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Nuclear shell model

* Many-body quantum mechanical problem:

=i P
ol p 1
=\_ 2W§k Sz ; )J

mean fleld residual 1nteract1on

* Independent-particle assumption. Choose V
and neglect residual interaction:

—

. ﬁw(sk, g) |5 ={55.0) B--inv,]

H=Hp, = ;[zpk + V(gk)}

m,
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Independent-particle shell model

e Solution for one particle:

| pi | V(&k)}(/),-(k) =Egk)  [0.(k) = ¢(7.5.7)]

[ka

e Solution for many particles:

@, . (12,.., H

HIPCDW ia (]’ 2,..., A) = (E Eik ) ¢i]i2 i (]’ 2,..., A)
k=1
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Independent-particle shell model

e Antisymmetric solution for many fermions
(Slater determinant):

¢, (1) ¢,(2) ... ¢,(4)
 Example for A=2 fermions:

v, (12)= (3, (19,(2) - 9, ()9, (1)
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Hartree-Fock approximation

* Vary ¢. (i.e. V) to minize the expectation value
of H in a Slater determinant:

5 f v (L2, AHY,,  (12..,A)d5dS,...d§,
qu.*. (L2.., AW, . (12...,A)dEdE,...dE,

Ily...0y [l .0y

e Application requires choice of H. Many global
parametrizations (Skyrme, Gogny,...) have
been developed.
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Poor man’s Hartree-Fock

* Choose a simple, analytically solvable V that
approximates the microscopic HF potential:

A 2
1 -
Hy, = E [&"' Emwzrkz ~- Gl s =G lkz}

k=1{2m

e Contains
— Harmonic oscillator potential with constant w.
— Spin-orbit term with strength ..
— Orbit-orbit term with strength &,.

* Adjust w, G and ¢ to best reproduce HF.
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Symmetries of the shell model

e Three bench-mark solutions:
— No residual interaction = IP shell model.
— Pairing (in jj coupling) = Racah’s SU(2).
— Quadrupole (in LS coupling) = Elliott’s SU(3).
e Symmetry triangle:

mdependent-particle

A |' 2 ] - shell model
P 2.2 - 2-|
H=§:—+—ma)r— [ -5, —-C,l

IP k=1t2m P k Cls k Pk Cu kJ

+ iVRI(gk’ gl)

k<l

STU(2) pairing SU(3) rotation

n A

in 7 coupling in L5 coupling
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Racah’s SU(2) pairing model

e Assume large spin-orbit splitting &, which
implies a jj coupling scheme.

e Assume pairing interaction in a single-j shell:

-1(2j+1)g J=0
.2 .2 J &
(] JM, Vpairing J JMJ>={ ’ 0 70
e Spectrum of 2!°Pb: F S J—
= =t e
o,

oL __0+ _0+ __0+
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SU(2) quasi-spin formalism

e The pairing hamiltonian,

H=E,-gS ‘S, S, = ém(a; X a; )20), s =(s.)
e ...has a quasi-spin SU(2) algebraic structure:
(5.8 |=2(2n, - 2j- 1)=-25, [S.,S.]==S.
e Hhas SU(2) SO(2) dynamical symmetry:
-8, -5 = —g(s’ - 57 +5.)
e Eigensolutions of pairing hamiltonian:
—~gS, - S |SM) = —g(S(S+ 1) - M{(M, - 1))|sM)

A. Kerman, Ann. Phys. (NY) 12 (1961) 300
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Interpretation of pairing solution

* Quasi-spin labels S and M are related to
nucleon number #; and seniority v:

S=2(2j-v+1), M=2(2n,-2j-1)
* Energy eigenvalues in terms of n; and v:
(j"viM, | - g8, -S|/ v, ) == 2 g(n, —v)(2j - n, +v + 3)

e Eigenstates have an S-pair character:

n. —-v

j”vaMJ> o (5. )/2\ juIM,)
e Seniority v 1s the number of nucleons not in §
pairs (pairs coupled to J=0).

G. Racah, Phys. Rev. 63 (1943) 367
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Pairing and supertluidity

* Ground states of a pairing hamiltonian have
superfluid character:
— Even-even nucleus (v=0): (5.)""|o)
— Odd-mass nucleus (v=1):  a}(s,)""o)

* Nuclear superfluidity leads to
— Constant energy of first 2* in even-even nuclei.
— Odd-even staggering in masses.

