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Motivation

Theorem for model builders:

Beauty - Simplicity - Predictability

• Aesthetics: why three gauge groups?

• Simplicity: why three different strengths? why so many representations? are
quarks and leptons that different?

• Predictability: why so many inputs? why arbitrary charges? what about the
Yukawas? and the Weinberg angle?

SU(5) is the only rank 4 candidate able to embed SM!
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The simplest GUT: SU(5)



Simplest GUT: SU(5)

• Matter content:

5̄ ∼ (1, 2̄,−1/2)︸ ︷︷ ︸
lL

⊕ (3̄, 1, 1/3)︸ ︷︷ ︸
(dc)L

10 ∼ (3̄, 1,−2/3)︸ ︷︷ ︸
(uc)L

⊕ (3, 2, 1/6)︸ ︷︷ ︸
qL

⊕ (1, 1, 1)︸ ︷︷ ︸
(ec)L

5̄ =


dc

1

dc
2

dc
3

e
−ν

 10 =


0 uc

3 −uc
2 u1 d1

−uc
3 0 uc

1 u2 d2

uc
2 −uc

1 0 u3 d3

−u1 −u2 −u3 0 e+

−d1 −d2 −d3 −e+ 0



⇒ The 15 SM Weyl d.o.f. perfectly fit
in the two simplest SU(5) representations!



Simplest GUT: SU(5)

• Matter content:

5̄ ∼ (1, 2̄,−1/2)︸ ︷︷ ︸
lL

⊕ (3̄, 1, 1/3)︸ ︷︷ ︸
(dc)L

10 ∼ (3̄, 1,−2/3)︸ ︷︷ ︸
(uc)L

⊕ (3, 2, 1/6)︸ ︷︷ ︸
qL

⊕ (1, 1, 1)︸ ︷︷ ︸
(ec)L

5̄ =


dc

1

dc
2

dc
3

e
−ν

 10 =


0 uc

3 −uc
2 u1 d1

−uc
3 0 uc

1 u2 d2

uc
2 −uc

1 0 u3 d3

−u1 −u2 −u3 0 e+

−d1 −d2 −d3 −e+ 0



⇒ The 15 SM Weyl d.o.f. perfectly fit
in the two simplest SU(5) representations!



Simplest GUT: SU(5)
• What about anomalies? A(R)dabc = Tr

(
{TR

a ,T
R
b },TT

c }
)

For SU(N), A(anti-fund) +A(anti-symmetric) = −1
2

+
N − 4

2

for N=5, A(5̄) +A(10) = 0

• Hypercharge generator:

T24 =
1√
15


−1 0 0 0 0
0 −1 0 0 0
0 0 −1 0 0
0 0 0 3

2 0
0 0 0 0 3

2

 ∝ Y

Fixing the normalisation:

Y =

√
5
3

T24

All hypercharges predicted!
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Simplest GUT: SU(5)

• And the gauge bosons?

V24 ∼ (8, 1, 0)︸ ︷︷ ︸
Gµ

⊕ (1, 3, 0)︸ ︷︷ ︸
Wµ

⊕ (3, 2,−5/6)︸ ︷︷ ︸
Xµ

⊕ (3̄, 2, 5/6)︸ ︷︷ ︸
Yµ

⊕ (1, 1, 0)︸ ︷︷ ︸
γµ

Vµ =
24∑

a=1
Va
µ

τa

2
=

=
1
√

2



G1µ +
2Bµ√

30
G1

2µ G1
3µ XC1

µ YC1
µ

G2
1µ G2

2µ +
2Bµ√

30
G2

3µ XC2
µ YC2

µ

G3
1µ G3

2µ G3
3µ +

2Bµ√
30

XC3
µ YC3

µ

X1
µ X2

µ X3
µ

W3
µ√
2
−

√
3

10 Bµ W+
µ

Y1
µ Y2

µ Y3
µ W−µ −

W3
µ√
2
−

√
3
10 Bµ


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SU(5): scalar sector
• Breaking I: SU(5)

24H→ SU(3)⊗ SU(2)⊗ U(1)Y

24H =

(
Σ8 Σ(3,2)

Σ(3̄,2) Σ3

)
+ ΣS λ24,


〈24H〉 =

v24√15diag(2, 2, 2,−3,−3) : breaks to SM

〈24H〉 = v24 diag(1, 1, 1, 1,−4) : breaks to SU(4)⊗ U(1)

〈24H〉 = diag(0, 0, 0, 0, 0): no breaking

• Breaking II: SU(3)⊗ SU(2)⊗ U(1)Y
5H→ SU(3)⊗ U(1)Q

5H =


T1

T2

T3

H+
1

H0
1

 SSB→ 〈5H〉 =


0
0
0
0

v5/
√

2


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But it is too predictive...

