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1 IntroductionThe relative decay width of the Z into B-hadrons, R0b = �b�b�had , has been measured with veryhigh precision at LEP and SLD [1, 2, 3, 4, 5, 6]. Experimentally, R0b can be obtained withonly very small corrections from the ratio of cross-sections Rb = �(e+e� ! b�b)=�(e+e� !hadrons). The average value of R0b [7] disagrees by about two standard deviations with theprediction of the Standard Model. To resolve the question of whether this deviation is real,new analyses including more data are needed. This paper presents three measurementsof Rb using about 2.1 million hadronic events taken in 1994 and 1995 with the DELPHIdetector at LEP.All three analyses compare single and double tag rates, from which Rb can be measuredtogether with the b-tagging e�ciency. Systematic errors due to the charm backgroundand to hemisphere correlations have been considerably reduced with respect to previ-ous analyses [3] using new variables to identify the b-quarks and di�erent algorithms toreconstruct the primary vertex.The data collected in 1994 and 1995 have been reprocessed with a new reconstructionprogram that greatly enhances the tracking e�ciency and resolution with respect to theprevious one. The data from earlier years (1991{1993) are still under reprocessing, andso are not included in the current results.2 The DELPHI DetectorThe DELPHI detector and its performance have been described in detail elsewhere [8, 9].Only the details most relevant to this analysis are mentioned here and particular care isgiven to the new microvertex detector, installed in spring 1994, that allowed high valuesof purity and e�ciency in the identi�cation of the b quarks to be reached.In the barrel region, the charged particle tracks are measured by a set of cylindricaltracking detectors whose axes are parallel to the 1.2T solenoidal magnetic �eld and tothe beam direction.The innermost one is the microvertex detector (VD), which is located between theLEP beam pipe and the Inner Detector (ID) [10, 11]. To increase the performance of thedetector in tracking and especially in the identi�cation of B-hadrons, in 1994 the DELPHIVD [10] was upgraded to become a three-dimensional detector [11]. It consists of threeconcentric layers of silicon microstrip detectors at radii of 6.3, 9 and 11 cm from the beamline, respectively called the closer, inner and outer layers. The microstrip detectors of thecloser and outer layers provide hits in both the R� and the Rz planes, while for the innerlayer only the R� coordinate is measured. For polar angles of 44� � � � 136� a trackcrosses all three silicon layers of the VD. The closer layer covers the polar region between25� and 155�.The measured intrinsic resolution is about 8�m for the R� coordinate, while for Rzit depends on the incident polar angle of the track and reaches about 9�m for tracksperpendicular to the modules. For charged tracks with hits in all three R� VD layers theimpact parameter resolution is �2R� = ((61=(P sin3=2 �))2 + 202)�m2 and for tracks withhits in both Rz layers and with � � 90�, �2Rz = ((67=(P sin5=2 �))2 + 332)�m2.The time projection chamber (TPC) is the main tracking device and is a cylinder witha length of 3m, an inner radius of 30 cm and an outer radius of 122 cm. Between polar2



angles, �, of 39� and 141� with respect to the beam direction, tracks are reconstructedusing up to 16 space points. Outside this region (21� to 39� and 141� to 159�), tracks canbe reconstructed using at least 4 space points.Additional precise R� measurements, in the plane perpendicular to the magnetic �eld,are provided at larger and smaller radii by the Outer and Inner detectors respectively.The Outer Detector (OD) has �ve layers of drift cells at radii between 198 and 206 cmand covers polar angles from 42� to 138�. The Inner Detector (ID) is a cylindrical driftchamber having inner radius of 12 cm and outer radius of 28 cm and covers polar anglesbetween 29� and 151� . It contains a jet chamber section providing 24 R� coordinates,surrounded by �ve layers of proportional chambers giving both R� and longitudinal zcoordinates.The barrel electromagnetic calorimeter (HPC) covers polar angles between 42� and138�. It is a gas-sampling device which provides complete three-dimensional charge infor-mation in the same way as a time projection chamber. The excellent granularity allowsgood separation between close particles in three dimensions and hence good electron iden-ti�cation even inside jets.In the forward region the tracking is complemented by two sets of planar drift chambers(FCA and FCB), at distances of �165 cm and �275 cm from the interaction point. A leadglass calorimeter (EMF) is used to reconstruct electromagnetic energy in the forwardregion.Muon identi�cation in the barrel region is based on a set of muon chambers (MUB),covering polar angles between 53� and 127�. In the forward region the muon identi�cationis done using two sets of planar drift chambers (MUF) covering the angular region between11� and 45�.3 Event SelectionThe criteria to select charged tracks and to identify hadronic Z decays were identical tothose described in [3]. Charged particles were accepted if:� their polar angle was between 20� and 160�,� their track length was larger than 30 cm,� their impact parameter relative to the interaction point was less than 2.5 cm inthe plane perpendicular to the beam direction and less than 10 cm along the beamdirection,� their momentum was larger than 200MeV/c with relative error less than 100%.Neutral particles detected in the HPC were required to have measured energy largerthan 700MeV and those detected in the EMF greater than 400MeV.Events were then selected by requiring:� at least 6 reconstructed charged particles,� the summed energy of the charged particles had to be larger than 15% of the centre ofmass energy, with at least 3% of it in each of the forward and backward hemisphereswith respect to the beam axis. 3



The e�ciency to �nd hadronic Z decays with these cuts was about 95% (94%) for the1994 (1995) data sample with only a very small bias towards a speci�c 
avour, and allbackgrounds were below 0.1%.About 1400000 hadronic Z decays were selected from the 1994 data sample and 700000from 1995. The ratio of the cross-section Z ! b�b to the total hadronic cross-section variesvery little at centre of mass energies close to the Z mass. Thus no selection on the centreof mass energy was made in 1995. However the validity of this assumption has been testedin [3] and in section 5. A sample about twice the data statistics of Z ! q�q events wassimulated using the Lund parton shower Monte Carlo JETSET 7.3 [12] (with parametersoptimized by DELPHI) and the DELPHI detector simulation [9]. In addition dedicatedsamples of Z ! b�b events were generated. The simulated events were passed through thesame analysis chain as the real ones.4 The Combined Impact Parameter Analysis4.1 The methodEvents are divided into hemispheres using the plane perpendicular to the thrust axis. IfRH is the fraction of hemispheres tagged as b and RE is the fraction of events in whichboth hemispheres are tagged, Rb can be extracted by comparison of the single and doubletag rates: RH = Rb � �b +Rc � �c + (1�Rb � Rc) � �uds (1)RE = Rb � �2b � (1 + �) +Rc � �2c + (1� Rb �Rc) � �2uds;where �q is the e�ciency to tag a hemisphere originating from a primary quark q (=b, c,uds) and the coe�cient � accounts for hemisphere correlations in the tagging e�cienciesfor b-quarks. For the other quark species these correlation factors can safely be neglecteddue to the very high b purity reached. If �, �c and �uds are calculated from the simulationand Rc is imposed from other measurements or from the Standard Model, Rb and �b canbe measured simultaneously from the data. A good knowledge of the details of B-hadrondecays is thus not required.A new b-tagging algorithm was used. The main ingredient was the measurement of thetrack impact parameters. However it was complemented by additional information likethe invariant mass and the energy of particles �tted to a secondary vertex. Where to cutin this variable is arbitrary and the cut chosen for the results was that which minimizedthe total error. Results are given as a function of the b purity and b e�ciency of the datasample.The two contributions to the systematic error are the background e�ciencies andthe hemisphere correlation coe�cient �. The former can be substantially reduced usingthe purer tag. The second source is the correlation between the two hemispheres in theevent. From the previous analysis [3], it was estimated that the major contribution tothis came from the common primary vertex. The correlation can be substantially reducedwhenever a separate primary vertex is computed for each hemisphere (�rst used in [3]).The remaining correlation is discussed in section 4.4.As the VD is essential for the measurement of the impact parameters in both the R�and the Rz planes, the method was limited to events that have most of the tracks insidethe acceptance of the VD. For this reason a cut of j cos �thrustj < 0:65 was applied.4