— Two-particle (2n or 2p) transfer enhancement.
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Supertluidity in semi-magic nuclei

S

e Even-even nuclei:
— Ground state has

v=0. 2
— First-excited state has §
v=2. i
— Pairing produces
constant energy gap:
E(2)=302i+Ns 3
e Example of Sn g

nuclei:
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Shell structure of nuclei

e Direct evidence for nuclear shell structure 1s
obtained from E (2%) (here scaled by A*”):

1

Iaunu uaiord

8 2028 40 50 82 126

neutron number
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Supertluidity versus magicity

* Two-nucleon separation energies S, :
(a) Shell splitting dominates over interaction.
(b) Interaction dominates over shell splitting.

(c) S,, 1n tin 1sotopes.

5 S S, (MeV)

zo} Sn

J,
— 15 \ 15}
—m—«n—-n-—«l-—f]2
| a) (b) Pl (e

56 HZ
nucleon number nuclecon number neutron number

21 ZT1
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Generalized pairing models

e Trivial generalization from a single-; shell to
several degenerate j shells:

5, o 43 77 |
e Pairing with neutrons and protons:
— T=1 pairing: SO(5).
— T=0 & T=1 pairing: SO(8).
* Non-degenerate shells:
— Talmi’s generalized seniority.

— Richardson’s integrable pairing model.
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Pairing with neutrons and protons

e For neutrons and protons two pairs and hence
fwo pairing interactions are possible:

— Isoscalar (§S=1,T=0): (010)
10 10 10 10 10\*
BRI L (al“xalu> 8= (s)

— Isovector (S=0,T=1 ) (001)

01 01 01 01 \*
_S+ .S Cl” Xd” 5 =(S )

+

“““
¢
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Neutron-proton pairing hamiltonian

e A hamiltonian with two pairing termes,
H = _80&{0 -8 - gISf] 87
e ...has an SO(8) algebraic structure.

 H 1s solvable (or has dynamical symmetries)
for g,=0, g,=0 and g,=g,.
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SO(8) ‘quasi-spin’ formalism

* A closed algebra 1s obtained with the pair
operators S, with in addition

(000) (011)
n=2‘/21+](al+” Xal+11> ) YMV= “2l+]<al+”xal+”>
37 133/ g0 2 2 0w
(010) (001)
Su — /21"'](”;11)(“;11) ’ TV:‘IZZ"'](G;L.] xal+_11>
= 53/ o0 22 227 00v

e This set of 28 operators forms the Lie algebra
SO(8) with subalgebras

SO(6) ~SU(4) ={S,T.Y}, SO4(5)={nS.S"},
SO,(5) = {n.T.8'}, SO(3)={S}, SO.(3)={T}

B.H. Flowers & S. Szpikowski, Proc. Phys. Soc. 84 (1964) 673
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Solvable limits of the SO(8) model

e Pairing interactions can expressed as follows:
S-S = 2C,[SOL(5)]|-2G[SO(3)|-5(2l = n+ 1)(2l-n +7)
SV 8% +87-8" =1C,[SO(8)| -2 C,[SO6)| - +(2l ~n+1)(2l —n + 13)

-2 2
§1°-8" = 2C,[SO((5)] -2 C,[SOL(3) |- 5 (2l -n+ 1)(2l —n+7)

o Symmetry lattice of the SO(8) model:
50,(5) S0, (3)

SO(6) =SU(4)
SO,(5) SO4(3)

SO(8)

J\
Y

S0,(3) S0, (3)

* = Analytic solutions for g,=0, g,=0 and g,=g,.
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Supertluidity of N=Z nuclei

e Ground state of a 7=/ pairing hamiltonian for
identical nucleons is superfluid, (S,)"? | o).

e Ground state of a T=0 & T=1 pairing
hamiltonian with equal number of neutrons
and protons has different superfluid character:

(cos05 - 52 ~sin6 " - s”)""|o)
= Condensate of a’s (6 depends on g,/g,).

e Observations:

— Isoscalar component in condensate survives only
in N~Z nuclei, if anywhere at all.

— Spin-orbit term reduces 1soscalar component.
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Supertluidity versus magicity

e Superfluid ground state for degenerate shells:

(2&(1’)) o)

e ‘Superfluid’ ground state for non-degenerate
shells (Richardson-Gaudin-Dukelsky):

n/2

[l S5t

2i +1 ]
] - gz J T —4g2 —0 a=12,...n/2
B(=a)

2e; —e, 7)€, — €5

R.W. Richardson, Phys. Lett. 5(1963) 82
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Wigner’s SU(4) symmetry

e Assume the nuclear hamiltonian i1s invariant
under spin and 1sospin rotations:

[Hnucl’Su:I = [Hnucl’ ]Z/] = :Hnucl’ Yuv] = 0
A A
S, =S50 T =300 Y, = S, (k)
k=1 k=1 k=1

* Since {S,7,,Y,,; form an SU(4) algebra:
has SU(4) symmetry.

nucl
— Total spin S, total orbital angular momentum L,
total isospin T and SU(4) labels (Auv) are

conserved quantum numbers.

