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Introduccio

Teories Efectives: la lupa dels fisics teorics

A qui se li acudiria buscar un carrer a Valencia amb un mapa galactic? O a I'inrevés,
qui voldria comprovar la posicié d’una galaxia mirant el planol d’una ciutat? Aquest
és, en definitiva, I'arrel de les teories efectives de camps: la dinamica a escales de
distancies grans no depén dels detalls de la dinamica a escales de distancies petites;
és a dir —tot considerant un exemple més fisic— no té sentit tenir en compte el
moviment de la Lluna al voltant de la Terra quan s’estudia el moviment de la nostra
galaxia.

En realitat, la idea de les teories efectives de camps sempre ha estat implicita
a l'hora d’estudiar els fenomens de la natura. Hom considera els graus de llibertat
adequats al sistema que s’esta estudiant.

Com a exemple il-lustratiu, es pot estudiar la fisica de I’atom. Una analisi que
considere I’Electrodinamica Quantica (QED) no és la millor opcid, és a dir, utilitzar
els quarks i els leptons com a graus de llibertat no sembla ser massa util. Un
enfocament més convenient empraria electrons no relativistes que orbiten al voltant
d’un nucli. Com a primera aproximacié, hom podria considerar un nucli amb massa
infinita: solament la massa de 'electrd i la constant d’estructura fina caldrien per
descriure el sistema. Si es desitjara una precisi6 major, s’hauria de considerar la
massa finita del protd, si encara se'n vol més, I’'spin i el moment magnetic... i aixi
successivament. El punt principal és que s’haja triat la teoria efectiva adient.

Partint d’aquest plantejament es dedueix que una primera qiiestié, i molt sovint
no trivial, és saber triar els graus de llibertat adequats a ’escala que s’esta conside-
rant. Per tant, les teories efectives constitueixen les eines teoriques més convenients
per descriure la dinamica a baixes energies, on el terme ‘baixes’ es refereix a una
determinada escala A. Com s’explica al llarg de la tesi, només es consideren els graus
de llibertat rellevants, i.e. aquells estats amb m < A, mentre que les excitacions
més pesades amb M > A han estat integrades fora de 'accié. S’han d’emprar les
interaccions necessaries entre els estats lleugers, que poden organitzar-se com una
expansio en potencies de 'energia sobre 1'escala A.

Un tret important per classificar les teories efectives de camps és la intensitat de
la teoria fonamental en la regié d’energies que s’estudia, és a dir, es distingeix el cas
en que la teoria a altes energies esta feblement o fortament acoblada. En el primer
cas el valor dels acoblaments efectius pot obtenir-se pertorbativament en termes de
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la teoria subjacent. Tanmateix, en el segon cas hom no pot fer calculs pertorbatius,
aixi que aquesta possibilitat no esta a ’abast en els models realistes. L’enfocament
efectiu que farem en aquesta tesi és del segon tipus: solament certs lligams provinents
de la teoria subjacent podran emprar-se, pero el valor dels acoblaments no podra
obtenir-se teoricament de manera directa.

S’ha dit que la dinamica a escales de distancies grans no depén dels detalls de la
dinamica a escales de distancies petites. Aquesta afirmacié s’hauria d’aclarir: 1'inic
efecte de la teoria a altes energies consisteix a fixar el valor dels acoblaments a baixes
energies, a banda de proveir les simetries que hauran de ser tingudes en compte en
estudiar la fisica a grans distancies.

La Teoria de Pertorbacions Quirals

El corriment d’ag

Amb les evidencies experimentals i teoriques actualment a ’abast hom accepta que
la teoria gauge SU(3)¢, la Cromodinamica Quantica (QQCD), descriu adequadament
les interaccions hadroniques. Com que l'interés d’aquesta tesi se centra en QCD a
energies entre la massa de la p i 2 GeV, potser siga convenient comencar analitzant
el comportament de la interaccio forta a baixes energies.

QCD descriu la interaccié forta entre quarks i gluons mitjancant una teoria gauge
no abeliana SU(3)¢. Abans de fer calculs pertorbatius a baixes o altes energies, s’ha
d’analitzar el corriment de I'acoblament fort ay, per poder confirmar si és possible
considerar I'acoblament com una quantitat petita. Es a dir, s’ha de renormalitzar
la teoria i, en el cas d’utilitzar regularitzacié dimensional, estudiar la dependencia
de ay en l'escala pu. Assumint que 'acoblament fort és suficientment petit per fer
calculs pertorbatius, es troba que

127
1INg — 2ny)log(q?/Agep)

as(q’) = ( (1)

amb N¢ el nombre de colors i ny el nombre de sabors. Es veu que I'evolucio de
I'acoblament amb l'escala sols depén d’'un parametre Agep, que s’anomena [’escala
de QCD. I’Eq. (1) permet comprovar la llibertat asimptotica de QCD, és a dir, el
corriment fa xicotet ’acoblament fort a altes energies, a diferencia amb el que ocorre
en QED. Si en el cas de QED aquest resultat s’interpreta com un apantallament de
la carrega degut a la presencia de parells virtuals electro-positrd, es pensa en un
efecte d’anti-apantallament en QCD, que és conseqiiencia de la natura no abeliana
de les interaccions gluoniques.

Encara que I’'Eq. (1) solament és valida en la regié en que ay és xicoteta, perque
ha estat obtinguda mitjangant un calcul pertorbatiu, s’espera un creixement de
I’acoblament a baixes energies, que condueix al confinament de QCD: els estats
asimptotics de QCD no poden ser els quarks. De fet, la fenomenologia suporta
aquesta idea: pot suposar-se el confinament de quarks i gluons en hadrons.
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Com a conseqiiencia d’aixo no podem treballar pertorbativament a baixes ener-
gies emprant el lagrangia de QCD. Un enfocament que utilitze teories efectives de
camps sembla ser la manera adequada de treballar amb QCD a grans distancies.

La simetria quiral

En absencia de la massa dels quarks el lagrangia de QCD és invariant sota trans-
formacions globals G = SU(ny), ® SU(nys)g, independentment per als components
quirals dreta i esquerra dels quarks.

Les simetries globals tenen influéncia en I'espectre, mentre que les locals deter-
minen la interaccié. Per aixo, la simetria global quiral, que hauria de ser una bona
simetria en el sector dels quarks lleugers (n; = 3), hauria de tenir implicacions en
I’espectre hadronic. Tanmateix, aixo no vol dir que s’haja d’observar necessariament
en l'espectre, ja que les simetries sempre tenen dues maneres d’implementar-se: o
son manifestes —i donen lloc a una classificacié en I'espectre— o es produeix un
trencament espontani de la simetria, amb la conseqiient generacié dels bosons de
Goldstone [5].

El segiient pas és anar, doncs, a la fenomenologia. Encara que els hadrons poden
ser classificats amb representacions SU(3)y, no es troben multiplets degenerats amb
paritat oposada. De més a més, 'octet de pseudoescalars més lleuger ho és molt més
que la resta dels estats hadronics. Tot aixo condueix a considerar un trencament
espontani SU(3), ® SU(3)r a SU(3)y. Com que hi ha n} —1 = 8 generadors axials
trencats en el grup quiral, s’haurien d’observar vuit estats hadronics amb J¥ = 0~
(7t 7, 7% n, K+, K~, K°, FO). Les seues masses xicotetes son generades per la
matriu de masses dels quarks, que explicitament trenca la simetria quiral. Tenint en
compte aquest trencament explicit de la simetria, nosaltres anomenarem el multiplet
dels pions pseudo-bosons de Goldstone.

El formalisme general per construir lagrangians efectius amb trencament espon-
tani de simetria fou proposat per Callan, Coleman, Wess and Zumino [7]. En el cas
de QCD a baixes energies és possible utilitzar aquestes idees per construir una teoria
efectiva que descriga la interacci6 entre els pseudo-bosons de Goldstone. Com que hi
ha un espai gran de separaci6 entre la massa d’aquest multiplet i la resta d’hadrons,
hom pot imaginar facilment una teoria efectiva de camps que continga sols aquests
modes. Seguint aquestes idees, la Teoria de Pertorbacions Quirals (yPT) és la teoria
efectiva de QCD per a molt baixes energies [8, 9, 10]. El seu éxit ha estat comprovat
fenomenologicament [11].

Aquest marc es desenvolupa com una expansio pertorbativa en moments i masses
dels pseudo-bosons de Goldstone. Llavors, el lagrangia pot ser organitzat en termes
creixents en potencies de masses o moments,

Lypr = > L3, (2)
n=1

on els subindexs indiquen el nombre de derivades o masses.
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Encara que xPT no és renormalitzable stricto sensu, se segueix un procediment
pertorbatiu de renormalitzacié on les divergencies generades amb els diagrames amb
bucles s6n reabsorvides amb un nombre finit de nous operadors. Aquest metode esta
ben definit ordre a ordre en I'expansié quiral. Aixi, per exemple, les divergencies
generades amb bucles construits amb el lagrangia dominant E%‘PT son reabsorvides
mitjancant la renormalitzacié dels acoblaments de £ [9].

La Teoria Quiral de Ressonancies

Millorant els lagrangians fenomenologics a [a Weinberg

Un cop s’accepta que I'estudi de la dinamica hadronica esta dificultat a baixes ener-
gies per la nostra incapacitat d’'implementar QCD d’una manera no pertorbativa
en aquests processos, es necessiten noves maneres de treballar amb QCD en aquest
regim d’energies. Com ha estat argumentat anteriorment, les teories efectives de
camps s6n una eina adequada per aquest fi [1, 2|. L’exit de diferents teories efec-
tives de QCD per a diferents regims, com ara la Teoria de Pertorbacions Quirals
(xPT), la Teoria Efectiva del Quark Pesat (HQET) o la Cromodinamica Quantica
No Relativista (NRQCD), és una bona prova d’aixo.

Tot i aix0, en la regié d’energies en qué estem interessats, M, < FE < 2 GeV,
la situacié és més complicada. Encara que la simetria quiral encara déna molts
lligams dinamics, I’habitual contatge de xYPT es trenca amb la presencia d’escales
d’energia majors. A més a més, aquest regim esta poblat de moltes ressonancies
i 'absencia d’una separacio entre les masses en 'espectre fa dificil un enfocament
mitjancant teories efectives de camps, ja que no és clar quins graus de llibertat han
estat integrats i, en qualsevol cas, des de quin llindar d’energies s’estan integrant
els modes pesats. En tot cas, molts dels principals trets de les teories efectives de
camps seran molt 1tils per portar a terme el nostre objectiu.

Els principals ingredients del nostre esquema son els segiients:

1. Hauriem de comencar I’enfocament mitjancant els lagrangians fenomenologics
proposats per Weinberg en la Ref. [8]. Ell suggeri construir el lagrangia més
general possible, incloent tots els termes consistents amb els principis de sime-
tria assumits, esperant que els calculs dels elements de matriu donaren la
matriu S més general que respectara analiticitat, unitarietat, descomposicié
en grups i les simetries. En el cas de QCD a baixes energies, un dels trets
fonamentals seria la introduccié dels estats lligats, els hadrons, com a graus
de llibertat. Vegeu que la tria dels graus de llibertat és un punt fonamental
per construir els lagrangians efectius.