For the extraction of Rb with such a method, a good description of the data by thesimulation for the udsc-quarks is required. For this reason a �ne tuning of the R� and Rzimpact parameter distributions in the simulation was developed and applied [13]. This ledto substantially smaller uncertainties due to the understanding of the detector resolution.4.2 Tagging techniqueB-hadrons are signi�cantly di�erent from all other particles. They have a large mass, along lifetime and a high decay multiplicity, they take more energy than light hadrons fromthe initial quark, etc. However in previous DELPHI measurements of Rb, only their longlifetime and the high decay multiplicity were used for the tagging [3]. In this paper wedescribe a method of b-tagging which combines all these di�erences of the B-hadron withrespect to other particles into a single variable. This method has a strong mathematicalbackground which guarantees the optimal way of combination in the case of uncorrelateddiscriminating variables. Application of this method gives a signi�cant improvement ofthe b-tagging e�ciency with respect to the lifetime tag used previously.In this method which is described in detail in [14] all discriminating variables arede�ned for jets (using JADE with ymin=0.01) with reconstructed secondary vertices. Thejets without reconstructed secondary vertices are not considered. Such a condition allowsthe properties speci�c to B-hadrons to be used for the tagging and allows the separation oftheir decay products from the particles coming from b-quark hadronization. In addition,the requirement of jets with reconstructed secondary vertices is a good selection by itselfas it removes a signi�cant part of the background. The purity of B-hadrons in jets withsecondary vertices is about 85% with a selection e�ciency of almost 50%.The reconstructed secondary vertex is required to contain at least 2 tracks not com-patible with the primary vertex and to have L=�L > 4, where L is the distance from theprimary to the secondary vertex and �L is its error. Each track included in the secondaryvertex should have at least one measurement in the VD and at least 2 tracks should havemeasurements in both the R� � and the R � z planes of the VD.The description of the discriminating variables is as follows.The jet lifetime probability, P+j , is constructed from the positively signed impactparameters of the tracks included in a jet and corresponds to the probability of a givengroup of tracks being compatible with the primary vertex [15, 16]. For jets with B-hadrons, this probability is very small due to the signi�cant impact parameters of tracksfrom B-decays. However, jets with c-quarks can also have low values of P+j because ofthe non-zero lifetime of D-mesons, which limits the performance of the lifetime tag. Thedistribution of � log10(P+j ) for di�erent quark 
avours is shown in �gure 1a.The distribution of the e�ective mass of particles included in the secondaryvertex, Ms, is shown in �gure 1b. The mass of the secondary vertex for c-jets is limitedby the mass of D-mesons and above Ms = 1:8GeV/c2 the number of vertices in c-jetsdecreases sharply, while that in b-jets extends up to 5GeV/c2.The distribution of the rapidity of tracks included in the secondary vertexwith respect to the jet direction, Rtrs , is shown in �gure 1c. Although a B-hadronhas on average higher energy than a D-meson from a c-jet, the rapidity of particles froma B-decay is on average less than that from a c-quark decay. This is explained by thehigher mass of the B-hadron and the larger multiplicity of its decays. The secondaryvertices in light quark jets are induced mainly by wrongly measured tracks. The wrong5



measurements occur due to multiple scattering in the detector, interaction in the material,etc so that tracks included in the secondary vertices of light quark jets are usually softand their rapidity distribution is shifted to lower values.The distribution of the fraction of the charged energy of a jet included in thesecondary vertex, Xchs , for di�erent quark types is shown in �gure 1d. In the case ofB-hadrons, when almost all particles included in the secondary vertex come from the B-decay, the distribution of Xchs is determined by the fragmentation function f(b! B). Thesame is valid for c-quark jets where the distribution of Xchs is determined by f(c ! D),which is softer than f(b! B). In light quark jets, the energy of the secondary vertex ismuch less than that in b-quark jets, as explained above.
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Figure 1: Distributions of discriminating variables used in the tagging.6



For the combination of discriminating variables we de�ne the following quantity:y = nc �Y f ci (xi)f bi (xi) + nq �Y f qi (xi)f bi (xi) = nc �Y yci + nq �Y yqi ; (2)where nc, nq is the normalized number of jets with a reconstructed secondary vertex in c�cand q�q events respectively (nc+ nq = 1) and f qi (xi), f ci (xi), f bi (xi) are probability densityfunctions of the variable xi in uds-, c- and b-quark jets.The products in (2) run over all tagging variables of a given jet. The variable Rtrsis de�ned for each particle included in the secondary vertex and so the correspondingratio of probabilities for each particle enters in equation (2). For the transformationsyci (xi) = f ci (xi)=f bi (xi) and yqi (xi) = f qi (xi)=f bi (xi) we use smooth functions which areobtained from a �t of the ratios of corresponding distributions. The jet is tagged ascontaining a b-quark if y < y0, where the value y0 can be varied to select the desiredpurity or e�ciency of tagging.Figure 2 shows the tagging e�ciency versus purity of the selected sample for di�erentcombinations of discriminating variables. It can be seen that the addition of each newvariable improves the tagging performance.The combined tagging in comparison with the simple lifetime tag P+j suppresses thecontent of background by more than 3 times for a b-tagging e�ciency of 30% and about6 times for a b-tagging e�ciency of 20%. A very pure b sample with purity more than99.5% can be obtained with the sizable b-e�ciency 20%.All distributions for this tagging method are taken from simulation, so that a check oftheir agreement with data is important for its successful application. For a measurement ofRb, only the agreement of background distributions should be veri�ed since the e�ciencyof b-quark tagging is taken from data.The high purity of the tagged sample allows the extraction from data of the distri-butions of the discriminating variables for background and the comparison of them withthose used in the simulation. B-hadrons in one hemisphere are tagged with a high purityof about 99% to give a clean and almost uncontaminated sample of B-hadrons in the op-posite hemisphere. The distributions of the discriminating variables in such hemispherescan be subtracted after appropriate normalization from the corresponding distributionsin the untagged sample of jets with secondary vertices. These contain large contamina-tion from other quark 
avours and thus the distributions of discriminating variables forbackground can be obtained.The comparison of these distributions in data and in simulation is shown in �gure 3.Good agreement in the background description for all variables used in the tagging canbe seen. Finally, �gure 4 shows the comparison of distributions of the combined taggingvariable � log10 y, where y is de�ned by (2).4.3 Light quark e�cienciesThe analysis was performed at many di�erent values of the b e�ciency and b purity. Theminimum total error in the 1994 data analysis was obtained for �b = 32.4%, i.e. for a cuton the variable � log10 y � 1.At this chosen working point the tagging e�ciencies for uds and c quarks were esti-mated using the simulation to be�uds = 0:00063� 0:00013 (3)7
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Figure 2: b-tagging e�ciency versus purity of selected sample of jets with reconstructedsecondary vertices for di�erent compositions of discriminating variables.
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�c = 0:00590� 0:00048:The breakdown of the errors is given in table 1. For all physics assumptions the recom-mendations of the LEPHF group [17] have been followed.To estimate the uncertainty on �uds and �c due to detector e�ects four tests were carriedout.� To estimate the e�ect of the resolution, the simulation was rerun with a tuning[13] that described the data much worse than the default one (about 4% relativedi�erence in the light and charm quark e�ciencies).� Another test for the e�ect of the detector resolution for �c was to use the calibration�le for data in the simulation. For �c this method was preferred since it directly teststhe di�erence between the data and the simulation used. However it gave resultsconsistent with the other method. For �uds it cannot be used, as it arti�ciallymodi�es the tagging rate due to statistical 
uctuations.� To estimate the e�ect of correlations between tracks included in the probabilitycalculation, the di�erence in tagging rate between data and simulation using trackswith negative impact parameters was taken as the uncertainty on �uds.� The track e�ciency in the simulation was varied by the amount of the residualdi�erence between the data and the Monte Carlo.The errors obtained with the �rst, third and fourth tests were added in quadrature toobtain the �nal detector uncertainty on �uds. For �c only the second and fourth tests wereused.4.4 Hemisphere correlationsIn the extraction of Rb, one has to correct for the fact that the two hemispheres in anevent are not completely uncorrelated. Due to the high purity, this e�ect can safely beneglected for non-b events. For b events a correlation coe�cient for the 1994 data analysis� = �(d)b�2b � 1 was introduced which was estimated from the simulation to be� = 0:0106� 0:0030 (4)at the chosen working point of � log10 y � 1.Two main e�ects are responsible for � not being equal to zero.� Angular e�ects: the particles in an event are typically nearly back to back. Thisleads to a positive correlation due to the polar angle. The multiple scatteringcontribution to the VD resolution increases with decreasing polar angle and closeto the end of the VD some tracks get lost outside its acceptance. There are alsosome minor e�ects connected with the azimuthal angle. Due to the 
atness of thebeamspot at LEP the resolution is better for horizontal than for vertical jets and dueto ine�cient or badly aligned modules the detector is not completely homogeneous.
11



