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Description and performances of the DELPHImultivariate 
avour tagging

Ch. De la Vaissi�ere1, F. Mart��nez-Vidal2
AbstractThis note updates the description of the Delphi multivariate hemisphere 
avourtagging algorithm. It reviews the performances achieved for all the Lep 1 data,in particular after the upgrade in early 1994 of the microvertex detector includ-ing z readout. Tagging variables have been rede�ned incorporating two and threedimensional impact parameter reconstruction, transverse momenta, secondary ver-tices and invariant mass reconstruction. The variables used in the 1991-1993 periodshave been revised according to this new de�nition in order to improve performancesand to unify the tagging for the di�erent data taking periods. Signi�cant improve-ments have been obtained. The tagging in the two hemispheres has been foundalmost independent owing to a separated reconstruction of the primary vertex foreach hemisphere.
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1 IntroductionThe measurement of the partial hadronic branching ratio to b�b pair quarks, Rb, requiresan e�cient and pure b quark tag associated with a good hemisphere independence in orderto reduce and control as much as possible systematic errors. This has to be achieved withthe complex mixture of Z ! hadrons �nal states at Lep 1, so the experimental taskis not too easy. The multivariate tagging in Delphi [1], designed to satisfy these tworequirements, was used for the Rb measurement with the 1991 to 1993 data [2, 3]. Afterthe upgrade of the microvertex detector in spring 1994 a revision of the algorithm wasneeded. This is the subject of this note.The note intends also to be a reference document to the Rb analysis, where the detailson the variables used in multivariate technique can be found. For this reason it is long.An index would allow a reader interested to a speci�c topic to go to the relevant sections.2 Tagging algorithmThe tagging algorithm is based on the large mass and relatively long lifetime of the bquark (typically 1.6 ps) and some event shape properties of their decays. All the availableinformation is combined using multivariate techniques. The lifetime information exploitsthe large impact parameters of tracks coming from B decays together a search for sec-ondary and tertiary vertices with their invariant masses. Finally, the lifetime informationis combined with event shape properties of the B decays like large transverse momentumof the tracks with respect the jet axis and the boosted sphericity.Tagging b quarks is based on reconstructing as precisely as possible the position of theprimary Z boson decay, the track parameters of the outgoing particles with respect to thereconstructed vertex and applying an algorithm optimizing the use of this information.For each single variable Z, the probability pl(zm) to observe a value z in the intervalzm for a hemisphere of 
avour l is given by the content yl(zm) of the corresponding binm in the density distribution of this variable for 
avour l:pl(zm) = yl(zm)N totl (1)where N totl is the total number of events in the l 
avour distribution. The density distri-bution yl(z) is modelized by a training sample of simulated events that is di�erent andtuned for each data set period 1. Given the observed set nz1m1 ; z2m2 ; :::; zNmNo, where the su-perscript corresponds to each variable and the subscript to particular bins, the probabilitythat it comes from a given quark 
avour uds, c and b isPuds = 3QN�=1 puds(z�m�)3QN�=1 puds(z�m�) +QN�=1 pc(z�m�) +QN�=1 pb(z�m�) (2)Pc = QN�=1 pc(z�m�)3QN�=1 puds(z�m�) +QN�=1 pc(z�m�) +QN�=1 pb(z�m�) (3)1In addition, to reduce statistical 
uctuations Gaussian and exponential �ts are performed to sometail distributions. 1



Pb = QN�=1 pb(z�m�)3QN�=1 puds(z�m�) +QN�=1 pc(z�m�) +QN�=1 pb(z�m�) (4)respectively, being N the total number of variables used. The empirical factor 3 assignedto uds re
ects the fact that this 
avour is the sum of the three lighter 
avours u, dand s which are taken together because their distributions are very similar. With thisformulation the 5 
avours have the same weight.This method of combining the probabilities may not be optimal. The individualprobabilities used independently, are in fact correlated. Thus there is no statisticallycorrect way to combine them, and several techniques could be tried. However, this choicewas proven to be the best of several tried.What counts in comparing 
avours are ratios of probabilities or di�erences of theirlogarithms. For this reason we have introduced three estimatorsLuds = 2 lnPuds � lnPc � lnPb3 (5)Lc = 2 lnPc � lnPuds � lnPb3 (6)Lb = 2 lnPb � lnPuds � lnPc3 (7)called 
avour likelihoods, which are the basis of the classi�cation. The event can beclassi�ed according to the largest 
avour likelihood (which is positive). The magnitudeof the best likelihood is a sensitive indicator of the tag clarity. Based on this value, eachtag can be subdivided into categories according to a set of given cuts.3 Track and event selection for taggingThe starting point for 
avour tagging is the selection of good hadronic Z decays accordingto the following criteria. In order to perform this selection, we have adopted the standardTEAM 4 cuts of the Delphi experiment. Firstly, charged particles are accepted if:� their polar angle is between 20o and 160o;� their track length is > 30.0 cm in the TPC;� their momentum is > 200 MeV/c with a relative error less than 100%;� their impact parameter (see section 6) relative to the interaction point is < 2.5 cmin the plane perpendicular to the beam direction and < 10.0 cm along the beamdirection.Events were selected by requiring:� at least 5 reconstructed charged particles;� the summed energy of the charged particles had to be larger than 12% of the centerof mass energy; 2



� thrust axis satisfying j cos �thrust j< 0:95, where �thrust is the polar angle of the eventthrust axis (section 5).With these cuts the e�ciency to select hadronic events was about 95% with all back-grounds (mainly from �+�� pairs but also from 

 collisions) below 0.1%, without anysigni�cant bias in the 
avour composition of the sample. Additional requirements ondetector availability (provided by the slow control system) were required. No selection onthe center of mass energy has been made.The tagging is de�ned only from a subsample of physical tight 2D and tight 3D tracksrequired to have been produced near the interaction point. In addition to the TEAM 4cuts, tight 2D tracks have to satisfy the following conditions:� hits in at least 2 of the 3 R� layers of the VD;� the R� impact parameter (section 6) with respect to the main event vertex (section5) less than 0.30 cm;� the track was not associated to a reconstructed K0, � or e+e� pair from photonconversion (see below).Tight 3D tracks require further the following conditions:� hits in at least 1 of the 2 z layers of the VD;� the impact parameter with respect to the main event vertex in z less than 1.0 cm;� no error code in the 3D impact parameter routine (section 6);� the track-jet abscissa (section 6.2) less than 2.0 cm.It happens that for a small fraction of the accepted events (around 0.1%) no tighttracks are found in none hemisphere. The event is then rejected because no tagginginformation is available in that case.Finally, due to the limited angular acceptance of the microvertex detector an additionalevent polar angle acceptance cut is needed. A cut at 0.65 on j cos �thrust j was imposed.The physical reason of this hard cut instead a softer cut (for instance at 0.75) is to reduceand control as much as possible hemisphere tagging correlations from VD edge e�ects.No additional cut on the number of jets in the event is performed. With all these cutsthe global e�ciency to select the hadronic events was about 60%.As said above, selected tracks are required not to be associated to a reconstructed K0,� or e+e� pair from photon conversion (V 0's). Candidate V 0 decays in hadronic eventsare found by considering all pairs of oppositely charged particles and then reconstructingthe vertex. V 0 candidates are determined according to the standard Delphi algorithmdescribed in the �rst reference of [4]. There is no protection against short range �+ and��. Also there is a small, but non zero probability that charged pions and kaons decayinside the beam pipe.
3



