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La rg e  no n-Ga ussia n e ffe c ts: low s ta t is t ics  & ph ys ica l bou n d  (r
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≥0)

Requ ires  s oph is t ica ted  s ta t is t ica l t rea tm en t  to extra ct  con s tra in t s  on  r
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Nom in a l Da litz fit  to Bla ckDia m on d  da ta  s et

 x
±
 = Re[r

B±
exp i(δ±γ)]= r

B±
cos (δ±γ)  , y

±
 = Im [r

B±
exp i(δ±γ)]= r

B±
sin(δ±γ)

Correla t ion s  D0K Correla t ion s  D*0K

Are th es e res u lts  s ta t is t ica lly m ea n in gfu l?
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D0K y- 

Res idu a l Fit  error

Pu ll

Exc e lle nt Ga ussia n 
be ha vio r ! 
Correla t ion s  a m on g coord in a tes
a ll zero, excep t  pa irs
(x-,y-) D0K
(x+,y+) D0K
(x-,y-) D*0 K
(x+,y+) D*0K
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 x- 

 y- 

 x+ 

 y+ 
Exc e lle nt line a rity 
a nd rms sta bility ! 

Sta bility of fit  er ror  
a n d
res id u a l wid th  (σ

xy
) 

s tu died  in  b in s  of 
t ru th  r

B
 

in  ra n ge [0 ,0 .3 ]

Good  <10 % 
(devia t ion s
on ly a t  la rge, 
u n rea lis t ic r

B
 va lu es )

Sa m e b eh a vior  for
n orm a lized  res idu a l 
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Likelih ood  con tou rs  from  ∆ln L= 0 .5 , 1 .921  (68 .3 %, 95% CL)

D0K D*0K

B-
B+

B+

B-

Direct  CPV
Direct  CPV



ª«

¬�  ® ¯ ¬� ¬  ° ¬  ¬

±D² ³´ µ¶ µ ³ ·¸ ¹ º¶ · »

¼)½ ¾ ¿ ÀÂÁ ÃÄ Ã ÅÇÆ ÈÉDÊ Ë

D0K



ÌÍ

ÎDÏ ÐÑ ÒÓ Ò Ð ÔÕ Ö ×Ó Ô Ø Ù)Ú Û Ü ÝÂÞ ßà ß áÇâ ãäDå æ

(D0π0)K (D0γ)K

ç�è è é ê ç�è ç è ë ç è ç



ì ì

í�î î ï î î í ð ð ð



ñò

óô õ ó õ õô

ö÷ ø ùûú ü ý:þ ÿ� � � � þ � ü� � þ �� � þ ý ú ü ý þ ÿ�
χ

� �	 
� �� �  ��� ��� �� � � � 	 ���� � �� ��� � �� � � � �  !" #�� � �� � � � �  !" #�� �� � � � � #

ρ

$% &' ( )+*

σ

,.-

σ

/0 1 132 4�5 6 137 8�9 7 4:<; = 4 65 7 9 2

>�? >�?@ A ? B? C D B EF GH I

JK A3L M N D B KO L @ M?P L A F E?Q RL > M? B B<S TL D�U U VK W N WLQ L B@ ? B DKQN?X BK @ U YQ L R M D R D Z ML [\? VL DQ BK ?X X K] Q B B EL N D B] Q X L @ B? DQ BPK N B EL W E ? U L U ?Q A ? J W M D B] A3L U K NB EL @ L U KQ ?Q X L U^ U L A D N NL@ LQ B JK A3L M3U NK @ B EL _U ππ `�a bcde f3gh ai

jlk mno p qr sut mwv xy t zo k n xo { r x γ | }~ �u� �� � �



��

� � � � � � �

� �

�� � ��� ππ

�

0

�

-    + � � �3�� ��� � ��� ���

� � ��  ¡ ¢�£ ¤¥¦ §¨ ¦ ¥ ©«ª ©¬ § ¡ ¥

¦ § ¥ ® £ ¡¦ ¯ ¡ ª °²± ³ ´ µ·¶²¸

¹�º » ¼�½ ¾ »¿ À ¾Á ¾½ ¿ »¿ Á  R= 
Â²Ã Ä Å Æ·Ç²È É ÊË ÌÎÍ Ï Ð·Ñ²Ò Ó Ô Õ×Ö Ø Ù·Ú²Û

) ÜÝ Þ ß

à�áâ ã ä«å æèç å å Ý æ é å Ý Üê ë Ý á ìîí á ìîï å á Ý ðñ ò ó ô«õ ï ë æå ö ÜÝ ÷å â í á æ ëí å ø

ù ú ûü ý úþ ü ü ý ÿ û � � þ � � � ú ú ý � ý � ���



��

� 	 
 	 
 	 � � 	 	 


� Use a frequentist (classical) approach to determine CL regions in 
r

B
(*), γ, δ(*) 

� Determines α CL regions so that the probability that the region 
will contain the true point is α

 Basic problem: find PDF of fitted parameters as a function of the 
true parameters

� In principle, fitted-true parameter mapping requires multi-dimensional 
scan of the experimental (full) likelihood

� prohibitive amount of CPU and limited precision (steps in the scan)

� Make optimal choice of fit parameters space and try analytical 
construction

� Cartesian coordinates
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Sin gle ch a n n el (D0K or  D*0K) 
Mea s u red  pa ra m eters  (4D): z+≡(x+, y+), z-≡(x-, y-)  