Source of systematics Range ��uds � 105 ��c � 104MC statistics �2:3 �1:1Detector resolution �3:3 �1:3Detector e�ciency �1:0 �0:8K0 Tuned JETSET�10% �0:8Hyperons Tuned JETSET�10% �0:1Photon conversions �50% �0:4Gluon splitting g ! b�b (0:31� 0:11)%1 �10:9 �1:2Gluon splitting g ! c�c (2:38� 0:48)%1 �2:7 �0:3D+ fraction in c�c events 0:223� 0:0281 �1:8Ds fraction in c�c events 0:102� 0:0371 �0:5c-bar. fraction in c�c events 0:065� 0:0291 �1:3D decay multiplicity see [17] �1:3BR(D ! K0X) 0:46� 0:06 �3:0D0 lifetime 0:415� 0:004 ps �0:3D+ lifetime 1:057� 0:015 ps �0:4Ds lifetime 0:447� 0:017 ps �0:2�c lifetime 0:206� 0:012 ps �0:0hxE(c)i 0:484� 0:008 �0:5Total �13:2 �4:8Table 1: Systematic errors on the light and charm quark e�ciencies.1: Correlation between these sources are taken into account
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� QCD e�ects: the b-tagging e�ciency rises with the momentum of the B-hadrons.Gluons emitted at large angles with respect to the quarks a�ect the energy of bothquarks, leading to a positive correlation. In about 2% of the events both b quarksare boosted into the same hemisphere, recoiling against a hard gluon. This leads toa negative correlation.To obtain the systematic error on the correlation estimate from the simulation, thefraction of tagged events was measured as a function of the relevant variable both in dataand in simulation. From this, the correlation due to that single variable was calculated.This procedure uses the fact that the value of the test variable is correlated between thehemispheres, e.g. if one hemisphere has a cosine of its polar angle at z the other onehas it at �z. The larger of either a) the di�erence between the data and simulationmeasurements or b) the statistical error on this di�erence was taken as the error estimatefor this correlation source. For the angular variables all events have been used. Due to thehigh purity of the tag and because the initial angular distributions are identical for b andlight quark events no bias was introduced. It was, however, veri�ed that the conclusionsdid not change if a b-tag was required in the hemisphere opposite to the tested one.To test the correlation due to QCD e�ects, all events were forced to three jets and thejet momenta were recalculated using energy-momentum conservation. The momentum ofthe fastest jet (pjet) was then de�ned as the test variable with the convention that it wascounted positive in the one-jet hemisphere and negative in the two-jet hemisphere. Sincethe pjet distribution is di�erent for b and udsc events, a b-tag was required in the oppositehemisphere to avoid an arti�cial bias. As an additional complication, the two sources forQCD correlations act di�erently on the pjet distribution. If the two b quarks are one ineach hemisphere, the one-jet hemisphere represents the faster and thus better tagged b.If the two b quarks are boosted into the same hemisphere, the one-jet side contains onlya gluon. For that reason the one-jet hemisphere was only used if it passed a soft b-tag.On the two-jet side, a soft b-tag cannot be applied since this changes drastically the ratioof events with a fast b and a soft gluon and vice versa.Figure 5 shows the correlations obtained with this procedure in data and simulation.Also shown is the correlation obtained from an unbiased sample of b�b events without eventsthat have both b quarks in one hemisphere. The systematic error induced by events withboth b quarks in one hemisphere was tested by varying their amount in simulation by30%.Some additional physics systematics like B-lifetimes, decay multiplicities and fragmen-tation were also tested by reweighting the simulation. The B hadron decay multiplicitywas recently measured [18] and found to be consistent with the simulation input value.Consequently the simulation was not reweighted for this. To be conservative the error onthis value was taken from [17]. However due to the use of separate hemisphere primaryvertices, the e�ects of these additional physics systematics were found to be extremelysmall. The uncertainties on � are summarized in table 2.4.5 Results1352913 hadronic Z decays were selected in 1994, of which 818639 passed the j cos �thrustjcut. Of these, 118192 single hemispheres were tagged and 18996 events were double taggedfor � log10 y � 1. The bias towards b events in the event selection was found to be small,13
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(1:60� 0:14) � 10�3, and was corrected for. Using the above values of the e�ciencies andthe correlation, with their errors, the measured value of Rb is:Rb = 0:21697� 0:00119(stat:)� 0:00096(syst:)� 0:033� (Rc � 0:172): (5)Correcting for photon exchange yields:R0b = 0:21717� 0:00119(stat:)� 0:00096(syst:)� 0:033� (Rc � 0:172): (6)The b hemisphere tagging e�ciency was found to be �b = 0:3243�0:0018, compared to�b(MC) = 0:314 obtained from the simulation. In �gure 6 the ratio of b-tagging e�ciencyin real data and in simulation is given as a function of the b e�ciency. The real data wereabout 3% more e�cient than simulation.
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Error Source �Rb � 103Statistical error �1:19Light quark e�ciency �0:50Charm e�ciency �0:50Correlation �0:41MC statistics �0:51Acceptance bias �0:14Total �1:54Table 3: Sources of errors for the measurement of Rb.
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in the Standard Model. However, if Rb is a�ected by the interference of the Z with a Z 0almost degenerate in mass, as suggested by Caravaglios and Ross [24], some energy de-pendence can be expected if the mass and width of the Z 0 are not exactly equal to thoseof the Z. Since the b-tagging e�ciency varies only very little within the energy rangeconsidered here, no complicated single to double tag comparison is needed to measureRb(ps)Rb(91:28GeV) . Instead, simply the ratio of the fraction of tagged events can be used, withvery small corrections due to changes in the b-tagging e�ciency and almost negligiblecorrections due to background. These corrections were calculated using the Monte Carlosimulation. The measurement was performed using event probabilities instead of hemi-sphere probabilities. Several di�erent values of the event probability cut were used, anda minimum statistical error was found at a b-purity of 79%. At this value of the cut, theb-tagging e�ciency varied by a relative amount of �0:1% with respect to that at the Zpeak and was about 81%, while the e�ciency to tag c (uds) events was about 21% (2%).The following ratios were found:R�= Rb(89:44GeV)Rb(91:28GeV) =0:9870� 0:0114;R+= Rb(92:97GeV)Rb(91:28GeV) =1:0056� 0:0096:The error is statistical only. All systematic uncertainties were found to be negligible. TheStandard Model predicts a ratio of 0.997 (0.998) for R� (R+). Figure 8 shows the stabilityof the measurement as a function of the b-purity. Combining with the published valuesfor the 1993 energy scan [3] yields:Rb(89:46GeV)Rb(91:27GeV) = 0:9852� 0:0091;Rb(93:00GeV)Rb(91:27GeV) = 1:0033� 0:0082:Figure 9 compares the result with the Standard Model prediction. The values at higherenergies are taken from [25].6 The Multivariate AnalysisIn the impact parameter analysis, hemispheres are tagged simply as b and non-b. Thisleads to two equations with six unknowns: Rb, �b, Rc, �uds, �c and �. Three of them,� and the e�ciencies �uds and �c, are then taken from simulation and Rc is �xed to theStandard Model value. If the number of equations for physical observables was largerthan the number of unknowns, the latter could be extracted directly from the data andthe simulation would be required only to estimate systematic errors and the in
uence ofhemisphere correlations. This is the principle of the multivariate approach to measuringRb.6.1 The methodWith some tagging algorithm, hadronic events containing NF = 3 
avours (uds, c and b)are classi�ed into NT tagging categories or tags. The set of observables is then the matrixDIJ with I,J = 1,...,NT , de�ned as the observed fraction of events tagged as I and J for17
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hemispheres 1 and 2 respectively. The corresponding expected fraction of events TIJ canbe written as TIJ =Xq �qI�qJ(1 + �qIJ)Rq: (7)In equation (7), Rq are the 
avour fractions, verifyingPq Rq = 1, and �qI is the probabilityto classify a hemisphere of 
avour q = uds, c, b in tag I. The matrix �qIJ accounts forhemisphere-hemisphere tagging correlations for 
avour q and tags I and J . Assumingthat all the hadronic hemispheres are classi�ed in one tag, the conditionsXI �qI = 1; q = uds; c; b (8)and XI �qI�qJ�qIJ = 0; q = uds; c; b; J = 1; :::; NT (9)are satis�ed. The NT (NT + 1)=2 � 1 independent measurements are therefore describedby the following set of unknown independent parameters: (NF � 1) 
avour fractions,NF (NT�1) e�ciencies and NFNT (NT�1)=2 correlation coe�cients. As the correlation issmall, the independent correction factors �qIJ for I; J 6= NT can be taken from simulation.Thus the global counting of degrees of freedom requires at least NT = 6. The �t of theDIJ observables to equation (7), verifying (8) and (9), should provide, in principle, the fulle�ciency matrix �qI together with the 
avour fractions Rq and the correlation coe�cients�qIJ for I or J equal to NT . The method of Lagrange multipliers is appropriate to solve thisproblem [19, 20]. However, in practice, it is not possible because of the rotation degeneracydescribed in [21]. This problem can be avoided if some additional constraints are used.In previous results, DELPHI used a second set of observables [3]. However, this solutionhas been proven to be statistically limited and new solutions are needed. In the analysispresented here, the problem is resolved by taking from simulation the backgrounds of oneof the tags and �xing Rc to its electroweak theory prediction. Systematic dependencesof Rb on these three parameters can be reduced if the corresponding tag has a high bpurity (b-tight tag). The systematic error will re
ect the uncertainties in the simulationcalculations of the background e�ciencies of the b-tight tag, �udsb�tight and �cb�tight, and thecorrelations �qIJ with I; J 6= NT . The result will be given as a function of the assumedvalue of Rc. Even though the smallest number of tags to measure Rb is now NT = 4, thechoice NT = 6 was made in order to overconstrain the problem and to minimize the error.The number of independent observables is therefore 20 with 14 independent unknowns:13 e�ciencies and Rb.6.2 The hemisphere multitag de�nitionTo provide the six hemisphere tags, the combined lifetime tag used in the impact param-eter analysis and de�ned by equation (2) is complemented with two additional 
avourtagging algorithms. The tags are constructed in an attempt to isolate uds, c and b quarkswith high e�ciency and purity, using exclusively the information provided by each hemi-sphere. In particular, the primary vertex is reconstructed in all the tagging methodsindependently in the two hemispheres, so the hemisphere correlations are kept small.20