E.P. Wigner, Phys. Rev. 51 (1937) 106
F. Hund, Z. Phys. 105 (1937) 202
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Physical origin of SU(4) symmetry

e SU(4) labels specity the separate spatial and
spin-1sospin symmetry of the wavefunction:

particle spatial L spin—isospin  {Agr) (8,7

munber  symmetry SYIILmetry

1 O 0,2 O (100)  (3,%)

2 aa (8) 02,224 3 (A) (O10)  (0,1) (1,0)
0@ L23 oo (200) (0,0} (L1}

Note: § stands for symmmetric, A for antisvmmetric.

* Nuclear interaction is short-range attractive
and hence favours maximal spatial symmetry.

Symmetries in N~Z nuclei (II), Valencia, September 2003



Breaking of SU(4) symmetry

* Non-dynamical breaking of SU(4) symmetry
as a consequence of

— Spin-orbit term 1n nuclear mean field.
— Coulomb interaction.
— Spin-dependence of residual interaction.
e Evidence for SU(4) symmetry breaking from
— Masses: rough estimate of nuclear BE from
B(N,Z) « a + bg(Auv) = a + b{Auv |C2[SU(4)]|)LMV>

— p decay: Gamow-Teller operator ¥ ., 1s a
generator of SU(4) = selection rule in (Auv).
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SU(4) breaking from masses

* Double binding energy difference oV,
8V, (N,z)= 2| B(N,Z)- B(N-2Z)- B(N,Z-2)+ B(N-2,Z - 2)]

* 0V, in sd-shell nuclei:

(a) Experiment (b) SU4) (¢) Broken SU4)

P. Van Isacker et al., Phys. Rev. Lett. 74 (1995) 4607
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SU(4) breaking from [ decay

e Gamow-Teller decay into odd-odd or even-

even N=Z nuclez1:

(010}
%giixﬁu
(010)
éiiin-rwl
(101}

A
2n | lXQn 1

(000)

4
2 Y‘Z-rs.

i
7
I

]
.}1'

i ,B{':GT)

o Ixpt  ee ST

P. Halse & B.R. Barrett, Ann. Phys. (NY) 192 (1989) 204
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Elliott’s SU(3) model of rotation

 Harmonic oscillator mean field (no spin-orbit)

WithAresizdual interaction of quadrupole type:
H = E[ZE;; +éma)2rk2} -k0 -0,

4 A , ) A ) )
0. {2 S+ 3 o)

e State labelling in LS coupling:
U(4o) (U, () SU,(3) SO,(3)) [SUG(4) SU(2) SU,(2)
A R A L ¢ b
[ 1] l\(uv) (2m) L } (hwv) S T

J.P. Elliott, Proc. Roy. Soc. A 245 (1958) 128; 562
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Importance and limitations of SU(3)

e Historical importance:

— Bridge between the spherical shell model and the
liquid droplet model through mixing of orbits.

— Spectrum generating algebra of Wigner’s SU(4)
supermultiplet.

e [.imitations:

— LS (Russell-Saunders) coupling, not jj coupling
(zero spin-orbit splitting) = beginning of sd shell.

— Q 1s the algebraic quadrupole operator = no
major-shell mixing.
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Generalized SU(3) models

 How to obtain rotational features 1n a jj-
coupling limit of the nuclear shell model?
e Several efforts since Elliott:
— Pseudo-spin symmetry.
— Quasi-SU(3) symmetry (Zuker).
— Effective symmetries (Rowe).