Es important assenyalar que en aquests lagrangians generals, que anomenarem
lagrangians fenomenologics a la Weinberg, no s’ha fet is de cap informacio
dinamica més enlla de principis generals. Aquest fet ens permet emprar infor-
macié addicional de la teoria subjacent de les interaccions fortes per millorar
la nostra descripcié.



Introduccié 13

2. QCD a gran N¢ [14, 15] proporciona un bon escenari on treballar. El limit
d’un nombre infinit de colors de quarks resulta ser un instrument molt 1til per
entendre moltes caracteristiques de QQCD i subministra un contatge per de-
scriure les interaccions entre mesons. Assumint confinament, el limit No — oo
restringeix enormement la dinamica dels mesons afirmant que les funcions de
Green de la teoria vénen descrites per diagrames a ordre arbre d’un lagrangia
efectiu amb vertexs locals i mesons com a graus de llibertat; les correccions en
1/N¢ es calculen mitjangant bucles obtinguts amb el mateix lagrangia efec-
tiu. L’expansié en 1/N¢ déna un bon esquema quantitatiu d’aproximacié a la
dinamica hadronica [16].

3. L’altre progrés en 'enfocament fenomenologic és dut a terme mitjancant les
propietats de QCD a curtes distancies. La majoria d’aquests lligams s’obtenen
a partir de fer 'empalmament de les funcions de Green dels corrents de QCD
avaluades amb la teoria efectiva amb aquells obtinguts utilitzant 1’expansié
pertorbativa OPE. L’altra font de lligams sorgeix de 'analisi dels factors de
forma.

En resum, tenint en compte les dificultats per utilitzar un metode formal amb
teories efectives de camps en la regié de les ressonancies, es treballara mitjancant
un enfoncament basat en les idees dels lagrangians fenomenologics explicats en la
Ref. [8]. Aquest acostament pot desenvolupar-se emprant 'expansié en 1/N¢ i
els lligams obtinguts a partir del comportament a altes energies de QCD. Amb
tot aixo s’han avancat les principals claus que destaquen en la Teoria Quiral de
Ressonancies (RxT) [17, 18, 19], el marc proposat en aquesta tesi per tractar amb
la Cromodinamica Quantica a energies intermedies, M, S E < 2 GeV.

L’expansi6 en 1/N¢

Treballar amb QCD a energies intermedies seria més facil utilitzant un parametre
d’expansié. Com s’ha explicat anteriorment, 1’acoblament fort oy no pot ser una
solucid, tenint en compte les equacions del grup de renormalitzacié. En la regié de
ressonancies es trenca 1'usual contatge quiral. Per tant, la teoria gauge SU(3)c amb
quarks lleugers no té un parametre d’expansio obvi.

't Hooft suggeri que hom podria generalitzar QCD i emprar un grup gauge
SU(N¢) [14]. L’esperanca era poder resoldre la teoria en el limit en queé N¢ és molt
gran, i que el valor fisic No = 3 féra qualitativament i quantitativament proxim al
valor obtingut en aquest limit.

QCD se simplifica quan Ng és gran, i déona lloc a una expansié sistematica en
potencies d’1/Ng. Triant que l'acoblament a; és d’O(1/N¢), és a dir, considerant
que asN¢ és una constant en el limit del gran nombre de colors, i suposant confina-
ment, els principals resultats son els seglients:

1. En el limit No — oo els mesons i els estats gluonics son lliures, estables i no
interaccionen entre ells. Les masses dels mesons tenen limits suaus i el nombre
d’estats mesonics és infinit.
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2. Els decaiments dels mesons sén d’O(1/y/N¢), mentre que les amplituds de
col-lisi6 mesé-mesé son d’O(1/Ne).

3. A primer ordre en I'expansié 1/N¢ la dinamica dels mesons esta descrita per
la suma dels diagrames a ordre arbre d’un lagrangia efectiu local que inclou
mesons fisics en lloc de quarks i gluons. Aco convida a pensar rapidament en
el bon enfocament dels lagrangians fenomenologics proposats anteriorment.

4. En el limit No — oo la regla de Zweig és exacta i, per tant, els mesons
es classifiquen en nonets de sabors U(3). Ha desaparegut en aquest limit
I'anomalia axial i s’ha restablert aix{ la simetria U(3), ® U(3)g.

5. Sota hipotesis raonables es pot provar que el grup de simetria de QCD en el
limit No — o0, U(ns)r ® U(ng)y es trenca espontaniament a U(ny)y [20].

6. Els mesons son estats ¢g purs, és a dir, la fisica hadronica del mar de parells
qq esta suprimida.

Aquests resultats poden llegir-se de dues maneres. Hom podria dir que s’ha utilitzat
I'expansi6 en 1/N¢ per explicar alguns fets experimentals de la interacci6 forta. La
possibilitat que nosaltres preferim és dir que aquestes caracteristiques quantitatives
sén una prova que QCD a gran N¢ és una bona aproximaci6 a la natura [15]. Vegeu
que afirmar que I'expansi6 en 1/N¢ és una bona aproximacié al mén real és quelcom
important des d’un punt de vista teoric, ja que aquesta expansio pot ser emprada
com a parametre d’expansio en dur a terme el nostre enfocament efectiu.

Construint el lagrangia de la Teoria Quiral de Ressonancies

L’objectiu és treballar amb QCD en la regi6 de les ressonancies, M, < E 5 2 GeV,
tot utilitzant els lagrangians fenomenologics a la Weinberg explicats adés, que seran
implementats mitjantgant I'expansié en 1/No. Hom ha de considerar el lagrangia
més general possible, és a dir, el que inclou tots els termes consistents amb les
simetries, utilitzant els hadrons com a graus de llibertat. Per a la construccié de la
nostra teoria efectiva s’han de tenir en compte diferents assumptes:

1. Per tal de poder recuperar a molt baixes energies els resultats de yPT, con-
siderar la simetria quiral és la millor opcié. Tenint en compte els resultats
de QCD a gran Ng, els mesons s6n ordenats en multiplets U(3) i solament es
consideren operadors amb una traca en l'espai de sabor [21, 23].

2. Es un fet ben conegut que per donar-li sentit a qualsevol descripcié efectiva
cal empalmar els resultats amb els de la teoria subjacent (QCD en aquest cas).
Cal ressaltar que el comportament asimptotic de QCD es troba ja a energies
E ~ 2 GeV. Aleshores RxT hauria de recuperar el comportament a altes
energies de QCD. Aquesta exigencia exclou interaccions amb moltes derivades,
ja que aquestes tendeixen a violar el comportament asimptotic guiat per QCD.
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Aix0 permet entendre 'éxit fenomenologic de les aproximacions habituals, on
solament es consideren tensors quirals fins O(p?). A més, aquest empalmament
provoca alguns lligams entre els acoblaments efectius del lagrangia, reduint-se
per tant el nombre de parametres desconeguts.

3. Encara que QCD a gran N¢ és un instrument robust per dur a terme QCD
a energies intermedies, calen algunes aproximacions per poder construir el
lagrangia efectiu. Com que el nombre de mesons és infinit en aquest limit,
I’aproximacié més comu és el tall en el nombre de ressonancies, considerant
solament els estats més lleugers. Se suposa que aquesta és una aproximacio
bona perque les contribucions dels estats més pesats estan suprimides per llurs
masses. La fenomenologia suporta aquesta aproximacio.

En la Ref. [17] solament es consideraren les contribucions de les ressonancies
més lleugeres amb cadascin dels nombres quantics, la famosa aproximacié
d’'una sola ressonancia. Aixi mateix la nostra analisi sera feta sota aquesta
aproximacio.

Com que el nombre de funcions de Green és infinit, és clar que no totes
les condicions d’empalmament poden satisfer-se amb un nombre finit de res-
sonancies: certes incerteses degudes al tall de I'espectre sén introduides en la
determinacio dels parametres. De fet, es pot arribar a certes inconsistencies en
les relacions entre els acoblaments efectius. L’aproximacié hadronica minima
generalitza ’aproximacié d’una sola ressonancia, de tal manera que s’inclou el
minim nombre de ressonancies que permet recuperar el comportament de QCD
a altes energies en amplitud considerada [24]. Encara que aquesta opcié és
una aproximacio de QCD, esta ben suportada per la fenomenologia d’aquelles
funcions de Green que sén parametres d’ordre de la simetria quiral. En algunes
situacions les desviacions respecte als resultats en el limit No — oo estan sota
control [24, 25].

4. S’ha demostrat [18] que els acoblaments del lagrangia subdominant de xPT,
XPT 9 . S . .
L), estan saturats per 'intercanvi de ressonancies generat pels termes lineals
en els camps de ressonancies. Per tant, la introduccié explicita dels opera-
4 . . o

dors de Epc):B conduiria a considerar dues vegades les contribucions de les
ressonancies. No s’ha realitzat una analisi similar a O(p®) sistematicament,
encara que sembla una suposicié raonable. La nostra teoria assumeix una
saturacié completa dels acoblaments del lagrangia de yPT.

5. A més a més de les peces cinetiques, solament els termes lineals en les res-
sonancies foren considerats en la Ref. [17] perque I'objectiu de l'article era
obtenir les contribucions dominants de les ressonancies als acoblaments quirals
de QfPT. En el capitol 3 l'estudi d’un observable, a ordre subdominant en
I'expansié en 1/Ng, permet justificar la necessitat de considerar operadors
amb més d’una ressonancia, si es volen satisfer les condicions d’empalmament

amb QCD [26].
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Seguint el cami obert en la Ref. [17], s’han estudiat les contribucions domi-
nants de les ressonancies a alguns acoblaments quirals d’O(p®), tot considerant
diverses funcions de tres punts [27]. Un enfocament més sistematic i complet
a aquest tema pot trobar-se en la Ref. [19].

L’empalmament amb QCD

Com hem senyalat adés, un ingredient basic per avangar en la construccio de la Teoria
Quiral de Ressonancies és considerar els lligams de QCD a altes energies, és a dir,
I’empalmament entre RxT i la teoria completa. De fet, sense considerar els lligams
asimptotics de la dinamica forta subjacent hi ha massa parametres desconeguts en
el nostre enfocament efectiu, degut a la natura no pertorbativa de QCD a baixes
energies. Cal emfatitzar la importancia del nombre de parametres desconeguts per
determinar el poder predictiu del lagrangia.

La majoria dels lligams a curtes distancies emprats en la bibliografia resulten
d’utilitzar els resultats dominants de I'expansi6 OPE de les funcions de Green dels
corrents de QCD. L’altra possibilitat és considerar el comportament de Brodsky-
Lepage dels factors de forma [28], i.e. exigir que els factors de forma a dos cossos
dels corrents hadronics s’anul-len a altes energies. Aquest comportament ha es-
tat comprovat en el cas dels pseudo-bosons de Goldstone i dels fotons. El dubte
apareix quan s’estudien factors de forma que involucren ressonancies com a estats
asimptotics. Una de les principals motivacions d’aquesta tesi és intentar clarificar
aquesta quiestio, relacionant els factors de forma a dos cossos amb les funcions de
Green de dos punts a ordre subdominant en 'expansié en 1/N¢ [29, 30].