The multivariate 
avour tagging algorithm [22] is based on the large mass and rela-tively long lifetime of the b quark and some event shape properties of its decays. All theavailable information is combined using multivariate techniques. The lifetime informa-tion exploits the large impact parameters of tracks coming from B decays together with asearch for secondary vertices and their invariant masses. Finally, the lifetime informationis combined with event shape properties of the B decays like large transverse momentumof the tracks with respect to the jet axis, rapidity distributions and the boosted sphericity.A total of N = 13 variables is �nally adopted. See reference [22] for a detailed descriptionof the variables.The probabilities p�q of observing a value of the variable � for a hemisphere of 
avourq are computed using model distributions taken from simulation. An estimate of theprobability to observe simultaneously a set of N variables is given byPq = nqQN�=1 p�qPq0 nq0 QN�=1 p�q0 ; (10)where nq = 1 for q = c; b and nq = 3 for q = uds hemispheres. The empirical factor 3assigned to uds re
ects the fact that this 
avour is the sum of the three lighter 
avoursu, d and s, which are taken together because their distributions are similar. With thisformulation the 5 
avours have the same weight.In practice, what counts in comparing 
avours are ratios of probabilities or di�erencesof their logarithms. For this reason new estimators Lq, called 
avour likelihoods, areintroduced. Lb is de�ned as Lb = 2 lnPb � lnPuds � lnPc3 (11)and similarly for Luds and Lc. A hemisphere can be classi�ed according to the largest
avour likelihood (which is positive). Based on the best likelihood, each primary tag canbe subdivided into subtags according to a set of given cuts.Similarly to the multivariate approach, the 
avour con�dences method [23] is basednot only on the track impact parameters but also on two other kinematic variables, thetrack momentum and the angle with respect to the jet axis. The track information isused di�erently in both techniques, so the overlap between them is expected not to becomplete and interesting gains in performances can be obtained in a combination. Themethod uses the simulation to build a function Cq which gives the fraction of tracks whichcome from uds, c and b quarks in a bin of three particle characteristics: impact parameterover its error, momentum and angle to the jet axis. There are kinematic e�ects in thedecay of B hadrons which produce correlations between the three quantities, but theyare automatically taken into account by the three-dimensional binning. The individual
avour con�dences are �nally combined to make the hemisphere tag:CONFq = nqQi CiqPq0 nq0 Qi Ciq0 ; (12)Ciq being the q 
avour con�dence for track i.The two tags, multivariate and con�dences, can be combined using a simple linearcombination for each 
avour. In order to be homogeneous with the multivariate 
avourlikelihood Lq, we have to take the logarithm of the di�erence from unity of each 
avourcon�dence: 21