Tru th  pa ra m eters  (3D): r
B
, γ, δ

D0K-D*0K com bin a t ion  
Mea s u red  pa ra m eters  (8D): z+, z-, z*+, z*-

Tru th  pa ra m eters  (5D): r
B
, γ, δ, r*

B
, δ*
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Gen era te ≈200M pt poin ts
Ca lcu la te α(pt): Ca lcu la ted  a n a lyt ica lly (h ypers ph er ic coord in a tes ) 
Select  poin ts  α(pt)≤α

0

Ch os e α
0
=0 .037 , 0 .428

5 D join t  p roba b ility (cu m u la t ive χ2 in tegra l for  ν=5)
Cor res pon d  to 1σ a n d  1 .96σ elip s oides
Ma ke 1D p roject ion s  to qu ote 1 σ a n d  1 .96 σ region s

CL=1-α(pt)

In tegra t ion  dom a in  D (CR)
Likelih ood  order in g
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D0K D*0K

Cen tra l va lu es  a re 
th e m ea n  of th e 
con fiden ce in terva ls  

Sta t is t ica l u n cer ta in ties  on ly
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 .r*
B
=0.16      ±0.04±0.02

Bayesian
 confidence regions

D0K-

68%

95%

γ

D*0K-

180

-180

0

180

0

γ

0.3

0.3

R*
B

RB

-180
D0K- D*0K-

0.3
0. 0.

A posteriori rB(rB*) with uniform a priori 

0.3

 .γ =  70 ±26

,

±10

-

± 10

.

   
Dalitz model syst

 .δ
Β
=  114

/

 ±41

0

±8

1

± 10

2

    .δ
Β

∗=  303

3

 ±34

4

±14

5

± 10

6

  

 .r
B
< 0.19 (90%CL)

.stat+syst .stat+syst
-0 .0 8

+0 .07

95%

68%

68%

68%

7 8

Upda te d ICHEP re sult

Go o d a g re e me nt with fre que ntist me tho d !
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> Ch eck  covera ge u s in g exp er im en ta l (fu ll) likelih ood  

? Verify p er fect  Ga u s s ia n  beh a vior ,  fit  er ror  a n d  correla t ion  
s ta b ility

@ Gen era te 2 0K toy MC exp er im en ts  tu n n ed  to da ta  u s in g a s  t ru th  
poin t  pt=(r
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K Sign ifica n ce of CP Viola t ion  determ in ed  by eva lu a t in g th e CL 
of th e m os t  p roba b le CP con s ervin g pt poin t

L CL
 
 m os t  p roba b le CP con s ervin g p oin t = 1 -α

min

M Sign ifica n ce of CP viola t ion  or  CL of CP viola t ion  = α
min

N D0K on ly (s ta t is t ica l): α
m in

= 65 .5 % (1 .82σ)

O D*0K on ly (s ta t is t ica l): α
m in

= 82 .8% (2 .24σ)

P D0K+D*0K (s ta t is t ica l): α
m in

= 79.1% (2.68σ)
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Sys tem a tic u n cer ta in t ies  ea s ily in clu ded  b y rep la cin g th e 

s ta t is t ica l er rors  in  frequ en t is t  PDF (σ
x+

,σ
y+

,...) by th e tota l 

er rrors  (s ta t is t ica l+s ys tem a tic)

Sign ifica n ce of CP viola t ion  D0K+D*0K 
(s ta t is t ica l+s ys tem a tic)

α
m in

= 72.1% (2.51σ)



UV

W X Y[Z \ X ] XZ ^_ ` X acb Y X de \ fhg iZ b fhj kl Z `Z ] Xb X ` ^m

n o

p

+

q rts

+

uvw x

δ+γ

y{z −

|~} �� �c� |~} |� |c� |~} |� �

�

+

� ���

+
sin

�

δ+γ

�{� �~� ��� � �� ��� � �� ���

�

−

� ���

−

��� �

δ−γ

�{�  ~¡  ¢ ¢ £   ¡  ¤ ¥ £   ¡  ¦ ¥

§

−

¨ ©�ª

−
sin

«

δ−γ

¬{ ®~¯ ®° ±³² ®¯ ®´µ ² ®¯ ®¶ ·

¸ ¹

+

º » ¼¾½

+

¿ÀÁ Â

δ∗+γ

Ã{Ä Å~Æ ÇÈ ÅcÉ Å~Æ ÅÊË É Å~Æ ÅÌ Ê

Í Î

+

Ï Ð ÑÓÒ

+
sin

Ô

δ∗+γ
Õ{Ö ×~Ø ×ÙÚ Û ×~Ø ÙÜ × Û ×Ø ×Ú Ý

Þ ß

−

à á âäã

−

åæç è
δ∗−γ

é{ê −

ë~ì íî ícï ë~ì ëð î ï ëì ëñò

ó ô

−

õ ö ÷Óø
−
sin

ù
δ∗−γ

ú{û −

ü~ý þÿ � � üý þ ü� � üý ü ��

� � ��� 	
 � 	�  ���  �� � ��� � � � � �  � 	 � 	 � 	� � � � � � 	 �� ��

�γ � � � � ��

�  !�" # ! $!�% & #% '( $) !�* '% + ,- .!( / & +!( # 021 3

σ

4 576 6 8:9 ;<= = >= ? @ A B @ C D9 E= F B9 ?9 ?9 G E F B F A B @ C H G9 @I < B6 <

J K L:M N N O NP QR S M T U KV W X:Y M Z Q Y U M X�[ ZR Y \ V ][ Q S U U N X R Z Q S U ^ R N Q S