4 The data and Monte Carlo samplesThe total number of accepted hadronic Z decays from the 1991 to 1995 runs of theLep collider 2, before and after the angular acceptance cut, is summarized in table 1.Table 1: Number of hadronic Z decays accepted for the analysis in each year of operation.Year 1991 1992 1993 1994 1995 TotalBefore j cos �thrust j< 0:65 cut 247277 691658 698557 1370354 664676 3672522After j cos �thrust j< 0:65 cut 150635 421741 425796 828168 400482 2226822Samples about three times the data statistics of Z ! q�q events has been simulatedusing the Lund parton shower Monte Carlo JETSET 7.3 [5] and the Delphi detectorsimulation DELSIM [6]. In addition, dedicated samples of Z ! b�b events have beengenerated, with an equivalent statistics of also three times the data. The simulated eventshave been passed through the same analysis chain as the real ones. The parameters usedin JETSET were optimized by Delphi [7], in particular some parameters to which bottomand charm physics are sensitive:� fragmentation function for heavy 
avours, taken as Peterson et al. [8];� the production fractions of weakly decaying charmed hadrons in c�c events;� the lifetimes of the charmed hadrons;� the average charged decay multiplicities of the charmed hadrons;� the production rates of b and c quarks via gluon splitting;� the production rates of K0's and hyperons.5 The hemisphere primary vertex �nderA primary vertex �t serves to estimate the position of the interaction point. In a �rststep we determine an event vertex . Its purpose is to decide if a track originates from theproduction point region can be selected as a tight track as described in section 3. Theposition of the event vertex is computed using an iterative procedure which starts withall the charged particles of the event having an impact parameter in R� with respect tothe beam spot position less than 4.0 cm (very soft cut), by minimizing the full 3D leastsquares ansatz [9]:M =Xj=1~� Ta;j ~Gj~�a;j +Xj=1((bx;j � Vx)2�2bx;j + (by;j � Vy)2�2by;j ) (8)In equation (8), ~�a;j is the vector of closest approach in space of the track to the candidatevertex ~V and ~Gj is the weight matrix of track j. Second term of (8) corresponds to the2The used processings of the data are the last available at the moment when this work was written:91F1, 92D2, 93C1, 94C2 and 95D2. 4



inclusion of the beam spot position (bx;j,by;j) and dimensions (�2bx;j ,�2by;j ) as a constraintof the vertex �t. This constraint is meaningful only in the R� plane. At each iterationa search for the track with maximum contribution to the full 3D least squares ansatzabove a threshold of 10.0 is done. If found, the track is removed and a new vertex �t isattempted until no track is removed. If no tracks are �nally left, the beam spot position isused as estimate of the vertex. Since the beam spot position is used as a starting referencepoint, in principle all the tracks can be rejected from the �t. For these events the beamspot center is taken as the event main vertex and the covariance matrix corresponds tothe beam spot size. The fraction of such events is around 1%.The beam spot is de�ned as the interaction region of the electron and positron beams.To follow variations during the Lep �ll, its position is determined for every cartridgewritten by the DAS corresponding to about 200 hadronic events. The x and y positionsare found with typical uncertainties of about 9 �m and 4 �m respectively. The widthalong the x coordinate varies with time but a typical value is 100 to 120 �m with an errorof 7 �m. The beam spot is small, which improves the accuracy of the event by eventprimary vertex �t and therefore the e�ciency for tagging b quark events.However, the fact that this primary vertex shares tracks from both hemispheres intro-duces correlations between the hemispheres:� the lifetime of the B hadron on each side. If one B hadron has a long decay length,it will be almost certainly tagged. However, it will degrade the resolution of theprimary vertex, making it less likely that the second B hadron will tag;� the primary vertex error. If two hemispheres share a common primary vertex andif its error happens to be large, the B hadrons will be less likely to be tagged b;� if the primary vertex is pulled towards one of the B hadrons (because it includesdecay tracks), the decay range of that B hadron will be underestimated, while thatof the other B will be overestimated.These problems can almost be eliminated if a primary vertex is computed separately foreach hemisphere. It should be remarked that the price to pay for this independence isa small decrease of tagging e�ciency. However the reduction of hemisphere correlationshas proven to be one of the main points for the Rb analysis [2, 3].Back to back hemispheres are de�ned by classifying particles into two subsets usingthe event thrust axis. The thrust axis ~T is de�ned to maximize the sum [5]Pa j ~pa � ~T jPa j ~pa j (9)where j ~T j= 1. Index a runs over all the �nal state particles (neutral and charged)and ~pa is the momenta of each particle. The maximal value found is known as eventthrust. Particles are distributed into jets using the JADE algorithm [5] with ycut = 0:01and the jet direction was given by the jet thrust axis. Then particles are assigned to thehemisphere of the jet they belong to.From this list of particles, an hemisphere primary vertex is now evaluated. Trackswith wrong associations to hits in the VD, from secondary decays of long lived particlesor from interactions in the detector material, may spoil the reconstruction of the vertex.5