�q = (1� �)Lq � � ln(1� CONF q) (13)The quantities �q are called 
avour multivariate discriminators and will be �nally thebasis of the classi�cation. This way to combine has been proven to be the best of severaltried. It could also be possible to optimize a di�erent value of � for each 
avour, but ithappens that the same value optimize the three 
avours. The quoted value was � = 0:8.The apparently high ratio �=(1 � �) = 4 is due to the fact that the range de�nitionof the multivariate 
avour likelihood is higher than that of the 
avour con�dences. Itcorresponds approximately to an equal weight of the two components. Figure 10 showsthe distributions of the 
avour multivariate discriminators for data and simulation. It canbe seen that the agreement between data and Monte Carlo is reasonable. In any case, theanalysis is insensitive to small disagreements as they a�ect only the e�ciencies, which are�tted from data. The e�ects on the correlation are discussed in section 6.4.The de�nition of the tags in terms of the three available tagging techniques is givenin table 4. Three of the six tags are designed to identify b quarks, one c quarks and oneuds quarks. The remaining tag (no-tag) contains all hadronic hemispheres not containedin one of the previous tags, in order to verify experimentally the condition (8). To avoiddouble counting, a priority is assigned to each tag and if a hemisphere satis�es more thanone tag, it is assigned to the tag with the highest priority.Tag Condition Priorityb-tight y � y0 1b-standard �b > �upb;0 2b-loose �b > �lowb;0 3charm �c > �c;0 4uds �uds > �uds;0 5no-tag 6Table 4: De�nition of the hemisphere tags.The b-tight tag has the highest impact on Rb and the cut � log10 y0 is �xed at 1.2 tominimize the total error. All other cuts are chosen in order to obtain good e�ciencies withreasonable backgrounds in the a�ected tags. They were taken to be �upb;0=3.5, �lowb;0 =1.2,�c;0=0.65 and �uds;0=3.2. The Monte Carlo expectations for the e�ciencies are givenseparately for 1994 and 1995 in table 5. This table is a measure of the performance of thetags and tagging techniques all working simultaneously. In this analysis of Rb, only thecharm and light quark backgrounds of the b-tight tag are taken from simulation. Thereforethe light and charm quark systematic errors of the impact parameter analysis are validfor this measurement of Rb, but computed at a harder cut. All the other e�ciencies aremeasured directly from the data and can be used as a powerful cross-check of the analysis.Compared with the impact parameter analysis in which only b-tight tagged hemi-spheres are used (single tag), in this multitag analysis all hadronic hemispheres are tagged,allowing the statistical accuracy to be increased. The systematic uncertainty on Rb is alsoimproved.
22
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1994 1995Tag �uds �c �b �uds �c �bb-tight 0.00052 0.00407 0.28404 0.00040 0.00376 0.27453b-standard 0.00131 0.02782 0.15751 0.00120 0.02678 0.15558b-loose 0.01200 0.07877 0.15108 0.01212 0.07812 0.15380charm 0.05174 0.16143 0.05171 0.05415 0.16128 0.05295uds 0.12054 0.03123 0.00488 0.11678 0.03083 0.00479no-tag 0.81390 0.69667 0.35078 0.81525 0.69923 0.35835Table 5: Monte Carlo results for the tagging e�ciencies at the nominal cuts.6.3 The measurement of RbIn this analysis, the criteria used to select tracks and to identify hadronic Z decays arebasically the same as described in section 3, with the main di�erence that 5 reconstructedcharged particles were required. 1370354 (664676) hadronic Z decays were selected in 1994(1995), of which 828168 (400482) passed the j cos �thrustj < 0:65 cut. The bias towardsb events in the selected sample was found to be small, (0:69 � 0:13)� 10�3 in 1994 and(1:18 � 0:26) � 10�3 in 1995, and was corrected for. The uncertainty due to the eventselection is dominated by statistics.The experimentally measured numbers of doubly tagged events which passed thej cos �thrustj cut are given in table 6 for 1994 and 1995 separately. The �t of Rb andthe e�ciencies to these numbers gives the resultsRb = 0:21617� 0:00100(stat:)with �2=ndof = 4:76=6 for 1994 andRb = 0:21688� 0:00144(stat:)with �2=ndof = 4:32=6 for 1995. The errors are only statistical. These results havealso been corrected for tau background. The e�ciencies obtained from the same �tswithin statistical errors are shown in table 7. They can be compared with the simulationpredictions of table 5. For a complete comparison, an estimate of the systematic errorsmust be included.6.4 Systematic errorsThe systematic errors are due to the quantities estimated from simulation: event selectionbias, light and charm quark backgrounds in the b-tight tag and hemisphere correlations.6.4.1 Light and charm quark e�ciency uncertaintiesThe sensitivity of Rb to light and charm quark uncertainties is the same as in the single tagmethod used in the impact parameter analysis. However, the corresponding uncertaintiesare smaller because of the harder cut on log10 y de�ning the b-tight tag, which reducesthe background uds and c e�ciencies by factors of about 1.2 and 1.5 respectively. Theyhave been estimated by following exactly the procedure described in section 4.3. Table 824



1994Tag b-tight b-standard b-loose charm uds no-tagb-tight 15809b-standard 17048 4656b-loose 16006 9091 5050charm 5918 4396 7619 7218uds 667 778 2619 10436 9474no-tag 36111 25453 43026 91054 110430 4053091995Tag b-tight b-standard b-loose charm uds no-tagb-tight 7804b-standard 7752 1965b-loose 7695 4266 2394charm 3005 2088 3832 3860uds 290 331 1262 5321 4241no-tag 17937 11785 20680 46621 51309 196044Table 6: Measured numbers of doubly tagged events, passing the j cos �thrustj cut.shows the breakdown of these uncertainties in the di�erent sources. The charm physicssources of systematics are detailed in table 1.6.4.2 Hemisphere correlation uncertaintiesThe �qIJ hemisphere correlation corrections as estimated from simulation together withtheir sensitivities are given in the second column of table 9, where the errors are due tosimulation statistics. Only the relevant correlations with a sensitivity higher than 0.010are shown. The sensitivity is de�ned as the relative change on Rb due to a change of agiven correlation, �RbRb��qIJ . The sensitivity of this measurement of Rb to �bb�tight;b�tight is0.805, compared to unity in the impact parameter analysis. However, as shown in thetable, there are other correlations with important sensitivities which have zero sensitivityin the impact parameter analysis. As explained in section 6.1, correlations containingthe no-tag category (I or J = NT ) were determined from the �t to data, so they have anegligible sensitivity on the analysis.Systematic errors on �qIJ arise from uncertainties in the simulation both of uds, c andb physics and of the vertex detector acceptance and gluon radiation.E�ects from udscb physicsUncertainties in physical parameters used in the simulation of correlations are cal-culated by varying these physics inputs within their experimental ranges around theircentral values, according to the prescription given in reference [17]. For each variationof these physical parameters, obtained by reweighting the simulation, all the correlationcorrection factors are recomputed, allowing a new determination of Rb. The change ob-served on Rb is assigned as systematic error. Table 10 summarizes the errors on Rb dueto these physical uncertainties. 25



