1




Pp—mef) = S2A% (x| (ud)uu p) P (lete”, ) + lefe. d)*)

87
2
I'p—K'p) = ’;1—7‘: (1— mnf;) A2k4Z‘ (v, d, s°) Kﬂ us)grdy, |p>
P

+ c(viy5,d°) <K+’ (ud)gsy, |p>| .
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87
2
I'p—K'p) = ’;1—7‘: (1— mnf;) A2k4Z‘ (v, d, s°) Kﬂ us)grdy, |p>
P

+ c(viy5,d°) <K+’ (ud)gsy, |p>| .

.« g, = Seur

V2My



Pp—mef) = S2A% (x| (ud)uu p) P (lete”, ) + lefe. d)*)

87
2
I'p—K'p) = ’;1—7‘: (1— mnf;) A2k4Z‘ (v, d, s°) Kﬂ us)grdy, |p>
P

+ c(viy5,d°) <K+’ (ud)gsy, |p>| .

.« g, = Seur
V2My

* Matrix elements: Lattice QCD (Aoki et al., 2014)



L(p - n'ef) = @Azki‘uwoy(udm\pw(|c<ec,d>|2+|c<e,d“>|2),

87
2
I'p—K'p) = g:‘:<l—n;f;) A2k4Z‘ (v, d,5°) K+‘ MSRdL|P>
P

+ c(viy5,d°) <K+’ (ud)gsy, |p>| .

.« g, = Seur
V2My

* Matrix elements: Lattice QCD (Aoki et al., 2014)

* Most conservative scenario chosen:

forp = 7%t cle,d) =1, c(ef,d) =2
forp—K'v :  c(y,ds) =1 c(vy,8,d°) = Vigy



Proton decay constraints

10%
1037 L
1036 L

1035 =

T (years)

10%

1033 L

102 . . .
100 104 108 108

Mo, (GeV)

S.K. 7,(p — mle™) > 1.29 x 10* years (red dashed)
HK. 7,(p — 7%™") > 1.3 x 10* years (orange dashed)



Massive neutrinos



Massive neutrinos?

l Y. £ YT [ my, # 0 [ Unification [ Extra field content | number of new d.o.f.
type-I seesaw v Ir, 1F 47
type-1I seesaw v 154 60
45h type-III seesaw v 24F 69
Zee model v 10g 55




Massive neutrinos?

l Y. £ YT [ my, # 0 [ Unification [ Extra field content | number of new d.o.f.
type-I seesaw v Ir, 1F 47
type-1I seesaw v 154 60
45h type-III seesaw v 24F 69
Zee model v 10g 55
H!
|
_ 1 f
*EZee > 510 <Y{k5;1 - 6Y;45;}> ot -7 -~ ~ Hyf
1 / g A
__ . \
+ A5510y4 — gu S5u45u105 // \

VL

VL err €Rl
+ h.c. A

HY



Zee mechanism
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Conclusions

SU(5) deserves a second chance: simple renormalizable extension

Consistent fermion masses and unification can be simultaneously
achieved with the 45y

Neutrinos can get mass at 1-loop level by adding the 10y together with
45y

— Relation between charged fermion masses and neutrino mass

Predicts a light octet which could give rise to exotic signatures at the
LHC

Consistent with proton decay constraints (could be ruled out by HK)



Thanks for your attention!