Cal emfatitzar un altre punt respecte als lligams asimptotics. Obviament les
relacions trobades depenen del lagrangia emprat: no tindrem els mateixos lligams si
utilitzem el lagrangia de la Ref. [17], on tnicament s’han considerat les interaccions
lineals en els camps de ressonancies [22], o si es considera un lagrangia més general
que no limite el nombre de ressonancies en els operadors [29, 30].

Correccions quantiques en la Teoria Quiral de Res-
sonancies

Des del comencament la Teoria Quiral de Ressonancies ha estat utilitzada tant
en l'estudi de les contribucions de les ressonancies en processos febles [53] com en
I'estudi de factors de forma de mesons [46]. En ambdds casos el lagrangia de RyT
s’ha utilitzat solament a ordre arbre i, en conseqiiencia, s’han obtingut les contribu-
cions dominants en ’expansi6 en 1/N¢ del nostre model.

Les correccions quantiques sorgeixen quan es fan calculs a un bucle amb la teoria
i el seu control comenca a caldre tant per la convergencia de les prediccions com per
redregar el nostre coneixement no pertorbatiu de QCD:

1. Cal una resumacié de Dyson-Schwinger d’ordres subdominants per descriure
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les amplituds prop dels pics de les ressonancies [47], la qual cosa condueix a
calculs fins a un bucle [26, 29, 30, 37, 54].

2. Es convenient millorar les prediccions no pertorbatives de QCD per poder
distingir els efectes de la nova fisica en alguns observables.

3. La determinacio de les contribucions de les ressonancies en els acoblaments
quirals a ordre subdominant mitjancant aquestes correccions quantiques en
RxT és molt interessant, ja que permetria mantenir sota control I'escala de
renormalitzacié i les possibles incerteses degudes al corriment d’aquests acobla-
ments.

4. Des d'un punt de vista més teoric, les correccions quantiques sén fonamentals
per trobar la descripcié mitjancant una teoria de camps que permeta entendre
les interaccions hadroniques més enlla de modelitzacions ad hoc.

RxT no és renormalitzable. A més a més la manca d'un parametre d’expansid
en el lagrangia dificulta I’aplicacié d'un programa de renormalitzacié pertorbatiu
basat en un contatge analog al cas de yPT. Tanmateix, com s’explica al llarg de
la tesi, la situacié no és molt diferent al cas de xPT [29, 30]. Com es mostra en el
capitol 3, on el factor de forma del pi6 és calculat a ordre subdominant, dins de la
teoria és possible construir un nombre finit d’operadors, els acoblaments dels quals
puguen absorbir les divergencies dels diagrames amb un bucle. L’'inic requeriment,
¢és clar, és que el procés de regularitzacio de les divergencies respecte les simetries
del lagrangia.

Un primer pas en aquesta direccié fou 'estudi de les contribucions de les res-
sonancies a nivell quantic al corriment de 'acoblament de xPT Ljo(u) [37], tot i que
no es va fer una analisi de les divergencies ultraviolades i la seua renormalitzacio
corresponent.

Els diagrames de Feynman amb bucles que inclouen ressonancies solament s’han
analitzat en certs models amb simetries addicionals. Per exemple, la descripcié que
fa s de la simetria local oculta [38] implica un comportament ultraviolat molt més
simple [39]. Les correccions quantiques a alguns parametres de ressonancies s’han
estudiat [40, 41] en el context de la yPT del mesé vectorial pesat [42], que adopta el
limit Mg — oo per garantir un bon contatge quiral; també amb aquest fi [43] s’ha
utilitzat el model de Nambu-Jona-Lasinio [44].

Aixi mateix és molt important estudiar el comportament asimptotic de la teoria
una vegada s’han introduit els contratermes adients. Cal estudiar amb cura els
lligams implicats per les propietats de QCD a altes energies en el cas de calculs a
ordre subdominant en 1/N¢.

La renormalitzacié formal de RxT a un bucle sembla ser un treball complicat,
que demana previament I'analisi de certs ingredients. Aquesta tesi mira de ser un
avangament en aquesta direccié:

1. Per tal de millorar I’enteniment del comportament de les correccions quantiques,
féra convenient comencar fent un calcul d’'una amplitud fisica ben determinada
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que incloga diagrames amb un bucle. En el capitol 3 es mostra una investigacié
acurada del factor de forma del pié a ordre subdominant en l’expansié 1/N¢.

Es molt rellevant el limit a altes i baixes energies del resultat trobat. El limit a
altes energies permet estudiar els lligams asimptotics de QCD quan es treballa
amb correccions quantiques. Per la seua banda, el limit a baixes energies ens
proporciona les contribucions subdominants de l'intercanvi de ressonancies a
I'acoblament quiral g(u) (Lo(u) en el cas de tres sabors).

. Tot utilitzant els correladors amb correccions quantiques, en el capitol 4 es

justifica la necessitat d’estudiar el comportament a altes energies dels factors
de forma que inclouen ressonancies com a estats asimptotics. Tenint en compte
la importancia de I'empalmament en qualsevol teoria efectiva, és fonamental
tenir clar quins sén els lligams que s’han d’utilitzar en la nostra modelitzacié
de la interacci6 forta a energies intermedies.

S’analitzen tots els factors de forma a dos cossos que poden definir-se en el
sector de paritat intrinseca parella de la Teoria Quiral de Ressonancies sota
I’aproximacié d’una tunica ressonancia. Una vegada s’han incorporat aquests
lligams s’espera evitar el mal comportament asimptotic a grans moments
d’aquelles contribucions que vénen de diagrames amb ressonancies com a estats
intermedis.

A més a més, una vegada es disposa d’amplituds ben comportades a curtes
distancies, calculs a un bucle poden predir les contribucions de les ressonancies
als acoblaments quirals amb la dependencia d’escala sota control. Seguint
aquest cami, es presenta una prediccié subdominant de Lg(u).

. En el capitol 5 s’estudia la funcié generatriu a nivell subdominant obtinguda

amb RxT quan només s’incorporen ressonancies escalars i pseudoescalars i sols
acoblaments bilineals en els camps de les ressonancies. S’obtenen aixi tots els
operadors necessaris per renormalitzar la teoria.



Chapter 1

Effective Field Theories

1.1 The Magnifying Glass of the Theoretical Physi-
cists

Who would look for a street in Valencia with a galactic map? Or the other way
around, who would want to check the position of a galaxy by using the street plan of
acity? Allin all, this is the key of an Effective Field Theory (EFT): the long-distance
dynamics do not depend crucially on the details of the short-distance dynamics. In
other words, considering the Moon movement around the Earth in order to study
our galaxy movement has no sense.

In fact, the idea of effective field theories has been always implicit when describing
Nature. One takes into account the suitable degrees of freedom for the problem at
hand.

As an illustrative example the physics of the atom can be examined. An analysis
considering Quantum Electrodynamics (QED) seems to be a bit useless, i.e. using
quarks as degrees of freedom is not the best choice. A better approach would make
use of non-relativistic electrons orbiting around the nucleus. As a first approxima-
tion, one could consider an infinite mass for the nucleus: only the electron mass
and the fine structure constant would be required to describe the system. If more
precision is needed, the finite mass of the proton can be taken into account, if even
more precision is demanded the spin and the magnetic moment... and so on. The
main idea is that the right effective theory of the system has been chosen.

From this setting one can deduce that a first question, and often not naive, is to
choose the appropriate degrees of freedom at the scale under consideration. That is,
effective theories are the suitable theoretical tools to describe low-energy dynamics,
where the term ‘low’ refers to a determined scale A. As it will be explained in the
next section, only the relevant degrees of freedom, i.e. those states with m < A, are
considered, while heavier excitations with M > A have been integrated out from
the action. One has to use suitable interactions among the light states, which can
be organized as an expansion in powers of energy over the scale A.

A remarkable feature to classify effective field theories is the strength of the un-
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derlying theory in the region at hand, i.e. one can distinguish the case in which
the high-energy theory is weakly or strongly coupled. In the first case the value of
the effective couplings can be obtained perturbatively in terms of the underlying
couplings. However, in the second case one cannot perform perturbative calcula-
tions, so this possibility is not at hand for realistic models. The effective approach
we are going to use within this work is of the second kind, that is, only different
restrictions coming from the underlying theory can be used, but the value of the
couplings cannot be obtained directly.

It has been claimed above that the low-energy dynamics do not depend on the
details of the high-energy region. This sentence should be clarified: the only effect
of the high-energy theory is to fix the value of the couplings and to provide the
symmetries that must be considered in order to describe the long-distance scenario.

To prepare this first chapter, we have made extensive use of several reviews [1, 2].

1.2 Integration of the Heavy Modes

We want to present from a more formal point of view what has been explained in the
previous section, by following path integrals methods. Assuming that the theory at
high energies is known, the effective action I'eg, which encodes all the information
at low energies, reads

giTenl®] _ / (d®,] iSO (1.1)

where ®; and @y, refer to the light and heavy fields respectively and S[®;, @] is the
action of the underlying theory. Thus the effective lagrangian is defined through the
expression

Tu®)] = / A Log[®)] . (1.2)

It is possible to compute the effective action T'eg[®;], at least formally, using the
saddle point technique. The heavy field @), can be expanded around some field
configuration ®; as follows

A@h(l’)

=Py,

S[Cbl,q)h] == S[(I)l,6h] +/d4ZL‘
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A 525
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where the definition A®;,(x) = ®,(z) — ®;, has been used. It can be chosen ®;, so
that

AD,(2)ADy(y) + ..., (1.3)

B, =D,

3S[Dy, Py _ 0. (1.4)
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With this choice Eq. (1.1) turns out to be

pilTert[®] _ i S[®1,®y] /[dq)h] eifd4zd4y{%A<I>h(z)A(m,y) A@h(y)—f—...}, (1.5)
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where éQS
A xZ, = —(l) P ' )
( y) 5®h(l‘)5 h(y) Py = ( )

By a formal Gaussian integration and assuming that the heavy field is a boson,

Tg[®] = ir“ﬂ) = S[®;, Dp[P)]] + %Tr (log A[®)]) + ... . (1.7)

The expansion in Eq. (1.3) turns out to be an expansion in the number of loops,
that is the first term corresponds to a tree level integration of the heavy field ®, as
clearly seen from Eq. (1.5).

Although the above expansion is quite general and, in principle, it can always
be performed, the calculations are very often complicated or cannot be obtained
perturbatively. For instance, not always the degrees of freedom of the effective
theory are present in the fundamental one. However, as it has been claimed in the
former section, some information for the effective low-energy action can be obtained
from symmetry constraints coming from the underlying theory.

1.3 Renormalizability and Effective Theories

Usually it is claimed that a quantum field theory should be renormalizable in order
to be able to perform radiative corrections to the tree level result, i.e. that the
lagrangian should contain only terms with dimension < D, with D the dimension of
the space-time. Otherwise one needs an infinite number of counterterms, hence an
infinite number of unknown parameters, so that the theory has no predictive power.