1994Tag �uds �c �bb-tight 0:00052 0:00407 0:2950� 0:0012b-standard 0:0016� 0:0002 0:0262� 0:0015 0:1593� 0:0007b-loose 0:0119� 0:0004 0:0799� 0:0020 0:1498� 0:0008charm 0:0638� 0:0005 0:1754� 0:0016 0:0536� 0:0006uds 0:1308� 0:0005 0:0331� 0:0016 0:0052� 0:0002no-tag 0:7914� 0:0008 0:6814� 0:0035 0:3371� 0:00131995Tag �uds �c �bb-tight 0:00049 0:00376 0:2962� 0:0017b-standard 0:0016� 0:0002 0:0244� 0:0024 0:1492� 0:0010b-loose 0:0130� 0:0006 0:0735� 0:0029 0:1498� 0:0012charm 0:0690� 0:0008 0:1825� 0:0024 0:0560� 0:0009uds 0:1254� 0:0007 0:0350� 0:0024 0:0044� 0:0003no-tag 0:7906� 0:0012 0:6808� 0:0052 0:3444� 0:0019Table 7: Tagging e�ciencies with statistical errors for data as measured from the �t atthe nominal cuts. For a complete comparison of the �t results with the simulation anestimate of the systematic error must be included.Source ��udsI =�udsI ��cI=�cI �Rb � 104Tracking 0.054 0.022 �1.57/1.40K0, �0, photons, etc. 0.014 - �0.26/0.28g ! c�c : (2:38� 0:48)% per event 0.159 0.024 �3.63/3.36g ! b�b=g ! c�c : 0:13� 0:04 0.144 0.021 �3.27/3.05Charm physics - 0.066 �3.13/2.75Total udsc background systematics 0.222 0.076 �6.02/5.50MC statistics (1994/1995) 0.025/0.055 0.017/0.037 �0.96/1.90Table 8: Light and charm quark systematics on Rb at cut � log10 y � 1:2 for the 1994/1995data.Angular e�ects and gluon radiationRemaining errors on the correlations not due to physics simulation can be estimatedby isolating the contributions to correlations and comparing their e�ect in data andsimulation. The variables used to isolate the correlation sources are exactly the sameas described in the impact parameter analysis: the polar and azimuthal angles and pjet.The contribution to �qIJ from one of the above variables � can be determined throughthe following expression:�q;�IJ = P� fq(�) h�qI;same(�)�qJ;oppo(�) + �qJ;same(�)�qI;oppo(�)i2 hP� fq(�)�qI;same(�)i hP� fq(�)�qJ;same(�)i � 1; (14)where fq(�) is the fraction of q hemispheres as a function of the variable � and �qI;same(�)and �qI;oppo(�) are the e�ciencies to tag a hemisphere of 
avour q as a function of � inthe same and opposite hemisphere respectively.26



cos �thurst �thurst pjetMC global Sensitivity MC Data MC Data MC Datacorrection correction correction correction correction correction correctionb correlations�bb�tight;b�tight 0:0187 � 0:0027 0.805 0.0057 0.0056 0.0006 0.0011 0.0115 0.0130�bb�tight;b�standard 0:0036 � 0:0027 0.236 0.0031 0.0032 0.0006 0.0009 0.0100 0.0100�bb�tight;b�loose �0:0020 � 0:0028 0.140 0.0012 0.0016 -0.0007 0.0010 0.0042 0.0051�bb�tight;charm 0:0104 � 0:0053 -0.040 -0.0008 -0.0011 0.0028 0.0010 0.0055 0.0066�bb�standard;b�standard 0:0047 � 0:0050 -0.082 0.0044 0.0037 0.0007 0.0001 0.0083 0.0071�bb�standard;b�loose �0:0003 � 0:0042 -0.072 0.0037 0.0029 0.0008 0.0005 0.0035 0.0037�bb�standard;charm �0:0094 � 0:0077 0.028 -0.0090 -0.0015 0.0004 0.0037 0.0047 0.0045�bb�loose;b�loose 0:0144 � 0:0052 -0.037 0.0036 0.0024 0.0013 0.0010 0.0022 0.0025�bb�loose;charm �0:0139 � 0:0079 0.019 -0.0101 -0.0038 -0.0001 0.0001 0.0029 0.0035c correlations�cb�standard;charm �0:0469 � 0:0197 0.012 -0.0032 -0.0024 0.0018 0.0007 0.0124 0.0083�cb�loose;charm �0:0015 � 0:0115 0.025 -0.0070 -0.0055 0.0009 -0.0024 0.0142 0.0193�ccharm;charm 0:0350 � 0:0093 -0.015 0.0178 0.0110 0.0022 0.0005 0.0116 0.0148uds correlations�udscharm;uds 0:0219 � 0:0091 0.020 0.0104 0.0104 0.0008 0.0001 0.0184 0.0172�udsuds;uds 0:0778 � 0:0067 0.022 0.0119 0.0108 0.0040 0.0018 0.0374 0.0276Table 9: b, c and uds correlations with major sensitivity (> 0:010) on Rb at the nominal cuts for the 1994 data. For the 1995 datathe correlations obtained are similar.
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Source �Rb � 104Two b quarks in same hemisphere: �30% �0.84g ! c�c : (2:38� 0:48)% per event �0.05g! b�b=g! c�c : 0:13� 0:04 �0.05b fragmentation hxE(b)i : 0:702� 0:008 �0.53B decay multiplicity: 5:25� 0:35 �2.01Bs fraction: 0:112� 0:019 �0.56�b fraction: 0:132� 0:041 �0.55Average B lifetime: 1:55� 0:04 ps �0.02Charm physics �0.32Total uds, c and b physics correlation error �2.40Angular e�ects (1994/1995) �3.55/2.92Gluon radiation (1994/1995) �2.46/1.96MC statistics (1994/1995) �5.52/9.23Table 10: Systematic errors due to hemisphere correlations for the multivariate analysis.The contribution �q;�IJ can easily be computed for Monte Carlo where the 
avour q isknown. However, comparison of data and Monte Carlo requires the experimental isolationof this 
avour in the data. This 
avour isolation was obtained successfully for uds and bquarks using a soft multivariate tag. No c quark selection was obtained with success dueto the small c event statistics and the rather poor c quark puri�cation. However this wasproven not to be a problem because of the small sensitivity of Rb to c correlations. Theuds and b selections were done imposing the cuts �uds > 1:5 and �b > �0:5 respectivelyon the opposite hemisphere to the tested one. The resulting hemisphere b e�ciencieswere 11.7%, 35.5% and 79.2% for uds, c and b 
avours respectively. The hemisphere udse�ciencies were 82.4%, 52.3% and 15.0% for uds, c and b 
avours respectively. The resultwas then scaled by the ratio of the correlations in pure q events and in the selected udsand b events obtained from simulation; c correlations were obtained by scaling using allevents. Table 9 shows the results of this procedure for each of the testing variables, fordata and simulation. It can be seen that these three variables account for most of theglobal correlation correction and other correlation sources have a negligible e�ect on thecorrelation systematics.The error assignment was performed on the basis of the Rb di�erence when correla-tions from data and simulation were taken. The errors for the three sources were addedquadratically and the quoted uncertainties are listed in table 10. It must be stressed thatthis systematic error can not be attributed only to di�erences between data and MonteCarlo for the particular 
avour, but they can also be due to imperfections of the 
avourisolation and scaling.6.5 Results and consistency checksIn summary, the �nal result with the 1994 data isRb = 0:21617� 0:00100(stat:)� 0:00096(syst:)� 0:024� (Rc � 0:172)and for the 1995 data is 28