Predictability may be its most beautiful feature

but it is also its Achilles’ heel



Fermion masses

• Yukawa Lagrangian (i, j, k are SU(3) indices and α, β are SU(2)
indices)

LY ⊃ Y15̄ 10 5∗H + Y310 10 5H ε5

⊃ Y1(5̄i10iα + 5̄β10βα)5∗Hα + Y3(10ij10kα + 10iα10jk)5βHεijkαβ

• After SSB: 〈5H〉 = v5/
√

2,

LY ⊃ Y1
v∗√

2
(dC

i di + eeC) + 4(Y3 + YT
3 )

v√
2

uC
i ui.

• Fermion masses:

Md = MT
e = Y1

v∗5√
2

Mu = 4(Y3 + YT
3 )

v5√
2
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Unification constraints
• RGEs:

α−1
i (MZ) = α−1

GUT+
Bi

2π
Log

(
MGUT

MZ

)  Bi = bSM
i + bI

i rI

rI =
Log(MGUT/MI)

Log(MGUT/MZ)
, MZ < MI < MGUT

• In Yang-Mills theories:

bi =

1
3

∑
R

S(R)Ti(R)
∏
j 6=i

dimj(R)

 , S(R)

 1 for R scalar,
2 for R chiral fermion,
−11 for R gauge boson.

• Table of Bij ≡ Bi − Bj contributions to the running:

5̄ 10 V24 5H 24H
bi/Bij lL (dc)L (uc)L qL (ec)L Gµ Wµ H1 T Σ8 Σ3

b1
3
5

2
5

8
5

1
5

6
5 0 0 1

10
1

15 rT 0 0

b2 1 0 0 3 0 0 − 22
3

1
6 0 0 1

3 rΣ3
b3 0 1 1 2 0 −11 0 0 1

6 rT
1
2 rΣ8

0

B12 − 4
5

2
15

8
15 − 44

15 − 2
5 0 22

3 − 1
15

1
15 rT 0 − 1

3 rΣ3
B23 1 -1 -1 1 0 11 − 22

3
1
6 − 1

6 rT − 1
2 rΣ8

1
3 rΣ3



Unification constraints
• Introducing Bij = Bi − Bj,

B23

B12
=

5
8

sin2 θW(MZ)− α(MZ)/α3(MZ)

3/8− sin2 θW(MZ)

Log
(

MGUT

MZ

)
=

16π
5α(MZ)

3/8− sin2 θW(MZ)

B12

• Input:

α−1(MZ) = 127.94, sin2 θW(MZ) = 0.231, αs(MZ) = 0.1185

• To achieve unification:

B23

B12
= 0.718

Log
(

MGUT

MZ

)
=

184.87
B12
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Unification constraints
• SM contribution (assuming only the spitting of 5H):

BSM
23

BSM
12

= 0.53

• SU(5) contribution (assuming splitting of 24H too):

BSU(5)
23

BSU(5)
12

=
BSM

23 + 1
3 rΣ3 − 1

6 rT − 1
2 rΣ8

BSM
12 −

1
3 rΣ3 + 1

15 rT

most optimistic case→
BSU(5)

23

BSU(5)
12

. 0.6

⇒ Unification cannot be achieved at any scale...
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Too beautiful to be truth...

SU(5)



Wrong fermion mass relation : Me(MGUT) = Md(MGUT)

Unification cannot be achieved at any scale :
B23

B12
. 0.6

Massless neutrinos: Mν = 0

But it is also too beautiful to give up on it!
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Too beautiful to be truth...