However, an effective field theory lagrangian contains already an infinite number
of terms. The lagrangian can be organized by taking into account their dimension,

Eeﬁ‘ = ESD + »CD+1 + »CD+2 + ..., (1.8)

where £ p contain all terms with dimension < D, Lp.; contains terms with dimen-
sion D + 1, and so on. The usual renormalizable lagrangian is just the first term,
L<p. Although there are an infinite number of terms in Leg, the predictive power
has not disappeared while one works at a given precision. As operators with higher
dimensions are incorporated, a higher precision ¢ is reached,

E Dax_4
< (= 1.
€ ~ (A) ? ( 9)

where D" is the considered highest dimension. Accordingly, once a given precision
is decided, the number of operators and thus couplings needed is finite. In other
words, a non-renormalizable theory is just as good as a renormalizable theory for
computations, provided one is satisfied with a finite accuracy.

With only the first term of Eq. (1.8) the effective lagrangian turns out to be a
classical ‘renormalizable’ theory. In fact, the Standard Model is an effective theory
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in which only the first piece of the expansion is considered. It is supposed to exist
a more general theory where, either with the degrees of freedom already present
in the usual framework or with completely new ones, there are heavier modes. In
consequence it is not surprising to find corrections to the Standard Model, conse-
quence of these new modes, i.e. New Physics or Physics Beyond the Standard Model
come simply from higher scales. There are two ways to know these new scales, either
experiments at very high energies or improving the precision at the present energies.

1.4 The Decoupling Theorem

Intuitively, decoupling means that low-energy physics is “blind” to high-energy
physics. Assuming a theory with light particles and a heavy particle of mass M, one
can demonstrate that, under given conditions, the effects of the heavy particle in the
low-energy dynamics only appears through corrections proportional to a negative
power of M or through renormalization. The Appelquist-Carazonne theorem is the
rigorous formulation of this phenomenon [3].

Let us consider a theory with a light field ¢ and a heavy field ® with masses
m and M respectively. (g, m, M, u; ky, ..., k,) is the vertex of n light particles
with momenta k;, which is derived from the classical action S[¢, |, where g denotes
the different couplings and p is the renormalization scale. If now we consider the
action S[¢], which is obtained from S[¢, ®] by omitting the terms with heavy fields
and replacing the original light particle mass and couplings by new parameters m
and g, the vertex of n light particles can be considered again, I'"(g, m, u; k1, ..., ky).
Supposing some mass independent renormalization scheme, the theorem proves that

o 1
(g, m, M, ji; ke, ... ky) = Z"2T(G m, sk, k) + O(M)’ (1.10)

where the new couplings, mass and scale of fields, g(g, M, n), m(g, m, M, ) and
Z(g, M, 1), depend now on the heavy scale; obviously the form of these functions
depend on the renormalization scheme.

As it has been indicated before, there are some conditions in order to be able to
grant the validity of the theorem: the underlying theory has to be renormalizable,
it should not have spontaneous symmetry breaking nor chiral fermions.

1.5 Matching

It is known that the effects of a heavy particle in the low-energy theory are present
through higher-dimension operators, i.e. non-renormalizable ones which are sup-
pressed by inverse powers of the heavy particle mass. The same physical predictions
in the full and effective theories should be expected around the heavy-threshold re-
gion. Thus, both descriptions are related through a matching condition: the two
theories (with and without the heavy field) should give rise to the same S matrix
elements for processes involving light particles.
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It is important to stress that while the matching conditions have not been taken
into account, one is not dealing really with the effective field theory, that is, the
matching procedure is a fundamental step to develop effective approaches.

Quantum Chromodynamics (QCD) is an appropriate way to understand this
process. Considering the QCD lagrangian with ny — 1 light quark flavors plus one
heavy quark of mass M, one assumes that at © < M one can integrate out the
heavy quark. Accepting the decoupling, the resulting effective field theory consists
of the original pieces without the heavy quark plus a tower of higher-dimensional
operators suppressed by powers of 1/M. The matching conditions will relate this
effective field theory to the original QCD lagrangian with n; flavors:

n ne—1 C;
i=1

At low energies these extra operators are usually neglected, being reduced the ef-
fective lagrangian to the normal QCD lagrangian with ny — 1 quark flavors. As
it has been explained before, the two QCD theories have different renormalization
properties: the running of the corresponding couplings o’ and o’ ~is different.
The two effective couplings are related trough a matching condition:

() = () {1+ (s (&) )

Since the QCD running coupling is not a physical observable, there can be different
parameters and there is no reason why they should be the same at the matching
point. The physical observables are those which should be equal at the matching
point: they would be the same independently from the effective field theory at hand.
In fact these matching conditions require a discontinuous coupling like Eq. (1.12)

1.6 Chiral Perturbation Theory

1.6.1 The QCD Lagrangian and the Running of «;

With the present overwhelming experimental and theoretical evidence it is known
that the SU(3)c gauge theory correctly describes the hadronic world [4]. Later
we are going to be interested in QCD at energies between the p mass and 2 GeV,
therefore we will start by studying the behaviour of the strong interaction at low
energies. QCD describes the strong interaction between quarks and gluons through
a non-Abelian SU(N¢) gauge theory, with No = 3. The lagrangian reads

N 1 a v

ﬁQCD = G(le —M)q — ZGMVGZ -+ ﬁFp —+ £GF7
C wa

DH = 8M — ngGP«7

Go, = 9,G4 — 8,G° + g frGhGe, (1.13)

nv
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wherea=1,..., N2 —1=38, G, are the gluon fields and g; is the strong interaction
coupling constant. The quark field ¢ represents a column vector in both color and
flavor spaces, M is the quark mass matrix in flavor space. The \, are the Gell-Mann
matrices, so that \,/2 are the SU(3)¢ generators in the fundamental representation
and f®° are the structure constants. The Faddeev-Popov term Lpp includes the
lagrangian for the ghost fields and Lgp refers to the gauge-fixing term.

Before working perturbatively at low or high energies, one has to explore the
running of the g, strong coupling, in order to confirm if it is possible to consider the
coupling as a small quantity. That is, one has to renormalize the theory and, in the
case of using dimensional regularization, study the dependence in g, on the scale pu.
Assuming that the strong coupling is small one can calculate the beta function at
one-loop level,

9gs ge
. — —(11Ng — 2n;) -2
bac = u ou (11Ne = 2ny) 4872’

(1.14)

so that, at least at this order, Bocp is negative for ny < 16, with ny the number of
flavors. Eq. (1.14) implies that the renormalized coupling constant varies with the
scale, which is usually called the “running” of the coupling constant. Integrating
this equation, it is obtained that

127
1IN — 2ny)log(q?/Agep)

as(q?) = ( (1.15)

where a, = ¢?/4n. Written in this form, the evolution of the coupling with the
scale only depends on a single parameter Agcp, which is known as the QCD scale
and is defined in terms of of p and a4(p?) through

127
o, (1?)(33 — 2ny)

log(Ajep) = logp? — (1.16)

Eq. (1.14) allows to check the asymptotic freedom of QCD, i.e. its running
coupling decreases at high energies, in contrast to the case of QED. If in QED the
fact that the coupling constant decreases at long distances is interpreted as the result
of the charge screening due to the presence of electron-positron virtual pairs, one
thinks of an anti-screening effect in QCD, which is due to the non-Abelian nature
of the gluonic interactions.

Although Eq. (1.14) is only valid in the region where a4 is small, since it has been
obtained by a perturbative calculation at one-loop level, one expects an increase at
low energies, which leads to the confinement of QCD: the asymptotic states of QCD
cannot be anymore the free quarks at this regime of energies. The phenomenology
supports this idea: the confinement of quarks and gluons inside hadrons can be
supposed.

As a consequence we are not able to work perturbatively at low energies by
using the QCD lagrangian of Eq. (1.13). An effective field theory approach at long
distances turns out to be the appropriate framework.
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1.6.2 Chiral Symmetry
In the absence of quark masses, the QCD lagrangian of Eq. (1.13) turns out to be

1
SGO G+ Lop + Lo, (1.17)

‘c%CD = ZquqL + ZquqR - 4 Hv

where the ‘0’ index refers to the massless case and the quark fields have been split
into their chiral components. This lagrangian is invariant under independent global
G = SU(ny), ® SU(ny)r transformations of the left- and right-handed quarks in
flavor space.

Global symmetries have an influence into the spectrum, whereas local ones de-
termine the interaction. Consistently, the global chiral symmetry, which should be
approximately good in the light quark sector (ny = 3), should have implications in
hadronic spectroscopy. Notwithstanding, it does not mean that it necessarily must
be observed in the spectrum, since symmetries have always two possible realizations:
either they are manifest, giving rise to a classification within the spectrum, or they
are driven by a spontaneous symmetry breaking, with the resulting generation of
the Goldstone bosons, according to Goldstone’s theorem [5].

Vafa and Witten [6] proved that the lowest energy state has to be necessar-
ily invariant under vector transformations, so that the possible spontaneous chiral
symmetry breaking cannot affect the vectorial part of the chiral group.

Phenomenology is the next step. Although hadrons can be nicely classified in
SU(3)y representations, degenerate multiplets with opposite parity do not exist.
Moreover, the octet of pseudoscalar mesons happens to be much lighter than all
the other hadronic states. This experimental evidence drives to the spontaneous
SU(3)r ® SU(ng)r symmetry breaking to SU(3)r1g. Since there are nj —1 = 8
broken axial generators of the chiral group, there should be eight lightest hadronic
states JE =0~ (nt, 7, 7% n, KT, K=, K° and FO). Their small masses are gener-
ated by the quark-mass matrix, which explicitly breaks the global chiral symmetry.
Taking into account this small explicit breaking, we will refer to the pion multiplet
as the pseudo-Goldstone bosons.

1.6.3 The Effective Chiral Lagrangian

The general formalism to build effective lagrangians with spontaneous symmetry
breaking was proposed by Callan, Coleman, Wess and Zumino [7], who gave a suit-
able way to parametrize the Goldstone bosons. In the case of QCD at very low
energies, it is possible to use these ideas to construct an effective lagrangian to de-
scribe the interaction among the pseudo-Goldstone bosons, the lightest pseudoscalar
multiplet. Since there is a mass gap separating the pseudoscalar octet from the rest
of the hadronic spectrum, one can imagine an effective field theory containing only
these modes.
Thus, the basic assumption is the spontaneous chiral symmetry breaking,

G=5SU(3),®SU@B)z — H=SU®3)y. (1.18)
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Denoting by ¢* (a = 1,... ,n% — 1 = 8) the coordinates describing the pseudo-
Goldstone fields in the coset space G/H, a coset representative upg 1(¢) is chosen.
The change of coordinates, carrying the pseudo-Goldstone modes, under a chiral
transformation g = (g1, gr) € G is ruled by

u(9) — gus(6)hig.0)',
ur(p) — grur(®)h(g,¢)", (1.19)

where h(g,¢) € H. We can take the choice of a coset representative such that

ug(o) = uTL(qﬁ) = u(¢), whose explicit form in the Callan, Coleman, Wess and

Zumino parameterization can be written as

u(p) = (77 9). (1.20)
with ¢ defined through the following expression,
8 %WO + %778 7wt Kt
= —= ) Ao = T —m’ + s KO , (1.21)
= K~ K° —\%778

where the normalization of the Gell-Mann matrices is given by (\A;) = 26;;.