To minimize the presence of these tracks, in a �rst step all the previously identi�ed tighttracks of the hemisphere are used for the hemisphere vertex �t, taking as approximativesolution the global event vertex previously computed. Then a selection of tracks is per-formed by requiring an R� impact parameter less than 0.30 cm and less than 2.5 cm in zwith respect to the vertex obtained in this �rst step. In the second step, with the selectedtracks a new vertex �t is performed. If the �t probability of the full 3D least squaresansatz of equation (8) is less than 0.05, the particle with the most important contributionis removed, and a new vertex iteration is attempted. If no tracks are left in the �t (thishappens on simulation less than of 4% of hemispheres), the event vertex is taken. Fromthis fast algorithm the hemisphere vertex position, as well as the full covariance matrix,are determined.Figure 1 shows the di�erence between the reconstructed and generated vertex positionsin the x, y and z directions for light, charm and b hemispheres for the 1994 simulation.By comparison, table 2 summarizes the RMS of the obtained distributions for the 1994and 1993 simulation. In 1994, for light quark events the RMS of the distribution in thex direction is about 60 �m and for b quarks it is around 125 �m; in the y direction it isaround 10 �m for both, uds and b quarks. Therefore, the y primary vertex resolution issimilar for uds and b quarks, because the tight beam spot constraint in that component.However compared to uds hemispheres, the x resolution for b quarks shows: a) higherRMS which is the result of the exclusion in the vertex �t of secondary tracks reducing thetrack multiplicity of the �t together a poorer beam spot determination (compared to the ycomponent); b) larger tails because of the inclusion in that �t of some secondary tracks. Inthe z component similar arguments to the x component can be applied, with the additionalconsideration that the beam spot in z is not a real constraint in the vertex �t. Before1994 the VD did not provide measurements of the z coordinate. Table 2 shows the factorabout 8 of gain in z resolution for b hemispheres from 1993 to 1994, as consequence of theupgrade of the microvertex detector with z readout. In the x coordinate the resolutionbefore 1994 is slightly poorer and it is similar for the y coordinate.Table 2: RMS of the distributions of di�erences between the reconstructed and generatedvertex positions in the x, y and z direction for light quarks, charm quarks and b quarkscompared for 1994 and 1993 simulation.Distribution 1994 Simulation 1993 SimulationPVx-PVx(true) uds 56:6 �m 69:5 �mPVx-PVx(true) c 73:8 �m 87:9 �mPVx-PVx(true) b 125:3 �m 144:7 �mPVy-PVy(true) uds 9:8 �m 9:9 �mPVy-PVy(true) c 10:0 �m 10:0 �mPVy-PVy(true) b 10:3 �m 10:3 �mPVz-PVz(true) uds 85:2 �m 783:0 �mPVz-PVz(true) c 99:0 �m 803:5 �mPVz-PVz(true) b 147:4 �m 875:0 �mFigure 2.a-c shows the di�erences between the reconstructed primary vertex and thebeam spot. For the 1994 data, the RMS of the x, y and z distributions are 133.1 �m, 3.3�m and 7050 �m respectively, compared with 130.9 �m, 3.0 �m and 7109 �m obtained6
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Figure 1: Di�erence between the reconstructed and generated hemisphere vertex positions inthe x, y and z directions for light quarks, charm quarks and b quarks in the 1994 simulation.Horizontal scale is in cm.from the Monte Carlo sample. Figure 2.d-f shows also the error obtained from the hemi-sphere vertex �t. The large tail of the z component is due main to bad measured tracksin z and the poor beam spot determination in that component.Finally, �gure 3 shows the di�erences between the positions of the two hemispheres indata and simulation for 1994, and table 3 summarizes the RMS of the distributions. Aspreviously, the x and z distributions have larger tails because of the inclusion of secondarytracks and the poorer beam spot constraint.Table 3: RMS of the distributions of di�erences between the two reconstructed hemispherevertex positions in the x, y and z direction for 1994 simulation and data.Distribution 1994 Simulation 1994 DataPVx1-PVx2 91:1 �m 90:3 �mPVy1-PVy2 3:8 �m 4:3 �mPVz1-PVz2 155:4 �m 161:6 �m6 Impact parameter reconstructionSince the experimental track precision in the three spatial dimensions are comparable(when VD hits in R� and z have been associated to the track), normal 3D metric for7
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Figure 2: Vertex position with respect to the beam spot and errors for the 1994 data. Hori-zontal scale is in cm.impact parameter reconstruction can be used. It has been found that weighting the R�and z coordinates to take into account the di�erences in accuracy do not bring signi�cantimprovements with respect to the standard 3D calculations.Conceptually, the impact parameter is the distance of closest approach between atrack and the interaction point. The trajectory is represented by an helix. The usualconvention is to take for the starting point of the helix a point ~P0 which is the perigeewith respect to the origin of theDelphi reference frame. The trajectory is de�ned throughthe usual 5 helix parameters (hxy0 ;�0z; �0; �0; 1=�) taken at perigee ~P0. The coordinatesof ~P0 are therefore (hxy0 sin�0;�hxy0 cos�0;�0z). The point de�nes an origin on the helix.The position of another point of abscissa s (path length of the helix) can be calculateddirectly knowing the direction ~T0 (de�ned by �0 and �0) at ~P0 and the curvature 1=�.We approximate the interaction point by the hemisphere primary vertex, representedon �gure 4 by the point ~V . The value of s = (~V� ~P0)�~T0, de�nes a new point ~Pa (see section6.3) which is the point of closest approach of the track with respect to the interactionpoint ~V . The 3D impact parameter magnitude in space will be therefore �a =j ~Pa � ~V j.6.1 Signed impact parameterA b quark decay along its line of 
ight, downstream its production point. The purpose ofattributing a sign to the impact parameter is to recognise that situation. One assumesthat the direction ~J of the most energetic jet represents the quark direction. The line of8
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Figure 3: Di�erence between the two hemisphere vertex positions in simulation (a,b,c) anddata (d,e,f) for 1994. Horizontal scale is in cm.direction ~J , attached to the vertex ~V , approximates the line of 
ight of the quark. A �rstinteresting quantity is the projected impact parameter on the jet axisqJ = ��!PaV � ~J (10)However, it is more useful to calculate the closest approach between the quark line of
ight and the track. This can be done by minimizing j �!RQ j2 , the square distance oftwo points ~Q and ~R belonging to the quark and particle lines respectively (�gure 4). Atthe minimum, ~Q and ~R are conveniently represented by their abscissa sJ and st takenrelatively to their origin: ~V for the quark line and ~Pa for the track. When the particle isa b product, the values of sJ and st are positive. For that reason, we assign to the trackimpact parameter �a the sign of the sJ abcissa3. The expression of sJ is derived in section6.2.6.2 Track-jet distance in spaceThe quantity �J =j �!RQ j is the closest approach distance between the quark line and thetrack. The interest of �J is to be only sensitive to cascade decays of the b quark. In thelimit of no errors, the quark and the track would intersect exactly when the particle is3We may have taken as well st. 9
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Figure 4: De�nition of the signed impact parameter and the track-jet distance.produced either at the interaction point or at the �rst generation decay. Therefore, onlysecond generation decays would produce non vanishing values of �J .Mathematically, the problem of �nding the point of closest approach between a lineand a helix in space is transcendental and an iterative procedure is needed. The procedurehas only been applied to tight 3D tracks. For 2D tracks, it is meaningless.We start by approximating the track as a line de�ned by the point ~Pa of closestapproach of the track to the hemisphere vertex, plus its direction, ~Ta. The same for theline of the jet axis, where the origin is the hemisphere primary vertex ~V . We compute thearc length st along the track which corresponds to the point of closest approach betweenthe linearized track and the jet axis, byst = (~V � ~Pa) � 264 ~Ta � ~J �~Ta � ~J�1� �~Ta � ~J�2 375 (11)The assumption of the helix to its tangent become not accurate when st is not smallcompared to the radius of curvature. In this case, a new origin ~P of abscissa st withtangent ~T has to be substituted to ~Pa and ~Ta. The change of origin is explicited in section6.3 and equation (11) is again solved. The total path from ~Pa is updated and the processis iterated until the path length change is small. This takes generally 1 iteration and amaximum of 4. By following this procedure, the point ~R on the track of closest approachtrack-jet is obtained as ~R = ~P + st ~T with ~P , ~T and st taken from the last iteration. Thecorresponding point ~Q on the jet axis is then determined from relation ~Q = ~V + sJ ~J ,where sJ is de�ned by sJ = (~V � ~Pa) � 264 ~T �~T � ~J�� ~J1� �~T � ~J�2 375 (12)The quantity sJ is just the distance on the jet line between ~V and ~Q (track-jet abscissa).The vector �!RQ can then be written as
10



�!RQ = ~�a � 24 ~�a~Uj ~U j ~U + ~�a~Vj ~V j ~V 35 (13)where ~U = (~T + ~J)=2 and ~V = (~T � ~J)=2. The track-jet distance �J is therefore given bythe simple formula �2J = �2a � h~�a � ~Ui2j ~U j2 � h~�a � ~V i2j ~V j2 (14)Being a minimal distance, �J <j �a j.6.3 The track helix linearizationFor the 3D determination of the impact parameter and the track-jet distance, it is neces-sary to propagate the track parameters to a new point at the arc length s in space, usinga linear approximation of the track.Given the unitary vector of the tangent ~T0 = (Tx;0; Ty;0; Tz;0) at the point ~P0 =(Px;0; Py;0; Pz;0), the tangent parameters ~T1 of the same helix at the arc length in space sare given by the formulas Tx;1 = Tx;0 cos � � Ty;0 sin� (15)Ty;1 = Tx;0 sin� + Ty;0 cos � (16)Tz;1 = Tz;0 (17)where � = sqT 2x;0 + T 2y;0=� represents the rotation of the helix in the R� projectionbetween ~P0 and ~P1 . � is the projected signed radius. The point ~P1 is de�ned byPx;1 = Px;0 + �Tx;0 sin � � Ty;0(1� cos �)qT 2x;0 + T 2y;0 (18)Py;1 = Py;0 + �Ty;0 sin � + Tx;0(1� cos �)qT 2x;0 + T 2y;0 (19)Pz;1 = Pz;0 + sTz;0 (20)6.4 Signed impact parameter in two dimensionsWhen the experimental track precision in R� is much higher than in z (which correspondsto the case when R� VD hits have been associated to the track but not in z), a standard2D impact parameter reconstruction must be adopted (all data taken in 1991, 1992, 1993and a small fraction of tracks in 1994 and 1995).Taking as starting point the track parameters at perigee (point of closest approachto the Delphi origin), the 2D impact parameter with respect to the hemisphere vertexprojected on the R� plane is�a = hxy0 + (Vy cos�0 � Vx sin�0)� (Vx cos�0 + Vy sin�0)22� (21)11