What is the simplest realistic renormalizable model based on SU(5)?



Too beautiful to be truth...

SU(5)


Wrong fermion mass relation : 45H

Unification cannot be achieved at any scale : 45H

Massless neutrinos: 10H



The 45H representation

45H ∼ (8, 2, 1/2)︸ ︷︷ ︸
Φ1

⊕ (6̄, 1,−1/3)︸ ︷︷ ︸
Φ2

⊕ (3, 3,−1/3)︸ ︷︷ ︸
Φ3

⊕ (3̄, 2,−7/6)︸ ︷︷ ︸
Φ4

⊕

⊕ (3, 1,−1/3)︸ ︷︷ ︸
Φ5

⊕ (3̄, 1, 4/3)︸ ︷︷ ︸
Φ6

⊕ (1, 2, 1/2)︸ ︷︷ ︸
H2



The 45H representation

(45H)jk
i ∼ f{Φ2,Φ5} = εjklΦ2li + εjklεlimΦ5

m 6+3-3= 6 d.o.f
Φ2il = Φ2li and Φ5il = −Φ5li 6 + 3

(45H)jα
i ∼ f{Φ1,H2} = [λa]j

i Φ1
α
a + δj

iH
α
2 16 + 2 = 18 d.o.f

(45H)ij
α ∼ εijkΦ4αk 6 d.o.f.

(45H)iβ
α ∼ f{Φ3 ≡ (∆1,∆2,∆3),Φ5} = 1√

2
Φ3

a[σa]βα + δβαΦ5
i 12 d.o.f.

45i4
5 ∼ (∆1

i + i∆2
i)/
√

2 ≡ (φ3
+ 2

3 )i 3
45i5

4 ∼ (∆1
i − i∆2

i)/
√

2 ≡ (φ3
− 4

3 )i 3
45i4

4 ∼ ∆3
i/
√

2 + Φ5
i ≡ (φ3

− 1
3 )i/
√

2 + Φ5
i 3

45i5
5 ∼ −∆3

i/
√

2 + Φ5
i ≡ −(φ3

− 1
3 )i/
√

2 + Φ5
i 3

(45H)αβi ∼ εαβΦ6i 3 d.o.f.

(45H)βγα ∼ −3εβγH2
δεαδ 2 d.o.f.



Tackling problem of fermion mass relations

LY = 5̄ 10 (Y1 5∗H +Y2 45∗H) + 10 10 (Y3 5H +Y4 45H)ε5 +Y5 5̄ 5̄ 10Hε2 +h.c.

• Fermion masses as a function of
Yukawas:

Md = Md(Y1,Y2),

Mu = Mu(Y3,Y4),

Me = Me(Y1,Y2).

• Where do the Higgs doublets live?

Hα
1 ∼ 5H

α,

Hα
2 ∼ 45H

jα
i δ

i
j −

1
3
εβγε

δα45H
βγ
δ ,

Md = Y1
v∗5√

2
+ 2Y2

v∗45√
2

Me = YT
1

v∗5√
2
− 6YT

2
v∗45√

2

Mu = 4(Y3 + YT
3 )

v5√
2
− 8(Y4 − YT

4 )
v45√

2
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• Fermion masses as a function of
Yukawas:

Md = Md(Y1,Y2),
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• Where do the Higgs doublets live?
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Tackling problem of unification
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Unification constraints
By only assuming the splitting in the 45H ,

p → π0
e
+   (H.K.)

p →π0
e
+   (S.K. 2014)

L
H

C

Unification constraints
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τp(p→ π0e+) > 1,29× 1034 years (SK), τp(p→ π0e+) > 1,3× 1035 years (HK)

• 45H alone is enough to achieve unification!

• Φ1 ∼ (8, 2, 1/2) predicted to be light! i.e. Mφ1 ∼ 103 − 105 GeVs

LY ⊃ 2 dcY2Φ†1qL + 4 uc(Y4 − YT
4 )qLΦ1 + h.c.