Rb = 0:21688� 0:00144(stat:)� 0:00120(syst:)� 0:024� (Rc � 0:172);where the �rst error is statistical and the second systematic. The explicit dependence ofthis measurement with the assumed Rc value is also given.The results are compatible and can be combined, with the following assumptions:� all statistical errors are assumed to be independent;� the errors in the hemisphere correlations due to gluon radiation are assumed to befully correlated, but those from angular e�ects are taken uncorrelated;� the errors due to uds, c and b physics simulation inputs are assumed to be fullycorrelated, as well as the errors due to detector e�ects on the estimate of light andcharm quark e�ciencies.With these assumptions, the result for the combined 1994/1995 data is:Rb = 0:21640� 0:00082(stat:)� 0:00088(syst:)� 0:024� (Rc � 0:172):The b hemisphere tagging e�ciency was found to be �bb�tight = 0:2950� 0:0012 (0:2962�0:0017), compared to the simulation estimate of 0.284 (0.275), for 1994 (1995) data. Aspreviously, the real data are about 4% (7%) more e�cient than simulation. The purityat the working point for this measurement is 98.4%.Figure 11 shows the stability of the �nal Rb result as a function of the cut on log10 yde�ning the b-tight tag, together with the change of the contributions to the total error.It can be seen that the best error is obtained at cut � log10 y � 1:2. The cut at 0.0corresponds to an e�ciency/purity of 44.0%/91.6%, compared to 21.0%/99.4% at cut2.0. Figure 12 shows the stability of Rb as a function of all other cuts �upb;0, �lowb;0 , �c;0 and�uds;0 de�ning the hemisphere tags. Table 11 reports the full breakdown of the error onthis measurement.This measurement is highly correlated with that obtained with the impact parameteranalysis and both are consistent. In order to check this easily, the measurement of Rbwas performed at cut � log10 y � 1:0 using the multitag and single tag methods. Themultitag approach provided the results Rb = 0:21615� 0:00095(stat:) for the 1994 data.To check that the slightly di�erent event selection does not shift the results, Rb wasagain measured using the single tag approach used in the impact parameter analysis.The values Rb = 0:21685 � 0:00113(stat:) was obtained for 1994, in agreement (withinstatistical errors) with the result quoted in section 4.The di�erence between these Rb results is not only due to their statistical di�erences.The sensitivity of both approaches to light and charm quark e�ciency uncertainties isthe same, and therefore the systematic errors due to uds and c backgrounds are fullycorrelated. However, the sensitivities to correlations are di�erent. In fact, the sensitivityof the multitag measurement to �bb�tight;b�tight at cut � log10 y � 1:0 is 0.805, comparedto the sensitivity of unity of the single tag analysis. In this way, the correlation error asobtained in the impact parameter analysis, ��bb�tight;b�tight = �0:0030 in 1994 induces anerror on Rb of 0.00064 and 0.00055 for the single tag and multitag methods respectively.Therefore, the part of the error due to correlations which is uncorrelated between themultitag and the single tag analyses is 0.00033. Combining this error with the statistical29
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Source �Rb � 104Data statistics �0.00082MC statistics �0.00049Event selection �0.00012Tracking �0.00015K0, �0, photons, etc. �0.00003g ! c�c : (2:38� 0:48)% per event �0.00035g ! b�b=g ! c�c : 0:13� 0:04 �0.00032Charm physics �0.00030Two b quarks in same hemisphere: �30% �0.00008b fragmentation hxE(b)i : 0:702� 0:008 �0.00006B decay multiplicity: 5:25� 0:35 �0.00020Bs fraction: 0:112� 0:019 �0.00006�b fraction: 0:132� 0:041 �0.00006Average B lifetime: 1:55� 0:04 ps �0.00000Angular e�ects �0.00026Gluon radiation �0.00023Total error �0.00120Table 11: Breakdown of the error on Rb at the nominal cuts for the multivariate analysis.di�erence, we obtain a di�erence between the multitag and single tag measurements of�0:00070� 0:00070 and therefore they are well compatible.In addition, it was checked that the error on �bb�tight;b�tight found with the procedurefollowed in the impact parameter analysis agreed well with that obtained in this analysis.Flavour isolation and error assignment were done in slightly di�erent ways.7 Secondary Vertex AnalysisAn independent analysis was carried out on data collected in 1994 only, using purely vertexinformation for the tagging of b quarks. The event selection was similar to that describedin section 3, with the exception that at least 7 charged tracks were required to de�ne ahadronic event rather than 6. After the same acceptance cut of j cos �thrust < 0:65j, a biastowards b events of (0:0038� 0:0002) was found from the simulation and 810000 eventswere selected from the data for the analysis.7.1 Secondary vertex searchThe search for secondary vertices was made independently inside event hemispheres de-�ned by the plane perpendicular to the event thrust axis. Hemisphere tracks used in theanalysis were required to pass the following set of quality cuts:� R� hits in at least 2 layers of the VD,� an impact parameter in the R� plane with respect to the beamspot of less than0.15 cm,� a momentum greater than 750MeV/c.32



In addition, an attempt was made to reconstruct and then reject tracks coming fromdecays of K0S and � particles and from photon conversions [9]. Candidate secondaryvertices were identi�ed by:� �nding �rst the positions in the R� plane of all three-track vertices. Candidateswere rejected if any of the following conditions were met: 1) the decay length (L)to the event beam spot was < �L; 2) L > 3:0 cm; 3) �2-probability, P (�2) < 1%.� Next an attempt was made to add to candidate vertices any track likely to haveoriginated from the same point in space. Each track falling within a cone of half-angle 0.4 radians placed around the candidate vertex momentum vector was �ttedin turn to the vertex. That track which contributed the most signi�cant increasein decay length was added permanently to the vertex de�nition provided that 1)L > 3�L; 2) L > 3:0 cm; 3) P (�2) > 1%. This procedure was continued until noneof the above requirements was met.� Further tracks were added to the vertex de�nition if they were deemed to be con-sistent with the candidate vertex while at the same time inconsistent, within theerrors, with the beamspot.� The last step involved �nding a primary (hemisphere) vertex by essentially the sameprocedure as outlined above for secondary candidates. A unique track was de�nedto be one that was part of a secondary vertex but was not consistent with being partof the primary vertex. Secondary vertex candidates that did not contain a uniquetrack were removed.Close attention was paid to reducing light quark backgrounds which are potentiallypoorly modelled in the simulation. For the case of vertices containing two unique tracksthat included z-hits, these two tracks were identi�ed and separately �tted to a three-dimensional vertex point. Requiring P (�2) > 0:1% was found to be an e�ective cut inremoving cases where badly reconstructed tracks might form a vertex in two dimensionsbut were clearly unassociated with each other once the z-coordinate was considered. Toreduce background contamination further, all vertices with only one unique track or adecay length signi�cance less than 4 were rejected.If after the secondary vertex �nding procedure there was more than one candidatevertex in a hemisphere, that vertex with the largest L=�L value was chosen to tag thehemisphere.7.2 Tagging Z ! b�b eventsIn order to tag Z ! b�b events, the output of a neural network [27] was used, with �veinput variables based only on the properties of the secondary vertices found. They were 1)decay length signi�cance L=�L; 2) the number of unique tracks in the secondary vertex; 3)the number of tracks in the primary vertex that were not also associated to a secondary;4) the number of tracks in common to both the secondary and primary vertices and 5) thevertex rapidity. The variables were carefully chosen for both their 
avour discriminatingpower and their low cross-correlation. 33