Once the coset space is parameterized, the low-energy effective lagrangian re-
alization of QCD for the light quark sector can be obtained, the so-called Chiral
Perturbation Theory (yPT) [8, 9, 10]. One should write the most general lagrangian
involving the matrix u(¢), which is consistent with QCD and its chiral symmetry.
It is obvious that this effective approach will be useful until the resonance region,
E < M,, since then new degrees of freedom arise.

xPT is worked out as a perturbative expansion in the momenta and masses of
the pseudo-Goldstone bosons and it has proved to be a rigorous and fruitful scheme.
Thus, the lagrangian can be organized in terms of increasing powers of momentum
or, equivalently, in terms of an increasing number of derivatives,

Lopr = > L5, (1.22)

n=1

where the subindex, 2n, indicates the number of derivatives. Notice that parity con-
servation requires an even number of these and there is no term without derivatives,
since uul = 1.

As in any quantum field theory, quantum loops with internal lines must be
explored. Taking into account the lagrangian expansion of Eq. (1.22) and assuming
an arbitrary Feynman diagram with Ny vertices of O(p?)! and L loops, it is easy to
check that the chiral dimension of an amplitude is given by [§]

D = 2+2L+ ) Nyd-2). (1.23)
d

!The chiral order, O(p?), indicates the number of derivatives



1.6 Chiral Perturbation Theory 27

The power suppression of loop diagrams is at the basis of effective field theories.
As the chiral lagrangian starts at O(p?), so d > 2, and all terms in Eq. (1.23) are
positive. As a result, only a finite number of terms in the lagrangian are needed
to work to a fixed chiral order, and the chiral lagrangian acts like a renormalizable
field theory. For instance, the leading D = 2 contributions are obtained with L = 0
and Ny=o = 0, i.e. tree level graphs with £;‘PT. Let us imagine now the calculation
of amplitudes to O(p*), one only has two possibilities in Eq. (1.23), L =0, N, =1
and Ng=y = 0 or L = 1 and Ny = 0; that is, one only needs to consider tree
level diagrams with one insertion of EffPT, or one-loop graphs with the lowest order
lagrangian E%‘PT to compute all scattering amplitudes to O(p?).

It is clear that the chiral expansion in powers of momenta runs over some typical
hadronic scale, the chiral symmetry breaking scale, A,. In view of different argu-
ments, as the variation of the loop contribution under a rescaling of i, one has an
estimate of the scale, A, ~ 47F ~ 1.2 GeV. Furthermore, one can consider the scale
related to the first heavy particles that have been integrated out, the p multiplet,
Ay ~ M, ~ 0.77 GeV. Notice that A, < A,, so that loop contributions tend to be
smaller than resonance contributions.

The effective field theory technique becomes much more powerful if couplings to
external classical fields are introduced. Considering an extended QCD lagrangian,
with quark couplings to external currents v, a,, s, p:

Locp = Loop + TV (0u+750,) ¢ — T(s — ivsp) ¢, (1.24)

the external fields will allow to compute the effective realization of general Green
Functions of quark currents in a very straightforward way. Moreover, they can be
used to incorporate the electromagnetic and semileptonic weak interactions, and the
explicit breaking of chiral symmetry through the quark masses. Taking into account
that the lagrangian of Eq. (1.24) is to be chiral invariant, the external fields have
the following chiral transformations:

s+ip — gr(s+ip)gl, €, — grlugh +igrdugt, 7. — grrugh +igr0.gk, (1.25)

where r, = v, + a, and {,, = v, — a,, have been defined.
A very convenient way to construct the chiral invariant operators needed for the
effective lagrangian is to consider tensors X transforming as

X S hig, 6) X hig, d)' (1.26)

since traces of products of these tensors are chiral invariant. Using the external
fields and the matrix u(¢) of Eq. (1.20), the following tensors, which observe the
transformations properties of Eq. (1.26), can be constructed:

u, = i{u' (9, —ir,)u—u(d, —il,)u'}
xe = ulxul £uyx'u,

o= uFPut £ W (1.27)
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Operator P C h.c
Uy, —ut uz Uy,
X+ X+ Xt Exa

f/u/i :l:fiy + E]/:I: f/u/i

Table 1.1: Transformation properties under C', P and hermitian conjugate of the tensors
of Eq. (1.27).

with x = 2By(s + ip) and the following tensors have been introduced,

v .
Fpr = o' — o'rt — drt rY],

FIY = oM — over — e, 0] . (1.28)
By is related to the quark condensate:
(0[7¢’|0) = —F?Bys". (1.29)

Besides those of Eq. (1.27), one can also construct tensors that follow Eq. (1.26) by
using the covariant derivative,

V,X = 0,X + [, X], (1.30)

which is defined through the chiral connection,
= —{u —ir)u+u (9, —il,)u'} (1.31)

so that if X transforms as Eq. (1.26), also does V, X.

As it has been been indicated before, the explicit breaking of chiral symmetry
through quark masses can be added by using the external currents. Taking into
account that the breaking is produced in QCD due to the mass matrix,

m, O 0
M = 0 mg O , (1.32)
0 0 ms,

the breaking is introduced in yPT with s = M and p = 0 in y, see Eq. (1.27). Once
the masses have been included, the organization of Eq. (1.22) turns out to be an
expansion in derivatives of the pseudo-Goldstone fields and in powers of the light
quark masses.

One last remark is convenient in order to understand the construction of the
different pieces EXPT. Taking into account that the pseudo-Goldstone masses are
introduced trough Yy, one assumes that .+ ~ O(p?), and considering the definitions
of u, and fi in Eq. (1.27), u, ~ O(p), f& ~ O(p?).

We only have to construct all the operators consisting of the defined tensors
observing chiral and QCD symmetries. In Table 1.1 the transformation properties
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under parity (P), charge conjugation (C') and hermitian conjugate of the tensors of
Eq. (1.27) are shown. Employing the organization of Eq. (1.22), one gets that the
piece of O(p?) reads

PT F2
a7 = S{uat ), (1.33)

where the brackets (...) denote a trace of the corresponding flavour matrices. Notice
that the coefficient is fixed by considering the canonical form of the kinetic piece.
Taking into account the explicit chiral symmetry breaking proposed before, only
two constants have been introduced in E%‘PT, F and By, apart from masses. It is
straightforward to check that F' is approximately the decay constant of the pion,
F ~92.4 MeV and By can be related to the hadron masses, once the mass term of
the lagrangian is obtained,

M2 0 0
2By M = 0 M2 0 . (1.34)
0 0 2M2—M?

At O(p?), the most general lagrangian, invariant under parity, charge conjugation
and the local chiral transformations, is given, in SU(3), by [9]

Lt = Ly(u,ut ) + Lo{uu” Y ulfuy, ) + Ly(uutu,u” ) + La{uut Y xy )
+ Ls{uuuxy ) + Le(x1)? + La(x—)? + Ls/2 (X3 +x2)
—iLo( fuyu, ) + Lio/4( fop [ — fow 27
+iln(x- (V' +i/2x-)) — Lip((Vu' +i/2x-)*)
+H1/2<f+w,fﬁ”—|—f,w,f’_“’) + H2/4<X1_X2_>7 (1.35)

where the terms with L;; and L5 vanish when the equations of motion are used
and the ones with H; and H, are only needed for the renormalization. We have not
included here the Wess-Zumino-Witten piece related to the chiral anomaly. In this
thesis we do not deal with the odd-intrinsic parity sector of QCD.

1.6.4 Renormalization

Obviously loops are divergent and need to be renormalized. If a regularization
which preserves the symmetries of the lagrangian is used, such as dimensional regu-
larization, the needed counterterms will respect necessarily these symmetries. Since
Eq. (1.22) contains all possible terms, the divergences can then be absorbed in a
renormalization of the coupling constants of the lagrangian. At next-to-leading
order, the divergences are of O(p*) and are thus renormalized by the low-energy
couplings in Eq. (1.35),

D—4 2
L = Li(p) + F‘M—W {7 + C} ;

B MD74 2
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where D is the space-time dimension and C' is the constant that fixes the renormal-
ization scheme; notice that in yPT the modified minimal subtraction —1 scheme
(MS — 1) is used and one has C' = vz — logdm — 1, with v ~ 0.5772 the Euler’s
constant. The explicit calculation of the one-loop generating functional gives [9]:

_ 3 _ 3 _ _ 1 _ 3 _ 11
Fl—ﬁa F2—1_67 F3—07 F4—§7 F5—§7 F6_m7

_ _ 5 _ 1 _ 1 mo_ 1 mo_ 5
F7—07 F8_4_87 FQ—Za FlO__Za Fl—_ga FQ—ﬂ

The p dependence in the renormalized couplings L (i) is canceled by that of the
one-loop amplitude in any observable.



Chapter 2

Resonance Chiral Theory

2.1 Improving Phenomenological Lagrangians a la
Weinberg

Once it is accepted that the study of low-energy hadrodynamics is tampered with
by our present inability to implement non-perturbative Quantum Chromodynamics
fully in those processes, new ways of dealing with QCD at these regimes are required.
As it has been argued in the first chapter, Effective Field Theories are one of the
most appealing tool to reach this aim [1, 2]. The success of Chiral Perturbation
Theory describing the low-energy dynamics of QCD turns out to be a good proof of
these ideas [11]. There are other fruitful effective field theories of QCD that support
this statement, think for instance in the Heavy Quark Effective Theory [12] for
mesons with one heavy quark or Non-Relativistic Quantum Chromodynamics [13]
in the case of mesons with both heavy quarks.

However, in the region of energies we are interested in, M, < E < 2 GeV,
the situation is more involved. Although chiral symmetry still provides stringent
dynamical constraints, the usual xYPT power counting breaks down in the presence
of higher energy scales. Moreover, this regime is populated by many resonances and
the absence of a mass gap in the spectrum of states makes difficult to provide a
formal Effective Field Theory approach to implement QCD properly, since it is not
clear which degrees of freedom are being integrated out and, anyhow, from which
energy threshold it would be done the integration of heavy modes. In any case,
many of the main features of Effective Field Theories will be very useful in order to
carry out our procedure.

The main ingredients of our framework are the following:

1. We should start from the phenomenological lagrangians approach proposed
by Weinberg in Ref. [8]. He suggested to construct the most general possible
lagrangian, including all terms consistent with assumed symmetry principles,
expecting that calculations of matrix elements would give the most general
possible S-matrix consistent with analyticity, perturbative unitarity, cluster
decomposition and the symmetry principles. In the case of low-energy QCD,
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one of the highlighted characteristics would be the introduction of the bound
states, i.e. the ordinary hadrons, as the degrees of freedom. Notice that the
choice of the degrees of freedom is a significant step in order to construct the
effective lagrangian.

It is important to stress that such general lagrangians, which we will call
phenomenological lagrangians a la Weinberg, do not have specific dynamical
content beyond the general principles of analyticity, unitarity, cluster decom-
position, Lorentz invariance and assumed symmetries. This fact allows to use
additional information provided by the strong interaction underlying theory
to improve the description.