where � is the signed curvature of the track projected on the R� plane. The notation�a is to avoid confusion with the 3D impact parameter �a. The �rst term of expression(21) corresponds to a coordinate change from the origin of Delphi to the reconstructedhemisphere primary vertex and the second one is a correction due to the track curvature.Similarly, the impact parameter in z can be estimated according to the expression�az = �0z � Vz + Vx cos�0 + Vy sin�0tan �0 (22)The principle of signing the impact parameters in two dimensions is similar to thecase of three dimensions. The impact parameter in R� projected on the jet axis can beestimated as qJ = �a sin �J (23)where �J is the angle (projected on R�) of the trajectory at perigee with the jet direction.Note that qJ is positive for decay products ofB andD hadrons traveling in the downstreamdirection of the jet.6.5 Impact parameter errorsThe impact parameter is the distance of the trajectory to the primary vertex. The error onthis quantity has therefore two components. The �rst one is due to the track extrapolationerror at the Delphi origin [4]. The second one, which has a smaller contribution, is due tothe primary vertex itself. The accuracy on the primary vertex depends on the beam spotsize and the accuracy of the tracks included. The error calculation algorithms depend onthe kind of track we have, i.e. 2D and 3D metric.6.5.1 2D impact parameter errors with respect to the hemisphere vertexAt the level of individual tracks, the error on the impact parameters �a and �az areobtained by di�erentiating equations (21) and (22). The calculation requires to propagatethe track impact parameters at perigee (hxy0 and �0z) to the new reference point, thehemisphere primary vertex ~V . As this point is close to the Delphi origin, the propagationhas little e�ect and equation (21) can be taken at �rst order. For the R� component, theerror on hxy0 must be added the contribution due to the error on the xy coordinates of ~V :�2�a = �2hxy0 + sin2 �0�2Vx + cos2 �0�2Vy � 2 sin�0 cos�0cov(Vx; Vy) (24)The z component error ��az is derived from equation (22):�2�az = �2�0z + �2Vz(cos2 �0�2Vx + sin2 �0�2Vy)= tan2 �0+sin 2�0cov(Vx; Vy)= tan2 �0 + 2[cos �0cov(Vx; Vz) + sin�0cov(Vy; Vz)]= tan �0 (25)A similar equation is derived for the covariance cov(�a;�az). The correlation due to thefact that the track could be included in the vertex �t is neglected. The error on qJ theimpact parameter in R� projected on the jet axis is then straightforward. There is anadditional error coming from the angular uncertainty on the jet axis direction.12



6.5.2 3D impact parameter errors with respect to the hemisphere vertexOne advantage to compute the impact parameter in space instead that in R� and z pro-jections separately is that the potential R� � z correlation in the track parameters isautomatically included in all the physical observables connected with the impact parame-ters. However, the error of the impact parameter in space is more complicated to estimate.For convenience we express ~�a in a local helix frame in the vicinity of the reconstructedhemisphere primary vertex ~V , de�ned by 3 unitary vectors: t̂ and n̂ are the tangentand normal (on the R� plane) to the track in the R� projection and k̂ is a vector alongthe z direction. The vector ~�a can be expressed as a function of �a and �az previouslyintroduced: ~�a = �an̂+�az k̂ (26)It is convenient to de�ne an unit vector d̂a in the direction of ~�a, by ~�a = �ad̂a. For smalldisplacements in the interaction region, the contributions due to errors on track anglescan be ignored. The error �a on �a can be expressed by�2a = �d̂a � n̂�2 �2�a + �d̂a � k̂�2 �2�az + 2 �d̂a � n̂� �d̂a � k̂� cov(�a;�az) (27)The quantities ��a , ��az and cov(�a;�az) are given by equations (24) and (25). The track-vertex correlation e�ects have been again neglected.The procedure followed to estimate the error on the track-jet distance �J (��J ) issimilar to the one described before for the impact parameter in space. The additionalcomponent to be considered in the error propagation is the angular uncertainty on the jetaxis determination. The jet direction uncertainty can be written asd ~J = d�J n̂J + d�J êJ (28)where n̂J and êJ are two orthonormal vectors both perpendicular to the jet axis ~J . d�J andd�J represent small displacements along the \north" and \est" directions given by n̂J andêJ respectively. These small displacements are connected to the angular uncertainties inthe jet axis measurement. It can approximated that the mean values of both displacementsare similar and equal to the jet axis resolution �jet. In Z ! b�b events, typical resolutionsin the estimate of the B hadron direction of about 70 mrad are obtained, improving toabout 50 mrad for jet energies above 10 GeV. The error on �J can then be determinedapplying error propagation to the expression (14). However, a simplest expression for �Jcan be obtained if we take as reference point of the track ~Pa instead of ~P0. In that case~�a � ~Ta = 0 and expression (14) is simpli�ed to�2J = �2a � q2J1� �~T � ~J�2 (29)The �nal expression for ��J can easily be obtained after a little of algebra from equations(10), (26), (28) and (29).The errors associated to the projected impact parameter on the jet axis qJ (�qJ ) andon the track-jet abscissa sJ (�J) are calculated using exactly the same procedure as forthe track-jet distance error. 13