• Φ3 ∼ (3, 3,−1/3), Mφ3 ∼ 108,6 − 108,9 GeVs



Proton decay



Proton decay mediators

Very naivly:

field Lp.d
d=6 ∼

1
m2 QQQL decay channel decay width Γ

Xµ, Yµ LX,Y ⊃
g2
GUT
M2

X
εijk(uC)iγµqαj{eCεαβγ

µqkβ + (dC)kγµεαβ`
β} p → e+(µ+)π0 α2

GUT
m5

p
M4

X

T LT ⊃
1

m2
T

{
(lα Y1 qα)(qβ Y3 qγ )εβγ ) + (dc Y1 uc)(uc Y3 ec)

}
p → π0 e+(µ+) (Y1 Y3)2 m5

p
m4

T
p → ν̄ π+

Φ3 LΦ3
⊃ 1

m2
Φ3

(lα Y2 qβ)(qα Ỹ4 qγ )εβγ p → ν̄ K+ (Y2 Ỹ4)2 m5
p

m4
Φ3

p → e+ π0

Φ5 LΦ5
⊃ 1

m2
Φ5

(dc Y2 uc)(uc Ỹ4 ec) p → π0µ+(τ+) (Y2 Ỹ4)2 m5
p

m4
Φ5

Φ6 LΦ6
⊃ 1

m2
Φ6

(dc Y2 ec)(uc Ỹ4 uc) p → π0e+(µ+)(τ+) (Y2 Ỹ4)2 m5
p

m4
Φ6



Proton decay mediated by vector leptoquarks

Decay process:
N(p1)→ ¯̀(p2) + P(p3)

Γ(N → P¯̀) =
mN

32π

(
1−

(
mP

mN

)2
)2

|
〈
π0
∣∣∣OB−L

I

∣∣∣p〉 |2.
• Integrating out the heavy vector leptoquarks:

OB−L
i =

g2
GUT

2M2
X
εijk εαβ uC

iαγ
µQjαaeC

b γµQkβb,

OB−L
ii =

g2
GUT

2M2
X
εijk εαβ uC

iaγ
µQjαadC

kbγµLβb.



Proton decay mediated by vector leptoquarks

Decay process:
N(p1)→ ¯̀(p2) + P(p3)

Γ(N → P¯̀) =
mN

32π

(
1−

(
mP

mN

)2
)2

|
〈
π0
∣∣∣OB−L

I

∣∣∣p〉 |2.

• Integrating out the heavy vector leptoquarks:

OB−L
i =

g2
GUT

2M2
X
εijk εαβ uC

iαγ
µQjαaeC

b γµQkβb,

OB−L
ii =

g2
GUT

2M2
X
εijk εαβ uC

iaγ
µQjαadC

kbγµLβb.



Proton decay mediated by vector leptoquarks

Decay process:
N(p1)→ ¯̀(p2) + P(p3)

Γ(N → P¯̀) =
mN

32π

(
1−

(
mP

mN

)2
)2

|
〈
π0
∣∣∣OB−L

I

∣∣∣p〉 |2.
• Integrating out the heavy vector leptoquarks:

OB−L
i =

g2
GUT

2M2
X
εijk εαβ uC

iαγ
µQjαaeC

b γµQkβb,

OB−L
ii =

g2
GUT

2M2
X
εijk εαβ uC

iaγ
µQjαadC

kbγµLβb.



Proton decay mediated by vector leptoquarks

O(ec
α, dβ) = C(eC

α, dβ)εijkuC
i γ

µujeC
αγµdkβ ,

O(eα, dC
β) = C(eα, dC

β)εijkuC
i γ

µujdC
kβγµeα,

O(νl, dα, dC
β) = C(vl, dα, dC

β)εijkuC
i γ

µdjαdC
kβγµνl.

C =
g2

GUT

2M2
X

c

c(ec
α, dβ) = V11

1 Vαβ2 + (V1VUD)1β(V2V†UD)α1,

c(eα, dc
β) = V11

1 Vβα3 ,

c(νl, dα, dc
β) = (V1VUD)1α(V3VEN)βl.

V1 = U†CU,V2 = E†CD, V3 = D†CE,

VUD = U†D and VEN = E†N.