2. Large-N¢ QCD [14, 15] furnishes a practical scenario to work with. The limit
of an infinite number of quark colors turns out to be a very useful instrument to
understand many features of QCD and supplies an alternative power counting
to describe the meson interaction. Assuming confinement, the No — oo limit
strongly constraints meson dynamics by asserting that the Green Functions of
the theory are described by the tree diagrams of an effective local lagrangian
with local vertices and meson fields, higher corrections in 1/N¢ being yielded
by loops described within the same lagrangian theory. The expansion in 1/N¢
gives a good quantitative approximation scheme to the hadronic world [16], as
it will be reviewed in the next section.

3. Additional progress on our phenomenological approach is carried out by using
the short-distance properties of QCD. Most of these asymptotic constraints
come from matching Green Functions of QCD currents evaluated within the
resonance theory with the results obtained in the leading perturbative OPE
expansion. Another source of restrictions arise from form factors.

To summarize, taking into account the difficulties of a formal EFT method in the
resonance region, we are going to deal with an effective approach based on the
phenomenological lagrangians’ ideas of Ref. [8]. This approach can be realized by
making use of the 1/N¢ expansion and the short-distance constraints coming from
QCD. All in all, we have advanced the main keys that underline the Resonance
Chiral Theory (RxT) [17, 18, 19], the suggested framework in this work to handle
Quantum Chromodynamics at intermediate energies, M, < E' < 2 GeV.

2.2 The 1/N¢ Expansion

Dealing with QCD at intermediate energies would be handier by using an expansion
parameter. The ordinary strong coupling a, cannot be the solution taking into
account its renormalization group equations. In the region of resonances the usual
chiral counting breaks down. Accordingly, the SU(3) gauge theory with very small
quark bare masses has no obvious free parameter that could be used as an expansion
parameter.
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Figure 2.1: 1/N¢ order of possible vertices.

't Hooft suggested that one should generalize QCD from three colours and employ
an SU(N¢) gauge group [14]. The hope is that it may be possible to solve the theory
in the large-N¢ limit, and that the physical No = 3 case may be qualitatively and
quantitatively close to the large- N limit.

Although one might think that letting No — oo would make the analysis more
complicated because of the larger gauge group and consequent increase in the number
of dynamical degrees of freedom, QCD simplifies as Ng becomes large, and there
exists a systematic expansion in powers of 1/N¢.

Choosing the coupling constant g, to be of O(1/y/N¢), i.e. taking the large-N¢
limit with a,N¢ fixed, the main results are the following:

1.

At No — oo the mesons and glue states are free, stable and non-interacting.
Meson masses have smooth limits and the number of meson states is infinite.

. Meson decay amplitudes are of O(1/1/N¢), and meson-meson elastic scattering

amplitudes are of O(1/N¢). These amplitudes follow the pattern of Figure 2.1.

. At leading order in the 1/N¢ expansion, meson dynamics is ruled by a sum

of tree diagrams involving the exchange, not of quarks and gluons, but of
infinite physical mesons. More generally, meson physics in the large- N limit
is described by the tree diagrams of an effective local lagrangian, with local
vertices and local meson fields. This fact invites us quickly to think about the
proper approach of the phenomenological lagrangians a la Weinberg, proposed
in the last section as the suitable tool for QCD at M, < E' < 2 GeV.

Zweig’s rule is exact in the large- N limit, that is, mesons should be classified
as nonets. The axial anomaly has disappeared and flavour U(ns), ® U(ns)r
has been restored.

Mesons are pure ¢q states, that is, one finds a suppression of the ¢q sea at
NC — OQ.

In the limit of large number of colours, under reasonable assumptions, U(ny)z®
U(nys), symmetry must spontaneously break down to U(ny)y [20].
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The preceding comments can be read in two ways. One may say that one has used
the 1/N¢ expansion to explain certain qualitative facts about the strong interactions.
The other possibility is to say that one may use certain qualitative facts about the
strong interactions as diagnostic tests showing that large-No QCD is probably a
good approximation to Nature [15]. Keep in mind that asserting whether the 1/N¢
expansion is likely to be a good approximation to Nature is a very important matter
from a theoretical point of view and very useful for our work, since this expansion
can be used in order to justify and improve our effective approach in the resonance
region.

Notice that we have only considered the leading order terms in the 1/N¢ expan-
sion. It is likewise possible to show, by considering unitarity plus the diagrammatic
counting rules in large-No QCD, that the higher order corrections are sums of loop
diagrams of hadrons together with subleading tree-level contributions. Just as in
any theory one understands the tree approximations before trying to consider loop
diagrams. In fact, the main aim of this work is to make a first step towards the
knowledge of the Resonance Chiral Theory at next-to-leading order in the 1/N¢g
expansion, once the tree level contributions are under control.

On the other hand, the idea of the 1/N¢ expansion is sometimes questioned on
the grounds that 1/No = 1/3 is not very small. One cannot really know, theoreti-
cally, how large-No must be for the expansion to be a good approximation except
by calculating the coefficients of some of the terms that are suppressed by pow-
ers of 1/Ng. In other words, the goodness of the expansion depend on the size of
the coefficients of the expansion. The best that one can do then is to appeal to
phenomenology. As it has been reviewed, there are significant phenomenological
reasons to think that 1/Ne = 1/3 is small enough for the 1/N¢o expansion to be a
good approximation in QCD. In fact, it is interesting to remember why perturba-
tion theory is successful in QED. It is not enough to say that the electric charge is
small. Actually, normalized in the usual way the electric charge is approximately
e = 0.302. Perturbation theory is a good approximation in QED because when one
carries out perturbative expansion, one finds that the typical expansion parameter
is really o = e%/4x. If we had not yet learned how to do perturbative calculations,
as in the QCD case, one would have been unable to judge, just from the value of
e, whether this expansion would be a good approximation. If, for instance, as it
is perfectly possible, the characteristic parameter in the 1/N¢ expansion would be
1/47 N, the next-to-leading corrections would be as tiny as electromagnetic correc-
tions. Although this is only an extreme possibility, we want to justify that there is
no reason to reject the 1/Ng expansion taking into account the value of N¢, above
all considering that phenomenology seems to support the expansion [15].

2.2.1 The 1/Ns Expansion in Chiral Perturbation Theory

Let us come back to the very low-energy EFT of QCD, Chiral Perturbation Theory,
in order to show how this new tool we have introduced in this section, the 1/Ng
expansion, turns out to be a useful source of dynamical information [21, 22], in the
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i Li(M,) | O(N¢) source
201 — Ly | —0.6+£0.6 | O1) | Key, 7w — 7w
L, 14+£0.3 | O(Ng) | Key, 7 — 710
L —35+1.1 | O(Ne) | Key, 7m0 — 7w
L, —-0.3+0.5 | O(1) Zweig rule
Lg —-02+£03| O(1) Zweig rule
Ly | —04+02| O(1) | GMO, Ls, Ls
Ls 09403 | O(Ng) | M,, Ls
Ly —5.5+0.7 | O(Ne) T — evy

Table 2.1: Phenomenological values of the couplings L7 (M,) in units of 1072, The fourth
column shows the source used to get this information .

sense that it comes directly from QCD. Keep in mind that in the large- N limit the
flavour U(nys), ® U(ns)g has been restored.

Although formally the x PT lagrangian of Eq. (1.22) could be computed from the
QCD generating functional, one does not know how to calculate the values of the
couplings from QCD because of its non-perturbative nature at low energies. Since
it can be proved that the corresponding correlation functions of fermion bilinears
are of O(N¢), the leading-order terms in 1/N¢ should be of O(N¢). Moreover, they
should have a single flavour trace, as terms with a single trace are of O(N¢), while
the occurrence of each additional trace reduces the order of the term by unity [23].

The leading lagrangian of Eq. (1.33) obeys the correct No counting rules: the
different fields, the masses and momenta are all of them of O(1), whereas F' ~
O(v/N¢). The u(¢) matrix, defined in Eq. (1.20), generates an expansion in powers
of ¢/F, giving the required 1/v/N¢ suppression for each additional meson field (see
Figure 2.1). Clearly, interaction vertices with n mesons scale as V,, ~ F?™" ~
O(N(lj_nﬂ). Since £X"" has an overall factor of No and u(¢) is Ne-independent,
the 1/N¢ expansion is equivalent to a semiclassical expansion. Quantum corrections
computed with the chiral lagrangian will have a 1/N¢ suppression for each loop.

More information from large-No QCD can be obtained in the case of E}PT,
shown in Eq. (1.35). As it has been explained in Section 1.6.3, only ten additional
couplings L; (i = 1,...,10) are required to determine the low-energy behaviour of
the Green Functions at O(p*). Large-Ngo QCD claims that terms with a single trace
are of O(N¢), while those with two traces should be of O(1). Therefore one would
say that Ls, Ls, Lg, Ly and Lo are of O(N¢), while Ly, Lg, and L7 are of O(1).
The case of L; and Ly should be analyzed taking into account the following relation:

(uyuufu”) = =2(uufu,u”) + %(uuu")(uyu”> + (uyu, ) (ufu”).  (2.1)

This new operator could have been added in [,ffPT, but it is dependent on the terms
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with couplings Ly, L, and Ls. Therefore, the symmetries allow a new operator of
O(N¢) and once one does not include it, one could consider an additional contri-
bution to the couplings Ly, Ly and Lj, with the result 20L; = 6Ly = —1/20L3 ~
O(N¢). In other words, Ly and Lo are really of O(N¢), keeping 2L; — Ly of O(1). As
shown in Table 2.1, the phenomenologically determined values of those couplings [11]
follow the pattern suggested by the 1/N¢g counting rules.

2.3 The Lagrangian of Resonance Chiral Theory

2.3.1 Introduction

We want to deal with QCD in the resonance region, M, S E < 2 GeV, by following
the phenomenological lagrangians ¢ la Weinberg, which will be ruled by the 1/N¢
expansion. One has to consider the most general lagrangian, that is, including all
terms consistent with assumed symmetry principles, and considering the ordinary
hadrons as degrees of freedom. The program to construct the lagrangian involves
several tasks:

1. In order to be able to recover at very low energies the results of yPT, to
consider chiral symmetry seems to be the best choice. On account of large-
Ne¢, the mesons are put together into U(3) multiplets and only operators that
have one trace in the flavour space are considered [21, 23].

2. Tt is a well known fact that, in order to make any effective description meaning-
ful, one needs to properly match the underlying theory (QCD in this case). No-
tice that the QCD asymptotic behaviour sets in already at energies £ ~ 2 GeV.
Then RxT should recover the short-distance behaviour of QCD. This require-
ment excludes interactions with large number of derivatives, since they tend
to violate the QCD ruled asymptotic behaviour of Green Functions or form
factors, explaining the phenomenological success of the usual approximations,
where only operators constructed with chiral tensors up to O(p?) are kept!.
Furthermore, this matching provides several relations between the couplings
in the lagrangian, reducing the number of unknown parameters. These con-
straints will be analyzed in Section 2.4.

3. Although large- No QCD is a robust instrument to realize QCD at intermediate
energies, some approximations are needed to construct the effective lagrangian.
As the number of meson states is infinite at large- No, the most common one is
the cut in the number of resonances, only considering the lightest states. This
is known to be a good approximation since contributions from higher states
are suppressed by their masses. Phenomenology supports this approximation.