6.6 Impact parameter signi�canceThe ratio between the impact parameter and its error gives the statistical signi�cance ofthe measured impact parameter. Figure 5 represents the signi�cance, S = �a=�a in 1994for (a) tight 3D tracks and (b) tight 2D tracks for data and Monte Carlo simulation.For simulation, the composition of uds, c and b quarks is shown. The large positive tailis the lifetime signal. The negative half of the distribution measures the resolution ofthe impact parameter reconstruction, arising from inaccurate track reconstruction (thissample of tracks is mainly produced at the interaction point and have no true impactparameter). This resolution e�ect should be equally likely to be positive or negative. Inboth cases, 3D and 2D metric, the negative part of the resolution is well �tted to the sumof four Gaussians plus one exponential function. These �ts are a direct measure of theresolution function R(S) for the impact parameter signi�cance.Unfortunately a complete, physically motivated parameterization of the non-Gaussiantail does not exist since there are many sources of completely di�erent nature which pro-duce it. They include unavoidable mistakes in the track search algorithm producing largeimpact parameters, interactions of the particles with the detector material, decays oflong-lived particles (K0, �), presence of secondary vertices, etc. That is why the param-eterization is rather complex and arbitrary. The non-Gaussian tail depends signi�cantlyon the criteria which are used for the selection of tracks and events.
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(b)Figure 5: Signed impact parameter over the error (signi�cance) with respect the hemispherevertex in the 1994 period for (a) 3D tight tracks and (b) 2D tight tracks.
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7 Tracking tuningThe accuracy of the Rb measurement relies on a close agreement between the observeddata distributions and those predicted by the detailed detector simulation. The physicalevents generated [5] are passed through a complex and detailed simulation of the Del-phi detector [6]. In a second step, these simulated raw data are analyzed through thesame reconstruction programs [10] as the data. However, after this procedure some dis-agreements remain between data and simulation in the individual track resolution and inthe primary vertex description. It is not drastically large but nevertheless, this can spoilthe precise determination of Rb due to data/simulation disagreements.Both the generation of the intrinsic physical parameters and the simulation of thedetector response must be as realistic as possible. In studies of b quark events basedon the separation of their origin and decay points, the charged track impact parameterresolution and the primary vertex reconstruction uncertainty are the most crucial part ofthe detector response. The two most important features to reproduce are the resolutionfunction R(S) of the impact parameter signi�cance S and the mean number of VD hitsassociated to tracks. The procedure used for tracking tuning is the Delphi standardmethod which is described in reference [11].8 Probability of primary vertex decay productsThe resolution function measured from negative impact parameters tracks can be used toextract the lifetime information from the positive impact parameter tracks by following themethod �rstly proposed by the Aleph Collaboration in [12] and adopted by Delphi[13].This is done by de�ning a probability function for the tracksPT (S) = Z �jSj�1 R(s)ds (30)In order to take into account the number of VD hits, we considered separate resolutionfunctionsR(s) for each con�guration. This integrated probability represents the probabil-ity that a measurement of the signi�cance S is larger than the observed one. PhysicallyPT (S) is interpreted as the probability that the track is consistent with coming fromthe primary vertex given its measured signi�cance. For a set of N tracks the integratedprobability is PN =Y N�1Xj=0 (� lnQ)jj! (31)By construction, a 
at distribution of PN is expected for a group of tracks from theprimary vertex, provided that signi�cances are not correlated. If the group includes tracksfrom secondary vertices, the distribution has a peak at low values of PN . In simulationthe distribution of PN for light quark is approximately 
at, while for b quarks it has asharp peak at 0. In light quark events there is also a small peak (signi�cantly lower thanfor b and c quarks) at low values of probability, due to residual tracks from V 0 decaysor interactions in the detector material (like e+e� pairs). For tagging hemispheres, thisvariable can be applied to tracks belonging to each hemisphere separately (PH).15



9 Search for secondary verticesThe detection of secondary and tertiary vertices signi�cantly separated from the primaryvertex is also a signature of B hadrons. This signature carries some independent informa-tion with respect to positive impact parameters, leading to di�erent systematic sensitivityon Rb. We shall call secondary particles produced at the B decay vertex and tertiaryparticles originating from the charmed hadron which decays later. The two group of par-ticles are disconnected in space, but the low decay multiplicity and short decay rangestogether with the limited resolution of the tracking system limit the possibility of separa-tion of the two vertices. Then it happens that decay products are in most of cases mergedinto a single vertex. Also vertices could be reduced to single tracks.In order to determine the presence of secondary and even tertiary vertices, a searchfor disconnected groups (that do not share tracks) of charged particles which intersectin space at a su�cient distance from the primary vertex has been implemented. Thesearch is hierarchical: groups of �ve or more particles are searched �rst. If none are foundor if so, among particles external to these multiplets, quadruplets are searched. Thenthe procedure is repeated for triplets, doublets and singlets (group reduced to a singleparticle).The intersection ~Asc of the group of tracks is de�ned from a geometrical �t similarto that of equation (8), but now without the inclusion of the beam spot constraint. Thevertex �t probability and the proper decay length of the multiplet is the criteria used toaccept the group. The decay length is de�ned as the distance between the hemisphereprimary vertex and the secondary vertex candidate projected on the 
ight direction ~Jsc,approximated by the total momentum direction of the multiplet. From the decay length,it is straightforward to compute the proper decay length of the multiplet by the expressionc�0 = c�msc=psc, wheremsc is the invariant mass of the vertex and psc its total momentum:c�0 = ���!V Asc � ~Jscmsc=psc (32)By de�nition, the distance is signed positive if the range goes in the same direction as themomentum of the multiplet.Tight tracks involved in the secondary vertex search were required to pass furthercuts. They had to have:� positive impact parameter;� a momentum p greater than 0.5 GeV/c; and� a low probability (using equation 8) for the other tracks of the hemisphere to �t amain vertex (less than 1%). This condition is implemented to remove con�gurationswith only one track, which a�ects essentially the uds 
avour. In b hemispheres themultiplicity of secondary tracks is about 5.5 in average and therefore the con�gu-ration with a single secondary track is rare. The condition improves slightly thepurity of the selection.Requirements used for the multiplet de�nition varies with multiplicity, being tighterfor triplets and doublets:� a �t probability > 10%; 16



� a decay length > 1:0 mm (> 1:5 mm for doublets and triplets);� a proper decay length > 0:2 mm (> 0:25 mm for doublets and triplets);� for doublets and triplets, a vertex �t probability for the remaining non associatedtracks of the hemisphere < 10%.For the tracks that have not been associated to none of the previous multiplets, asinglet search is performed at the last stage. Two situations are distinguished. In the�rst case a multiplet has already been found. There is a good chance for a b hemisphere,where two vertices (one secondary and one tertiary) are in principle present, to have onlyone charged particle attached to one vertex (this is often the case of a D+). Then thevertices are not saturated, and information can still be provided by single tracks. Theconditions for the search for such singlets are not severe:� track momentum > 2:0 GeV/c;� track signi�cance S > 3:0;The second situation is when no multiplets have been found. The con�guration isdisfavourable because the hemisphere is probably non b. But if it is b, it may happensthat both the secondary and the tertiary vertex have only one charged particle attachedor seen. For this reason, we look for pairs of singlets, by imposing tighter conditions thanpreviously:� angle of the track with respect to the most energetic jet of the hemisphere < 30�;� track momentum > 2:0 GeV/c;� an intersection of two tracks is computed, which allows to compute a proper decaylength required to be > 0:20 mm;� the �t probability of the pseudo-intersection should be greater than 1%, and theprobability of the other tracks to be associated in a main vertex < 1%.As an example, �gure 6 shows the distribution of the proper decay length and massresulting from the search for quintuplets and quadruplets for a 1994 Monte Carlo sub-sample. For the same data set, table 4 summarizes the performances of the secondaryvertex algorithm for each type of con�guration. The reached purities of the di�erent con-�gurations are good with a 42.7% of hemispheres having at least one singlet or multipletfound, with a mean purity of 83.0%. For sextuplets, quintuplets and quadruplets havinga sizeable total e�ciency of about 12%, the purity is higher than 95%. This algorithmwill help in tagging performances in the relevant region of high purity for the Rb analysis.The algorithm described before provides �nally a full list of candidate to secondaryand tertiary vertices with their proper decay lengths and invariant masses. How theseinformations are combined to construct tagging variables will be described in section 11.
17
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Figure 6: Results of the search for candidates to secondary vertices with �ve (a,b) andfour (c,d) tracks for a 1994 simulation sample. The two most important physical quantitiesassociated to the vertex (proper decay length c�0 and invariant mass msc) are shown. The
avour composition of the selected vertices is also shown. Horizontal scale is in cm. A cut at0.02 cm is performed on the proper decay length. This cut is already included in the invariantmass distributions.10 Weights of B hadron decay productsAnother information that can be taken from impact parameters is the \counting" ofdirect secondary particles coming from B hadron decays, prompt as well as cascade. This\counting" can be alternatively done by assigning some kind of probability or weight toeach track. In order to optimize the information provided by individual tracks (lifetimeas well as event shape properties) several probabilities or weights !i are assigned to eachparticle as a function of:� the rapidity y of the tight track, de�ned asy = 12 ln E + pkE � pk! (33)where E is the energy of the track and pk its longitudinal momentum with respectto the jet axis;� the momentum p of the tight track; 18