UT
CYuU = Ydiag

u , DT
CYdD = Ydiag

d ,

ET
CYeE = Ydiag

e , NTYνN = Ydiag
ν .
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• Using the identity: ΨTCγµε = (ΨTCγµε)T = −εTCγµΨ

O(ec
α, dβ) = −2 C(eC

α, dβ) εijk uT
jLCγµuiR eT

αRCγµdkβL,

O(eα, dC
β) = −2 C(eα, dC

β) εijk uT
jLCγµuiR dT

kβRCγµeαL,

O(νl, dα, dC
β) = −2 C(vl, dα, dC

β) εijk dT
jαLCγµuiR dT

kβRCγµνlL,

• Using Fierz relations:

O(ec
α, dβ) = 2 C(eC

α, dβ) εijk (uT
jLCdkβL)(eT

αRCuiR),

O(eα, dC
β) = 2 C(eα, dC

β) εijk (uT
jLCeαL)(dT

kβRCuiR),

O(νl, dα, dC
β) = 2 C(vl, dα, dC

β) εijk (dT
jαLCνlL)(dT

kβRCuiR).

Γ(N → P¯̀) = A
mN

8π

(
1−

(
mP

mN

)2
)2 ∣∣∣∣∣∑

I

CIW I
0(N → P)

∣∣∣∣∣
2

A = AQCDASR =

(
α3(mb)

α3(MZ)

)6/23(
α3(Q)

α3(mb)

)6/25(
α3(MZ)

α3(MGUT)

)2/7

.

Values taken: AQCD ∼ 1,2 and ASR ∼ 1,5.
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Γ(p→ π0e+
β ) =

mp

8π
A2k4

1|
〈
π0
∣∣ (ud)RuL

∣∣p〉 |2 (|c(ec, d)|2 + |c(e, dc)|2
)
,

Γ(p→ K+ν̄) =
mp

8π

(
1−

m2
K+

m2
p

)2

A2k4
1

∑
i

∣∣c(νi, d, sc)
〈
K+
∣∣ (us)RdL

∣∣p〉+

+ c(νi, s, dc)
〈
K+
∣∣ (ud)RsL

∣∣p〉∣∣2 .

• k1 =
gGUT√
2MX

• Matrix elements: Lattice QCD (Aoki et al., 2014)

• Most conservative scenario chosen:

for p→ π0e+ : c(e, dc) = 1, c(ec, d) = 2
for p→ K+ν̄ : c(νl, d, sc) = 1 c(νl, s, dc) = V12

CKM
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Proton decay constraints

S.K. τp(p→ π0e+) > 1.29× 1034 years (red dashed)
H.K. τp(p→ π0e+) > 1.3× 1035 years (orange dashed)



Massive neutrinos



Massive neutrinos?

Ye 6= YT
d mν 6= 0 Unification Extra field content number of new d.o.f.

45H

type-I seesaw X 1F , 1F 47
type-II seesaw X 15H 60
type-III seesaw X 24F 69

Zee model X 10H 55

−LZee ⊃ 5̄ 10
(

Y∗1 5∗H −
1
6

Y∗2 45∗H

)
+ λ5̄ 5̄ 10H −

1
6
µ 5H45H10∗H

+ h.c.
eLk νLjeRl

H0
a

H0
c

H+
bδ+

νLi
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Zee mechanism

VZee = `Lλ `Lδ
+ + `LYaHaeR + µH1H2δ

− + h.c.,

Mν =
1

8π2

(
λMe

(
Y†1 cosβ − Y†2 sinβ

)
+ (Y∗1 cosβ − Y∗2 sinβ) MT

e λ
T
)
×

sin 2θ+Log

m2
h+

2

m2
h+

1



H±1 = cosβH± + sinβG±

H±2 = − sinβH± + cosβG±
δ± = cos θ+h±1 + sin θ+h±2

H± = − sin θ+h±1 + cos θ+h±2
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Conclusions

• SU(5) deserves a second chance: simple renormalizable extension

• Consistent fermion masses and unification can be simultaneously
achieved with the 45H

• Neutrinos can get mass at 1-loop level by adding the 10H together with
45H

→ Relation between charged fermion masses and neutrino mass

• Predicts a light octet which could give rise to exotic signatures at the
LHC

• Consistent with proton decay constraints (could be ruled out by HK)



Thanks for your attention!