!The effective terms will be constructed with resonance fields and tensors which introduce the
pseudo-Goldstone bosons and the sources, already introduced in Egs. (1.27) and (1.30). We will
denote as ‘chiral tensors’ this second group. Accordingly, the operators of the lagrangian will be
built by resonances and chiral tensors.
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In Ref. [17] only contributions from the lightest resonances with non-exotic
quantum numbers were taken into account, the so-called Single Resonance
Approximation. Our analysis is also carried under this approximation.

Since there is an infinite number of Green Functions, it is obviously not possi-
ble to satisfy all matching conditions with a finite number of resonances and
uncertainties due to truncation of the spectrum are introduced in the deter-
mination of the parameters. Eventually, one may be driven to inconsistencies
in the effective parameter relations. The Minimal Hadronic Approximation
(MHA) generalises the Single Resonance Approximation so the effective de-
scription includes the minimal number of resonances that allows fulfilling the
QCD short-distance constraints in the considered amplitude [24]. Although
MHA is an approximation of full large-No QCD, it is well supported by the
phenomenology of Green Functions that are order-parameter of the chiral sym-
metry. Deviations from the No — oo limit are properly understood in some
situations [24, 25].

4. Tt has been shown [18] that £X"7 is largely saturated? by the resonance ex-
change generated by the linear terms in the resonance field, as it will be
explained in Section 2.5. Hence, the explicit introduction of the operators
constructed with no resonances and chiral tensors of O(p*) would amount to
include an overlap between both contributions. An analogous analysis at O(p°)
has not been systematically performed but it also looks a reasonable assump-
tion. Thus our theory stands for a complete resonance saturation of the yPT
lagrangian; in other words, we are assuming that the low-energy couplings of
LXPT (p > 4) are completely determined by the resonance contributions, so
one does not have to include these operators when the resonance fields are
active degrees of freedom.

5. Besides the kinetic pieces, only linear couplings in the resonance fields were
included in Ref. [17], since the aim of the article was to get the leading res-
onance contributions to the low-energy constants (LEC’s) of the O(p*) xPT
lagrangian®, see Eq. (1.35). In the next chapter the study of one observable to
next-to-leading order in the 1/N¢ expansion will show that in order to perform
the matching with QCD operators constructed with more than one resonance
will be needed [26].

Following the path of Ref. [17], the leading resonance contributions to some
O(p®) xPT LEC’s have been studied, by considering different three-point func-

2This is much more clear in the case of vector and axial-vector resonances as their phenomenol-
ogy is better known.

3Solving the resonance equations of motion in an expansion in the resonance masses, the reso-
nance fields are expressed as a series of chiral operators times inverse powers of the masses, with
chiral tensors starting at O(p?) [19]. Therefore, the only possible leading resonance contributions
to the LEC’s of £ZfPT come from operators constructed with one resonance field and one chiral
tensor of O(p?) in the chiral counting.
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tions [27]. A more systematic and complete approach to this issue can be found
in Ref. [19].

Notice that in contrast to many models of the resonance fields that have been widely
employed in the literature, RxT only uses basic QCD symmetry features without
any additional ad hoc assumptions. Its model aspect only comes from the fact that
we do not include an infinite spectrum in the theory, which is one of the features of
the Ng — oo limit of QCD.

2.3.2 Constructing the Lagrangian

As it has been pointed out above, the study is taken under the Single Resonance
Approximation, where just the lightest resonances with non-exotic quantum num-
bers are considered. Taking into account the results at large-Ng, the mesons are
put together into U(3) multiplets. Hence, our degrees of freedom are the pseudo-
Goldstone boson (the lightest pseudoscalar mesons) along with massive multiplets
of the type V(177), A(1*T), S(0*") and P(0~F). With them, one constructs the
most general effective action that preserves chiral symmetry invariance and QCD
symmetries.

Following the procedure presented in Section 1.6.3 to construct the yPT la-
grangian, one considers tensors X transforming as

G
X — h(g,6) X h(g. )", (2.2)

where now G = U(3), ® U(3)g. The tensors that introduce the pseudo-Goldstone
bosons and the sources were already introduced in Egs. (1.27) and (1.30), which
follow the transformation properties under parity (P), charge conjugation (C') and
hermitian conjugate (h.c.) of Table 1.1. Notice that the expression of ¢ in Eq. (1.21)
changes in the moment one considers nonets instead of octets,

5+ s+ 570 t K*
= ™ ST byt KT (23)
K~ K° — 75T M

The resonance fields follow the same guide, so that for the vector multiplet one has,

757"+ Jgws + 3o Pt K"
= p Vil Tt s p , (2.4)
* — T-* 2 1
K K TV T/,

where, as it is explained in Appendix A, the antisymmetric formalism is used for spin-
1 fields. The multiplets of the type A(171), S(07") and P(0~") are parametrized
in an analogous way to Eq. (2.4). The transformation properties under P, C' and
hermitian conjugate of the resonance fields are shown in Table 2.2.
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Operator P C h.c.
Vi Vv —VMT,, Vi

Ap | —Amw | AT 1A,
S S | sT | s
P —p| PT| P

Table 2.2: Transformation properties under P, C' and hermitian conjugate of the reso-
nance fields.

One should now consider the most general lagrangian that preserves chiral sym-
metry invariance and QCD symmetries, observing the former remarks, i.e. con-
structed with chiral tensors up to O(p?) in the chiral counting and under the Single
Resonance Approximation.

In the large- N¢ approach, there is no limit to the number of resonances that one
may include in the effective operators. One can classify the terms in the lagrangian
according to the number of resonances,

‘cRxT = pGB + ZERl + Z ERle + Z £R1R2R3 cee (25)

R1,Rs R1,R2,R3

where the dots denote operators with four or more resonance fields, and the indexes
R; run over all the different resonance fields, V', A, S and P. However, for the
purpose of this work, only operators up to three resonance fields are taken into
account

,CpGB keeps the O(p?) terms without resonances, i.e. the lagrangian of Eq. (1.33),

F2
PT
EpGB Ly = Z(uuu” + x4 ) - (2.6)
It is important to distinguish between L,pr and L,gp: although both have the
same structure and operators, L,qp differs from £, pr in the value of the couplings
as L,op belongs to the theory where the resonances are active degrees of freedom.
Furthermore, notice that, as mentioned above, once a complete resonance saturation
of the yPT lagrangian is supposed, no pieces of £1()2 p or higher are added.

The second term of Eq. (2.5) corresponds to the interaction terms with one
resonance field [17],

Fy v i Gy
‘cV:—(VHV-II—L)—i_Q\/—

2v/2
_ v

£A— 2\/§<A/wf— >7 (28)

Ls = ca(Suu) + cm(Sx+) (2.9)

(Viw [, uT) (2.7)
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Lp=idyn(Px_) . (2.10)

The Lg, g, contain the kinetic terms and the remaining operators with two resonance
fields [17, 19],

1

Lyink = 5<VMRV,£ — MAR?), (R=S,P) (2.11)
1 1

EkinR - _§< VAR)\HVVRVH - QMIQ%R/LVRMV> ) (R = ‘/7 A) (212)

Lrr = M (RRu"u,) + M Ru,Ru") + \"( RRx,), (R=S,P) (2.13)
Lsp = N (ua{VS, P}) +iX3"({S, P}x-), (2.14)

Lov = iV ({S. Viuhuu) + x5V (Su, V™, ) + XV {{S. VL2, (2.15)

Loa= MA{V,S, A" Yu,) + MALS Awd ™), (2.16)
Lov = iNV([VPVulu) + MY ([P Vil ) (2.17)
Loa= AP ALY + MAUP, Auluta ), (2.18)

Lya= NV Aulx-) + i (V™ Aalhy) + A [V Vi, Aua )
N (VaViu, AN )+ N VoV, A Ju®)
N Vi, AT (2.19)
Lrr = ME(R, R uou®) + MNP R, u R uy ) + MR R utu,, )
+ M Rua R uut) + M Ryuo (u® R ug + ug R u®) )
+ A (R R X ) + M (Rua RO f1Y) (R=V.4) (2.20)
In the case of three resonance operators, only terms consisting of resonance fields and

the covariant derivative V, are studied, since they are the only ones that contribute
to two-body form factors at tree level, see Chapter 4:

ALsrr = NJM(SRR) + \{*(SV,RV"R), (R=S,P) (2.21)
ALspr = Ny (SR, R™) + NSV, RV R0 ) + NSV RV Ry )
+ MRS VLR VR, ) + N S{R" ,V’R,, )
+ MRR(S{R,0, VIV, R}, (R=V,A) (2.22)

ALspa = N4 AWV ,S,V,P}), (2.23)
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ALpya= iNYA( PV, A]) + iXPVA( PV, VF VY AL
+ AV PIVIVI VL Ave]) + AV PIVRVY, VAL
+ AV PV VEAL] ) + iV PV VY,V AL )
+ NN PV Al (2.24)

ALygrp = i\ (V*V,RV,R), (R=5,P) (2.25)

ALyyvy = iX " (VHVV,Y) + i A VYV [V, Vag, V, V)

+i 0y VI VIV, VY1) + i AV (VI [V, Vi, VOV

+i N V(VHIV Vo, VaV]) + i XV (VI VOV, VVag) )

+iAg VI [V V0, VIV ) + i MYV VOV, VIVLG]) , (2.26)

ALyas = i NNV ALAL) +i XN VIIV, Agg, V,AY])

+i A VIV A, VaAST) + i 0 VIV A, VAT

+IN VN L Aga, VEAT]) + i ATV V [Aga, VEATT)

+iAg VOV Aga, AJ]) + i N AN VIV, Ava, VA

+iAN VLV Ay, VA ) + i 0 AUV gV [V Ay, A])

+i A VIV A, VI Aag]) + MV [V A, VO AL))

+ NGV A, VIAg]) + i VIV Ay, VALl )

+i AN VOV AL, VAL . (2.27)
All coupling constants are real, My are the corresponding masses of the resonances,
the brackets (...) denote a trace of the corresponding flavour matrices, and the
notation defined in Ref. [17, 19] is followed.

Keep in mind that as our lagrangian Lg,r satisfies the N¢ counting rules for
an effective theory with U(3) multiplets, only operators that have one trace in the
flavour space are considered [21, 23]. The different fields, masses and momenta
are of O(1) in the 1/N¢o expansion. Taking into account the interaction terms
(see Figure 2.1), one is able to check that F, Fy, Gy, Fa, ¢4, ¢ and d,,, are of
O(VNe); M2 of O(1) and AFR2f3 of O(1/y/Ng). The mass dimension of these

parameters is [F] = [Fy] = [Gv] = [Fa] = [cd] = [em] = [dn] = E, N?] = E° and
[)\ZRlR2R3] — -1
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Note that the equations of motion have been used in order to reduce the number
of operators. For instance, terms like (P V ,u*) are not present in Eq. (2.10), since
using the equations of motion we would generate operators that, either have been
already considered, or contain a higher number of resonance fields.

2.4 Matching with QCD

As previously pointed out, a basic ingredient in order to take a step forward in the
construction of Resonance Chiral Theory is to consider the short-distance constraints
from QCD, i.e. the matching procedure between RxT and the full theory. Actually,
without examining the high-energy properties of the underlying strong dynamics
there are too many unknown parameters in our effective approach. Take note of the
significance of the number of parameters for the predictive power of the lagrangian.