Table 4: b e�ciencies and purities as a function of several multiplet and singlet con�gurationsfound by the secondary vertices search algorithm. These results are obtained from a simulated1994 data sample.Hemisphere condition b purity(%) b e�ciency(%)None 21.9 100.0Sextuplets 98.8 3.4Quintuplets 96.2 4.3Quadruplets 92.4 4.5Triplets 86.9 15.2Doublets 77.9 14.7Singlets 86.4 26.9Multiplets 84.7 37.8Singlets and no multiplets 71.8 4.9No singlets and multiplets 77.8 15.8Singlets and multiplets 90.4 22.0Singlets or multiplets 83.0 42.7� the impact parameter magnitude over its error, i.e. the signi�cance S = �a=�a fortight 3D tracks or S = �a=��a for tight 2D tracks;� the track-jet abscissa over its error sJ=�J for tight 3D tracks and the projectedimpact parameter on the jet axis over its error qJ=�qJ for tight 2D tracks;� the track-jet distance over its error �J=��J for tight 3D tracks.The choice of these observables has a direct physical motivation. The rapidity y andthe momentum p allows to distinguish between leading and non-leading particles. Forinstance, momentum and rapidity of D decay products are higher (in average) than in Bdecays. The signi�cance S and sJ=�J (or qJ=�qJ ) are designed to separate tracks origi-nated from non-vanishing lifetime hadrons4. Finally the ratio �J=��J tries to distinguishbetween prompt secondary tracks and cascade tracks in B decays.These weights are modelized using the Monte Carlo simulation and they are computedfrom the ratio of 1D histograms for B decay products over the corresponding 1D histogramfor all tracks. In the case of S and sJ=�J the weights are computed from 2D histogramsin order to include the correlation between both variables. The weights are normalized toits maximum value as it is shown in �gure 7 for the 1994/1995 simulation data sample.From these individual track weights, two global track weights are computed in anattempt to combine the di�erent informations:W i1 = !i(y) !i(p) !i(S; sJ=�J) (34)W i2 = !i(y) !i(p) !i(�J=��J ) (35)W1i and W2i shares the rapidity and momentum dependence, but di�ers in the lifetimeweights. The �rst one, W1i , is sensitive to the impact parameter signi�cance S and the4In the following, the ratios �a=�a and sJ=�J will indicate the proper tight 3D track ratios as well asthe corresponding to tight 2D tracks, i.e. �a=��a and qJ=�qJ respectively.19
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Figure 7: Single track weights of B decay products normalized to its maximum value as afunction of: (a) the product of rapidity by the logarithm of the momentum, y ln(1 + p), forall the tight tracks; (b) the signi�cance S for tight 2D (dotted line) and tight 3D (continuousline) tracks; (c) the the track-jet abscissa over its error sJ=�J for tight 2D (dotted line) andtight 3D (continuous line) tracks; (d) the track-jet distance over its error �J=��J for tight 3Dtracks.normalized track jet abscissa sJ=�J . The second weight, W2i , is sensitive to the track-jetsigni�cance �J=��J . There is no strong physical reason for these combinations which maynot be optimal, but they seem the most natural ones. How these weights are used intagging variables is described in section 11.11 De�nition of the multivariate tagging variablesFrom the ingredients described in previous sections, a set of 13 variables is computedindependently in each hemisphere. Some of the variables described in the following wereoriginally proposed in [1]. However, many new variables have been de�ned and otherre�ned. Here we perform a full description of all the variables.Figures 8 to 10 display the distributions of these variables for uds, c and b 
avoursobtained from the simulated sample tuned for the 1994 Delphi data. Figures are plottedwith a logarithmic scale, and the contributions of the three 
avours are on top of eachother for readability. Real data are superimposed to show the quality of the Monte Carlodescription of the data. 20



11.1 Variables from secondary vertex searchThree variables summarize the results of the secondary vertex search described in section9. They include multiplicities, masses and proper decay lengths. They are shown in �gure8.11.1.1 Secondary vertex counter (SumNSV)The SumNSV variable tries to count the number of secondary and tertiary tracks. Fromthe number of multiplets and singlets obtained in the secondary vertex search algorithm,it is given by: SumNSV = 6Xn=1nNn (36)where Nn is the number of multiplets of multiplicity n found.11.1.2 Secondary vertex proper decay length (SumDSV)The variable SumDSV is similar to SumNSV. It sums the proper decay lengths of themultiplets weighted by their multiplicities:SumDSV = c� 00 + 6Xn=1nc�n0 (37)where c�n0 is the average proper decay length of the multiplets of multiplicity n found inthe hemisphere. To the sum is added a default value c� 00 . In the case when there is nosinglets and multiplets SumDSV would be 0. The term c� 00 smears this peak at zero andintroduces also some decay length information. c� 00 is a proper decay length computed forall the tracks of the most energetic jet of the hemisphere verifying p > 1:5 GeV/c. Apartfrom this term, when one multiplet is found, SumDSV is the product of its proper decaylength by the multiplicity.11.1.3 Secondary vertex mass (MaxMSV)The variable MaxMSV is the maximum invariant mass of:� all the multiplets (multiplicity higher than 1);� all the possible combinations of pairs formed with all the multiplets and singlets.Behind considering pairs is the idea that, if secondary and tertiary vertices are separated,they should be combined to make a B hadron.11.2 Variables using B decay weightsThese �ve variables are weighted counters of B hadron decay products and of some oftheir characteristics. Figure 9 displays the distribution of these variables for uds, c and b
avours for the 1994 Delphi data and simulation. The most selective by itself is 
1.21
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Figure 8: Distribution of b tagging variables from secondary vertex search for the 1994 datasample. Real data are superimposed to show the quality of the Monte Carlo description of thedata. For simulation the contribution of uds, c and b 
avours is also shown.11.2.1 Weighted mass (!mass)This is an adaptation of a variable originally proposed by the Aleph Collaboration [14].Particles are �rst ordered by decreasing consistency to be a B decay product, the criteriabeing the W i1 weight. They are iteratively combined, starting from the track of highest bconsistency, until the invariant mass of the group exceeds 2.0 GeV/c. The value of !mass isde�ned as the track weightW i1 of the last track added. For b hemispheres this can be highsince the D hadron mass can be exceeded using only tracks from the B hadron decay;while for c hemispheres !mass is much smaller, as tracks from the primary vertex areneeded to exceed the same cut-o�. That mass cut helps in the rejection of c hemispheresin which the D hadron has an unusual long decay length.11.2.2 Total weight 1 (
1)The variable 
1 is designed to count the total number of secondary particles and iscomputed as 22