— FDSM: fermion dynamical symmetry model.
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Pseudo-spin symmetry

* Apply a helicity transformation to the spin-
orbit + orbit-orbit nuclear mean field:

_ - \ - e
uk](gls L-s, +C llf)uk = (4511 _Cls)lk'sk +, llf +c

.S, T
U, = Dk _k SU(3) pseudo SU(3)
r, : 5
k ; 3s142 20
R — U2 o <l
L2 2d3 s 2Pass
» 2z
 Degeneracies ik | B
=len il 2({.’5;."2 :> l“{;f?
occur fOI' 4@11: CIS' Lz Lfzp2
li—?rjz
— Lo
K.T. Hecht & A. Adler, Nucl. Phys. A 137 (1969) 129
A. Arima et al., Phys. Lett. B 30 (1969) 517 _ _
R.D. Ratna ef al., Nucl. Phys. A 202 (1973) 433 l{fi—)j? - 19‘9;’2

J.N. Ginocchio, Phys. Rev. Lett. 78 (1998) 436
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Pseudo-SU(4) symmetry

e Assume the nuclear hamiltonian 1s invariant
under pseudo-spin and 1sospin rotations:

[H §M]=[H T]=[H ¥y |-

nucl’ nucl’ v nucl’ = uv

A

S, =3 5,00 1= Skl K= 35000

k=1
e Consequences:

— Hamiltonian has pseudo-SU(4) symmetry.

— Total pseudo-spin, total pseudo-orbital angular
momentum, total 1sospin and pseudo-SU(4) labels
are conserved quantum numbers.

D. Strottman., Nucl. Phys. A 188 (1971) 488
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Test of pseudo-SU(4) symmetry

-
29 C u 29
Expa. SM
S
—_— _,1+
ot
Bt
— _,1+
R 3—{—
5 S AN——
E
(MeV) 2+
) 3
— 4t
—y
—_—t
1 — 1
— gt
[ 0+
—at =1
—
=1
0 —1t — 1t A
=10 =10

SU(4)

(200

IO

1 0.5 0 0.5

1

e Shell-model test of
pseudo-SU(4).

e Realistic interaction 1n

Pf5289;2 Space.
e Example: >%Cu.

P. Van Isacker et al., Phys. Rev. Lett. 82 (1999) 2060
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Pseudo-SU(4) and S decay

e Pseudo-spin transformed Gamow-Teller

operator 1s deformation dependent:

~ — ] 20 ] - = (2) . (])
Sto=u’'s tu=——st + ——(rxr) Xs| t
u’v u-v 3 u’v V 3 7"2 u v
ot — 0 (L85) m SU(4)
1otves ViV,
e Test: fdecay of
18 58 1.3 1 00 1T(*Dy)
Ne vs. °°Zn. . e
3.1 - 11 1 ( 1)
5T, (010)
0t = (Ot (15)))
S, - (010) SU(4)
L 4.1(3) 17 F3.3 ~ 3.7 1H(3Dy)
1.3— I 1.0 — (35
A. Jokinen et al., Eur. Phys. A. 3 (1998) 271 550U, (010)
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Quasi-SU(3) symmetry

e Similar matrix elements of Q in LS and jj
coupling lead to approximate decoupling of
J=I-1/2 and j=I[+1/2 spaces.

L5 coupling {35 |m| SU(3) quasi SU(3)
A 1 i+ - 3n? . 1
UmlQeolim) = S ) i -3 351/ 331/, }
. [+ 1) — mA 21+ 2)* — 2] 3 9
mlle 2my = —_— _ — _ — - : 3/2
{Im|Qeoll 4+ 2 my} 2021+ D)IZ{20 + 342 + 5)L2 3 ;3({3;2 ‘
26{51"“’2 Q{fg, i
4 coupling 75 |m ! ‘
VAT G+ 1) =3 1 ‘ _
(J rn’l(ﬁb)zo |J?n'> - 4J.'LJ + _l_) l; - 4 } J.g'.-_‘,f"g
SRS FR Im[(j +1)* =2 e Lgryz
'K (.‘? l . — — — - — _— 0 _ !
Vil @zoli+ 1 mp LT U+ 2) ) y & 1902 |
e G+ 17 =123+ 207 = mf] 3 Lgasa
im|Quolj+2my = — - . — Z 32
{dm|Qaol } G061 S }

A. Zuker et al., Phys. Rev. C 52 (1995) R1741
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Fermion dynamical symmetry model

e Construct shell-model hamiltonian in terms of
S and D pairs such that the S,D-space
decouples from the full shell-model space.

e Generalization of pseudo-spin (j=k+1i):

aI:m im; E(kmk im, ‘]m > l- ,Jm;
e Many posmble combinations of single-particle
orbits via an appropriate choice of k£ and i.

e Limitation: structure of pairs 1s algebraically
imposed.

J.N. Ginocchio, Ann. Phys. (NY) 126 (1980) 234
C.L. Wuet al., Phys. Rev. C 36 (1987) 1157
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