The vertex rapidity was de�ned as:R = ln E +qP 2 � Pt2qm2 + Pt2 ; (15)where E, P and Pt are the energy, total momentum and sum transverse momentum ofunique tracks in the secondary vertex.Distributions of all input variables together with the neural network output are shownin �gure 13.The impact parameter tuning used in previous DELPHI analyses [3] and described in[13] was also applied here. The excellent agreement between data and simulation for allvariables used in the analysis can be seen in �gure 13.The calculation of Rb followed the double hemisphere method described in section 4.7.3 Quantities from the simulationBoth the light and charm quark e�ciencies were extracted from the simulation withreweighting to reach the input values of various modelling parameters recommended in[17] and listed in table 12. This took account of the rate of gluon splitting to heavy quarksin light quark events, and in the charm sector of di�erences between the parameters usedin the simulation and experimentally measured values of the charmed hadron lifetimes,production fractions and decay modes and charm fragmentation. Further reweighting wascarried out to estimate the errors on these e�ciencies. There was also a small error dueto limited simulation statistics and an error due to details of the modelling of DELPHIdetector tracking in the simulation. This error due to detector e�ects was estimated in asimilar way to that described in section 4.3. It should be noted that the simulation sampleused to train the neural network, which amounted to 16% of the total, was excluded fromthe determination of background e�ciencies.Due to the interplay between statistical and systematic errors, the total error on themeasurement of Rb reached a minimum at a cut on the neural network output of 0.86,as shown in �gure 14. In the simulation, the b purity at this cut was 95.1% and theb-tagging e�ciency was 26.3%. All numbers quoted below and the �nal result correspondto a cut of 0.86.The light and charm quark e�ciencies extracted from the simulation were:�l = (0:093� 0:015)� 10�2; (16)�c = (1:28� 0:08)� 10�2: (17)These are the total errors on the e�ciencies and their contributions to the systematicerror on Rb are broken down in table 12. The e�ciencies for tagging each quark 
avourin the simulation are shown across a range of b purities in �gure 15. The good agreementbetween the b-tagging e�ciencies observed in the simulation and those calculated fromthe data is also shown in this �gure.Correlations between hemispheres came from both geometrical and kinematic e�ects,as described in section 4.4. The hemisphere correlation in b events for this analysis wasestimated from the simulation to be�b = (0:87� 0:30(stat)� 0:21(syst))� 10�2: (18)34



Figure 13: Comparison of data and simulation distributions of the 5 input variables tothe neural network and of the single output.35
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The �rst error is due to the limited simulation statistics and the second is the estimatedsystematic e�ect. Contributions to the systematic error from both geometrical e�ectsand physics modelling are estimated as described in section 4.4 and are summarized intable 12. This analysis made use of a primary vertex determination, based only on trackswithin a hemisphere, for the secondary vertex search and a run-averaged beamspot forthe decay length calculation. It was found that these choices had a negligible e�ect onthe calculated correlation.7.4 ResultsUsing the numbers of hemispheres and events tagged in the data and the values for thee�ciencies and correlations given above, and taking into account the selection bias towardsZ ! b�b events, Rb was calculated to be:Rb = 0:2154� 0:0014(stat)� 0:0015(syst)� 0:087� (Rc � 0:172): (19)The b-tagging e�ciency calculated simultaneously from the data was (26.5 � 0.2)%, com-pared to 26.3% in the simulation. The stability of the measurement over a range of bpurities can be seen in �gure 16.
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�Rb � 104Error Source Range vertInternal experimental e�ects:Hemisphere correlations � 7.7Detector e�ects � 3.6Acceptance bias � 1.9hxE(b)i 0.702 � 0.008 � 2.6hxE(c)i 0.484 � 0.008 � 1.7D0 lifetime 0.415 � 0.004 ps � 1.0D+ lifetime 1.057 � 0.015 ps � 0.7Ds lifetime 0.467 � 0.017 ps � 0.9�c lifetime 0.206 � 0.012 ps � 0.8B lifetime 1.55 � 0.05 ps � 0.1B decay multiplicity 5.73 � 0.35 � 1.1D decay multiplicity 2.39 � 0.14 � 4.7BR(D! K0X) 0.46 � 0.06 � 5.8g ! c�c (2.38 � 0.48)% � 4.2g ! b�b (0.13 � 0.04) �(g ! c�c) � 3.9Light hadron modelling tuned JETSET � 10% � 2.2QCD hemisphere correlations see text � 2.4D+ fraction 0.231 � 0.026 � 4.4Ds fraction 0.110 � 0.017 � 0.5c-baryon fraction 0.063 � 0.029 � 2.9Table 12: Summary of systematic errors on Rb from the secondary vertex analysis on 1994data. Details concerning the di�erent error sources can be found in [17].

39



8 ConclusionsThree di�erent measurements of the partial decay width R0b of the Z into B-hadrons havebeen performed. Events were selected using either tracks having large impact parametersin jets with reconstructed secondary vertices or with a multivariate technique or with aneural network. The following results were obtained.Double impact parameter tag (1994 data):Rb = 0:21697� 0:00119(stat:)� 0:00096(syst:)� 0:033� (Rc � 0:172);Multivariate analysis (1994 and 1995 data):Rb = 0:21640� 0:00082(stat:)� 0:00088(syst:)� 0:024� (Rc � 0:172):Secondary vertices (1994 data):Rb = 0:2154� 0:0014(stat:)� 0:0015(syst:)� 0:087� (Rc � 0:172):The third analysis is not combined with the others since the statistical correlation hasstill to be computed.The multivariate analysis relies heavily on the impact parameter combined analysis,which acts as the tight b-tag. The results are therefore highly correlated between eachother, and cannot be used independently. Since they are statistically consistent the analy-sis with the smallest total error (the multivariate analysis) is taken as the result. Applyingthe small (0.00020) correction for photon exchange yields for the ratio of partial widths:R0b = 0:21660� 0:00082(stat:)� 0:00088(syst:)� 0:024� (Rc � 0:172):For this number, all centre of mass energies at which LEP has run have been combined.All results are in agreement with those of other measurements at LEP [1, 2, 4, 5, 6]. Theresult is in good agreement with the Standard Model expectation of R0b = 0:2158�0:0005[26], assuming a mass of the top quark of mt = 175:6� 5:5 GeV=c2 [28].AcknowledgementsWe are greatly indebted to our technical collaborators and to the funding agencies fortheir support in building and operating the DELPHI detector, and to the members of theCERN-SL Division for the excellent performance of the LEP collider.
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