1 =Xi W i1 (38)11.2.3 Total weighted p? (
p?)This variable is de�ned as the weighted sum
p? =Xi W i1p2? (39)The sum of p2? weighted by b probabilities intend to enhance the feature that b productshave in average larger p2?. The higher p2? in b decays is due to the higher mass of the Bmesons.11.2.4 Total weighted p (
p)This is a weighted variable similar to the previous one, which intends to compute the sumof p of secondary particles: 
p =Xi W i1p (40)This sum intends to be large for the b 
avour, the B hadron carrying most of the initialquark momentum.11.2.5 Total weight 2 (
2)This variable, speci�c of 3D tracking, is only de�ned for the 1994 and 1995 data samples.Like 
1, the 
2 is designed to count the total number of \tertiary" tracks, since the weightW i2 based on the track-jet distances: 
2 =Xi W i2 (41)11.3 Miscellaneous variablesFigure 10 displays the distribution these �ve variables for uds, c and b 
avours for the1994 Delphi data and simulation.11.3.1 Boosted sphericity (lnS)This variable is the only one computed exclusively with four-momenta. The jet sphericityof the particles belonging to the most energetic jet in the hemisphere is evaluated withrespect to an estimated rest frame of a B hadron. The B hadron is assumed to move alongthe jet direction. A boost, along the jet direction, with a Lorentz 
 parameter is neededto perform the transformation from the laboratory frame to the B rest frame. MonteCarlo studies show that at Z energies the optimum value is 
 ' 4. The sphericity in thisframe is expected to be larger for b�b events than for the other 
avours. The sphericity isde�ned as [15] 23
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Figure 9: Distribution of b tagging variables from single track B decay weights for the 1994data sample. Real data are superimposed to show the quality of the Monte Carlo descriptionof the data. For simulation the contribution of uds, c and b 
avours is also shown.S = 3Pa j ~p a? j22Pa j ~p a j2 (42)where ~p a is the three momentum of the ath particle and ~p a? is taken relative to the axiswhich minimizes Pa j ~p a? j2 (local sphericity axis).11.3.2 Normalized decay path (�)A \pseudo" secondary vertex �t is attempted in the hemisphere. The most energetic jet ofthe hemisphere is again associated to the primary quark direction. Only particles makingan angle of less than 20� with the jet axis, with an impact parameter with respect to thehemisphere primary vertex ~V of less than 3 mm in space are candidates to the secondaryvertex. The �t provides the position ~A0sc of a secondary vertex and its covariance matrix.If there is only one track remaining in the �t, ~A0sc is taken as the intersection in the R�projection or in space of this track and the jet axis passing through the main hemispherevertex ~V . If no track is found in the cone, the procedure is applied to the second mostenergetic jet. 24
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Figure 10: Distribution of several b tagging variables for the 1994 data sample: lnS is thelogarithm of the boosted sphericity of the most energetic jet of the hemisphere, the normalizeddecay path �, sum of projected impact parameter �, the number of excluded particles Nexcluin the primary vertex �t and the hemisphere primary vertex decay products probability (P+H ).Real data are superimposed to show the quality of the Monte Carlo description of the data.For simulation the contribution of uds, c and b 
avours is also shown.
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An algebraic distance D along the jet direction ~J is de�ned for each hemisphereD = ���!V A0sc � ~J (43)and dividing by its error �D the \pseudo" normalized decay path variable � is� = D=�D (44)11.3.3 Sum of normalized track-jet abscissa (�)The sum of the normalized track-jet abscissa is de�ned for tight 3D tracks as� =Xi siJ=�iJ (45)and for tight 2D tracks it is replaced by the normalized projected impact parameter:� =Xi qiJ=�qiJ (46)The � distribution is expected to be centered at zero for the uds 
avour while for c andb an asymmetry in the positive direction is expected, due to the fact that decay productshave positive track-jet abscissa or projected impact parameter.11.3.4 Excluded particles (Nexclu)Nexclu is the number of excluded particles during the iterative procedure of the hemispherevertex �t described in section 5. This variable, which is correlated to the weighted sum
1, is highly selective by itself.11.3.5 Hemisphere primary vertex probability (P+H)This variable is basically the standard Delphi b tagging criteria, whose de�nition hasbeen detailed in section (8). Originally proposed by Aleph [12], this probability wasadapted to Delphi on the basis of a common event vertex [13]. However, in this analysis,the recalculation of a primary vertex distinct for each hemisphere imposes to recomputethe variable in order to rede�ne the signi�cance S and the resolution function R(S).The analytical parameterization of the resolution function was computed separately fortight 2D and 3D tracks. As tight 2D and 3D tracks may be found together in the samehemisphere, the individual track probabilities take into account the type of each track,and the calculation of the global probability PN given in equation (31) can be done. Toincrease the selection power of the variable, only tracks with positive impact parameter(which contain the lifetime information) are included in PN .12 Flavour con�dencesIn order to improve the performances of the multivariate technique, we have tried toincorporate the know-how of other multivariate-like techniques developed by Delphi intoa global multivariate classi�er. Such a very interesting and elaborated technique, called
avour con�dences, was proposed in reference [16]. Similarly to the multivariate approach,26



the con�dence method is based not only on the track impact parameters but also on twoother kinematic variables, the track momentum and the angle with respect to the jet axis.The track information is used di�erently in both techniques, so the overlap between themis expected not to be complete and interesting gains in performances can be obtained in acombination. Like the variable P+H described in 11.3.5, these con�dences has been adaptedwith respect to [16] to the reconstruction of one primary vertex for each hemisphere.The method uses the simulation to build a function which gives the fraction of trackswhich come from b, c and uds quarks in a bin of the three particle characteristics: impactparameter over its error �a=�a, momentum p and angle � to the jet axis. There arekinematic e�ects in the decay of B hadrons which produce correlations between the threequantities, but they are automatically taken into account by the 3D binning.For each single track an individual 
avour con�dence is computed asCl(�a=�a; p; �) = fl(�a=�a; p; �)fuds(�a=�a; p; �) + fc(�a=�a; p; �) + fb(�a=�a; p; �) (47)where fl(�a=�a; p; �) = Nl(�a=�a; p; �)N totall (48)Nl(�a=�a; p; �) is the number of events in the bin (�a=�a; p; �) with initial quark 
avourl (taken from simulation) and N totall is the total number summed over all bins. Theindividual 
avour con�dences must be combined to make the hemisphere tag:CONFuds = 3Qi Ciuds3Qi Ciuds +Qi Cic +Qi Cib (49)CONFc = Qi Cic3Qi Ciuds +Qi Cic +Qi Cib (50)CONF b = Qi Cib3Qi Ciuds +Qi Cic +Qi Cib (51)Cil being the l-
avour con�dence for track i. The factor 3 has the same physical motivationas in equations (2), (3) and (4). Figure 11 displays the distribution the hemispherecon�dences for uds, c and b 
avours for the 1994 Delphi data and simulation.13 Combined multivariate/con�dences taggingThe two tags, multivariate and con�dences, can be combined using a simple linear com-bination for each 
avour. In order to be homogeneous with the multivariate 
avourlikelihoods Luds, Lc and Lb, we have to take the logarithm of the di�erence to unity ofeach 
avour con�dence:�uds = (1� �)Luds � � ln(1� CONFuds) (52)�c = (1� �)Lc � � ln(1� CONFc) (53)�b = (1� �)Lb � � ln(1� CONF b) (54)27
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Figure 11: Distribution of uds,c and b con�dences in 1994 simulation and data. Real data aresuperimposed to show the quality of the Monte Carlo description of the data. For simulationthe contribution of uds, c and b 
avours is also shown.The quantities �uds, �c and �b are called 
avour multivariate discriminators and arethe basis of the classi�cation. This way to combine has been proven to be the best ofseveral tried.It could also be possible to optimize one value of � di�erent for each 
avour,but it happens that in practice the same value optimize the three 
avours. The quotedvalue was � = 0:8. Luds, Lc and Lb are calculated from the 13 variables described insection 11, while the 
avour con�dences are based on the 3 variables of section 12. Theapparently high ratio �=(1 � �) = 4 is due to the fact that the range de�nition of themultivariate 
avour likelihoods is higher than the corresponding to the 
avour con�dences.It corresponds approximatively to an equal weight of the two components. Figure 12 showthe distributions of the 
avour multivariate discriminators for all the 1991 to 1993 and1994+1995 data and simulation separately. It can be seen that the agreement betweendata and Monte Carlo is good, thanks to a very very �ne physics and detector tuning ofthe simulation.
28



10 3

10 4

10 5

0 1 2 3 4
∆uds

Nu
m

be
r/0

.08

10 3

10 4

10 5

0 0.2 0.4 0.6
∆c

Nu
m

be
r/0

.01
4DELPHI 1991-1993

10 2

10 3

10 4

10 5

0 2 4 6 8 10 12 14 16 18 20
Multivariate Discriminator ∆b

Nu
m

be
r/0

.4

10 2

10 3

10 4

10 5

0 2 4 6
∆uds

Nu
m

be
r o

f e
ve

nt
s/0

.12

10 3

10 4

10 5

10 6

0 0.2 0.4 0.6 0.8
∆c

Nu
m

be
r o

f e
ve

nt
s/0

.01
8DELPHI 1994+1995

10 2

10 3

10 4

10 5

0 2.5 5 7.5 10 12.5 15 17.5 20 22.5 25
Multivariate Discriminator ∆b

Nu
m

be
r o

f e
ve

nt
s/0

.5

Figure 12: Distribution of the multivariate discriminator � in the uds, c and b tags for all the1991 to 1993 (above) and 1994+1995 (below) data and simulation. The di�erent types ofshading show the di�erent 
avour contributions to the simulated event sample. The simulationdistributions are normalized to the data statistics.
29



0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8 0.825 0.85 0.875 0.9 0.925 0.95 0.975 1
Purity b tag

Ef
fic

ie
nc

y 
b 

ta
g

1995

1994

1993

1992

1991

DELPHI

Figure 13: The hemisphere b e�ciency obtained as a function of the b purity in tagginghemispheres with the multivariate technique for each year.14 Tagging performancesThe e�ciency of the hemisphere b tag as a function of the b purity for each data set isgiven in �gure 13. Figure 14 plots for the three tags the background e�ciencies versusthe tag e�ciency. The background e�ciencies are the probability to classify the wrong
avours in a given tag. Results have been averaged and presented separately for the1991-1993 and 1994+1995 periods, since the di�erent microvertex setup leads to verydi�erent tagging performances. The plots are obtained for hemispheres within an angularacceptance of 0.65 on j cos �thrust j. From �gure 13, for purities of 90%, the e�ciency isapproximately 48% in 1994+1995 and about 37% in 1991-1993. At 95% purity, e�cienciesare about 38% and 28% respectively. At 98% purity, the e�ciencies drop to about 28%and 18%. Reading �gure 14, for a b e�ciency of 20%, the mistag probabilities are: a) in1994+1995, less than 0.02% for uds quarks and 0.2% for c quarks, and b) in 1991-1993,about 0.04% for uds and 0.6% for c quarks. Therefore very high purities can be reachedin the b identi�cation with certainly important b e�ciencies.It should be stressed that this tool provides also uds and c tags. Their performances areby far poorer than of the b tag. For instance, for a 15% uds tag e�ciency, the backgrounde�ciencies are about 5% for c quarks and less than 1% for b quarks, for all data. For a 15%c tag e�ciency, the background e�ciencies are less than 5% for both uds and b quarks in1994+1995. In 1991-1993, for the same e�ciency, the uds background is about 7% andthe b background less than 7%. Figure 15 shows the e�ciencies of the hemisphere uds and30



c tags as a function of the corresponding purities for each data sample. Interesting is theimprovement in c performances of the 1994+1995 data sample with respect to the 1991-1993. These tags can be used alone or combined between them and with the powerfulb tag. For example, the quality of the uds and c tags can be improved by reducing bcontamination by imposing extra cuts on the b multivariate discriminator Lb.However, although the uds and the c tags are poor compared to the b tag ones, bothtags can help in the rejection of b tag backgrounds for the precise Rb determination.Moreover, and what it is more interesting, they are a fundamental part of the techniqueused to self-calibrate the tagging, so reducing dependences on simulation models andtherefore reducing important systematic uncertainties a�ecting the Rb determination.
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Figure 14: The hemisphere backgrounds in each 
avour tag as a function of the correspond-ing 
avour e�ciency with the multivariate technique. The quoted performances are shownseparately for 1991-1993 data and 1994+1995 data separately due to the di�erent taggingperformances due to the di�erent microvertex detector setup.15 Hemisphere-hemisphere tagging correlationThe hemisphere-hemisphere tagging correlation coe�cient is de�ned as31
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(b)Figure 15: The hemisphere uds and c e�ciency obtained as a function of the uds and c purityin tagging hemispheres with the multivariate technique for each year.
�b = double tag rate(�Hem 1b ;�Hem 2b )single tag rate(�Hem 1b ) single tag rate(�Hem 2b ) � 1 (55)where �Hem 1b and �Hem 2b are the multivariate discriminator cuts for hemispheres 1 and2 respectively. Figure 16 shows the correlation coe�cient when cutting on the same valueon both sides of the event. By following the method described in [2, 3] to split the totalcorrelation into sources, it can be shown that this correlation is basically due to thephysics from gluon radiation. All correlation sources described in section 5 all thereforepractically eliminated. Other smaller sources of correlation are due to angular e�ects ofthe vertex detector acceptance.16 Giving access to the multitagThe multivariate tags have been stored on ntuples [17], produced for real data samplesand the standard simulation samples. For an event, it can be accessed easily with thehelp of two subroutines. To open a new tagging �le, the subroutineCALL MDADEB(LUNTU,NTUNAM,IFLAG)has to be called with the parameters: 32
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O NATQ 
avour of the event (1=uds, 2=c, 3=b or 0 if unknown in simulation. Always 0in data);O EVID event and hemisphere identi�er (4 words):EVID(1) run number;EVID(2) event number;EVID(3) cos �thurst;EVID(4) �thurst;O DMULT1 multivariate discriminators �uds, �c, �b for hemisphere 1:DMULT1(1) uds 
avour;DMULT1(2) c 
avour;DMULT1(3) b 
avour;O DMULT2 multivariate discriminators �uds, �c, �b for hemisphere 2:DMULT2(1) uds 
avour;DMULT2(2) c 
avour;DMULT2(3) b 
avour;cos �thurst and �thurst de�ne the direction of the event thrust axis for hemisphere labelledas 1. If anyone wishes to have access to the multivariate tags, please contact the au-thors (martinef@afsmail.cern.ch) for assistance and to provide the subroutines andthe tagging �les.17 ConclusionsThe algorithm and performances of a multivariate 
avour tagging algorithm at Lep 1have been described with detail for the full Lep 1 data taken by Delphi. Interestingimprovements in b and c tagging performances are quoted in the 1994/1995 periods withrespect to the previous years due to the use of precise three dimensional informationand improved tracking capabilities of the detector. Tagging variables incorporate twoand three dimensional impact parameter reconstruction, transverse momenta, secondaryvertices and invariant mass reconstruction. The tagging technique has been optimizedfor the precise analysis of Rb, in particular what refers to the separated reconstruction ofthe primary vertex for each hemisphere in order to achieve an almost hemisphere taggingindependence. However, the 
avour tagging can be used in otherDelphi analyses withoutany signi�cant modi�cations.Finally, it should be underlined that the measurement of Rb provides also an accuratemeasurement of the tagging probabilities. The multivariate tag can be calibrated on thedata itself. This allows to reduce the dependence on simulation if one wants to separatethe contribution of uds, c and b 
avours.
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