Most of the short-distance constraints used in the literature come from consider-
ing the Green Functions of QCD currents obtained in the leading OPE expansion.
The other source of information is to consider the Brodsky-Lepage behaviour of the
form factors [28], that is, to demand that two-body form factors of hadronic cur-
rents vanish at high energies. This behaviour has been experimentally observed for
pseudo-Goldstone bosons and photons. The doubt appears when one is considering
form factors that involve resonances as asymptotic states. One of the motivations
of this work is to clarify this question, relating the two-body form factors with the
two-point Green Functions at next-to-leading order in the 1/N¢ expansion [29, 30].
See Chapter 4 for more information.

Another remark is needed before studying the constraints. Obviously these rela-
tions depend on the considered lagrangian. Owing to historical reasons, we start by
studying the case in which only the Lg of Eq. (2.5) together with the kinetic pieces
to describe the resonance interactions are included. These are the only required op-
erators to determine the leading resonance contributions to the couplings constants
of the O(p*) xPT lagrangian. The strong constraints are the following [22]:

1. Vector form factor. At leading order in the 1/N¢ expansion, the two pseudo-
Goldstone boson matrix element of the vector current reads,

Gy ¢

F?2 M2 —q¢*
Accepting that the vector form factor should vanish at infinite momentum
transfer, the resonance couplings should satisfy

Gy = F*. (2.29)

Forld®) = 1+

(2.28)

2. Axial form factor. The matrix element of the axial current between one pseudo-
Goldstone and one photon is parameterized by the axial form factor. From
the assumed lagrangian one gets
F? n 2FyGy — F2

M3 —¢? My

Fr(d?) (2.30)
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which vanishes at ¢> — oo provided that
20yGy — F = 0. (2.31)
3. Weinberg sum rules. The two-point function built from a left-handed and a

right-handed vector quark current defines the correlator

LA & A
¢ ME-¢ M;-¢

I, (¢*) = (2.32)

In the chiral limit it vanishes faster than 1/¢* at large energies [31]. This
implies the conditions [32]:

F:—F% = F?, MEF; — M3F; = 0. (2.33)
4. Scalar form factor. The two pseudo-Goldstone bosons matrix element of the

scalar quark current contains another dynamical form factor, which for the
K7 case takes the form [33]:

4c M3z — M? q°
S 2 o m K s
KTI'(q ) = 1+ F (Cd + (Cm - Cd) Mg ) Mé — q2 s (234)
Requiring F3- (¢%) to vanish at ¢> — oo, one finds that [33]:
degem = F?,  cp—cqg = 0. (2.35)

5. S — PP sum rules. The difference of the two-point correlation functions of
two scalar and two pseudoscalar currents reads
2 &2 2

Cm m
HS—P(qz) = 168(2) (Mg e - M]% s + 8—q2) . (2.36)

For massless quarks, II, , vanishes as 1/¢* at large energies, with a small
coefficient [34]. Imposing this behaviour [35],

8(ci,—dr) = F*, Mg —d2Mj~0. (2.37)
Finally, assuming Eqs. (2.29), (2.31), (2.33), (2.35) and (2.37) one has that

Fy = 2Gy = V2Fy = V2F,  Ma = V2My,
F
Cm = Cq = V2, = 5 Mp = V2Msy (2.38)
that is, all the parameters of L are given in terms of the pion decay constant F'
and the two masses of the vector and scalar multiplets, My and Msg.
Considering the more general lagrangian of Eq. (2.5) all former constraints are
valid except the ones coming from the axial and scalar form factor. In the case of the
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axial form factor, there are new contributions from Eq. (2.19), see Eq. (D.84) in Ap-
pendix D. For the two pseudo-Goldstone bosons matrix element of the scalar quark
current there are new contributions when one consider massive quarks. Notice that
the required field redefinition of the scalar field, needed to remove the tadpole [36],
would generate new contributions to the form factor coming from pieces with two
resonances. So that only the first constraint of Eq. (2.35) would be valid in the
general case. The couplings of L are fixed now in terms of F' and the resonance
masses:

M3 M3 M3% — M?
2 2 A 2 2 v 2 2 A vV 2 2
FV:Fm, FA:FW’ GVZFT%’ MA>MV
F? M} F? M2 F? M3} — M?
2 P 2 S 2 P S 2 2
— P2 =__—_""5 _ = —= M Mg .
T Aoz mT R azoaz 4T 2 a0 R
(2.39)

2.5 Leading Resonance Contributions to the O(p?)
xPT Lagrangian

It seems natural to expect that the lowest-mass resonances play an important role on
the pseudo-Goldstone bosons dynamics, i.e. Chiral Perturbation Theory. Below the
p mass scale, the singularities associated with the pole of the resonance propagators
can be replaced by the corresponding momentum expansion; the exchange of virtual
resonances generates pseudo-Goldstone bosons couplings proportionals to powers
of 1/M%. Tt can be better understood by using the EFT ideas of Chapter 1. By
integrating out the lowest-mass resonances, that is, going from RxT to xPT, one
would expect to obtain the largest contributions to the chiral LEC’s. The so-called
resonance saturation involves considering that the couplings of yPT are largely
saturated by the resonance exchange. It can be justified using large- No arguments,
since tree-level resonance contributions are leading in the 1/N¢ expansion, to be
compared to other contributions related to chiral loops.

In the manner that it has been pointed out in Section 2.3.1, the only possible
leading resonance contributions to the YPT LEC’s of £ come from operators
constructed with one resonance field and one chiral tensor of O(p?) in the chiral
counting, L of Eq. (2.5). In Ref. [17] these resonance contributions were studied
thoroughly. Under the Single Resonance Approximation and considering nonets for
the resonance fields, as large- N motivates, one finds the following contributions at
leading order in the 1/N¢ expansion:

2 2 2 2
1= GV7 L2: GV7 L3:_3Gv+ &l 9
SN2 TYF) AMZ T 202

CdCm,

L4 - Oa L5 - ; LG — 07
M3

2 d? Fy

L7 = 07 L8 = Cm2 - _m2 s L9 = VG2V )

oMZ 203 N2
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i Li(M,) 1% A S n | Total | Total®
1 0.4+0.3 0.6 |0.0]0.0 0.0 0.6 0.9
2 1.4+£0.3 1.2 0.0 ] 0.0 0.0 1.2 1.8
3 | —-35£1.1| =36 |0.0|0.6 0.0 =3.0 | —4.9
4 1 -0.3£0.5 0.0 10.0]0.0 0.0 0.0 0.0
5 1.4+£0.5 0.0 0.0 | 1.4¥ 0.0 1.4 14
6 | —0.2x£0.3 0.0 10.0]0.0 0.0 0.0 0.0
7| —-04+£0.2 0.0 |10.0]0.0 —-0.3 ] -0.3 | =0.3
8 0.9+0.3 0.0 |0.0/0.9v 0.0 0.9 0.9
9 6.9+0.7 6.9 1 0.0 0.0 0.0 6.9 7.3
10 | =5.5£0.7 | —=10.0 | 4.0 0.0 0.0 =6.0 | =5.5

Table 2.3: Comparison between the different resonance-exchange contribution with the
phenomenologically determined values of L7(M,), in units of 107 [2]. Motivated by
the large-N¢ limit we include U(3) multiplets for the resonances. We consider only the
contribution from the 7; in the pseudoscalar channel. The superindex a) refers to an
input, whereas in b) the short-distance constraints are taken into account.

F2

N Fy 13
AME T AME

- -4 H
sMZ  8M:' P

c d?
= = 2.40

Ly = H, =

Notice that it is not surprising to miss contributions to L4, Lg and L; taking into
account its subleading order in the 1/N¢ expansion, see Table 2.1.

7, is usually integrated out from the yPT lagrangian. Neglecting then the higher-
mass P resonances, the only remaining meson exchange is the one associated with
this field, which generates a sizable contribution to L-,

dy,
L, = 202 (2.41)

Note that if 7; is integrated out, L; appears naively to be of O(NZ), since Mgl ~
O(1/N¢) in Eq. (2.41). However, the 1/N¢ counting is not well defined in this case,
since N¢ cannot be small (M, heavy) and big (1/N¢ expansion) at the same time.

In Table 2.3 we compare the phenomenological values of these couplings together
with the ones predicted by the resonance exchanges. The assumption of resonance
saturation has given successful predictions for L;.

A last remark is suitable. Though the scale at which the results of the integration,
1o, 18 known to be of the order of a typical scale of the physical system, let us
say po = Mg, there always remains some ambiguity on the precise value of po at
which the resonance contributions are given. The next-to-leading order predictions
would avoid this problem, as the running is under control. See Chapter 4 for more
information.
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Chapter 3

Vector Form Factor at NLO 1n the
1/No Expansion

3.1 Introduction

Quantum loops including virtual resonances are a major technical challenge which
still has not been properly addressed in Resonance Chiral Theory. A first step in this
direction was the study of resonance loop contributions to the running of the yPT
coupling Lio(p), performed in Ref. [37], which however did not attempt an analysis
of the induced ultraviolet divergences and their corresponding renormalization.

Quantum loops involving massive states have been only analysed within explicit
models with additional symmetries. For instance, the gauge structure advocated
in the so-called “Hidden Local Symmetry” description of vector resonances [38] im-
plies a much simpler ultraviolet behaviour [39]. Loop corrections to some resonance
parameters have also been studied [40, 41] within the context of “Heavy Vector Me-
son xPT” [42], which adopts the Mp — oo limit to guarantee a good chiral power
counting; and Ref. [43] in the Nambu-Jona-Lasinio model [44].

At the one-loop level the massive states present in RyT generate all kind of
ultraviolet problems which start now to be understood. A naive chiral power count-
ing indicates that the renormalization procedure will require higher dimensional
counterterms, which presumably could generate a problematic behaviour at large
momenta. Therefore, it will be necessary to perform a careful investigation of the
constraints implied by the short-distance properties of QCD at the next-to-leading
order in 1/Ne.

A formal renormalization of RxT at the one-loop level appears to be a very
involved task, which requires the prior analysis of several technical ingredients, as
can be seen in Chapter 5. In order to gain some understanding on the ultraviolet
behaviour, it seems worth to perform first some explicit one-loop calculations of well
chosen physical amplitudes. In this chapter, we present a detailed investigation of
the pion vector form factor (VFF) at next-to-leading order in the 1/N¢ expansion.
This observable is defined through the two pseudo-Goldstone matrix element of the
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vector current:
1 _
(T () 7 (p2) | 5 (ay"u = dy"d) 0) = F(q*) (mr —p2)", (3.1)

where ¢ = (p; +p2)*. At very low energies, the VFF F(¢?) has been studied within
the yPT framework up to O(p°®) [9, 45]. RxT and the 1/N¢ expansion have also been
used to determine F(¢?) at the p meson peak, including appropriate resummations
of subleading infrared logarithms [46, 47].

We will simplify the calculation working in the two flavour theory and taking the
massless quark limit. Therefore, we will assume a chiral U(2);, ® U(2)g symmetry
group. The small effects induced by the U(1)4 anomaly will be neglected, because
they are not going to be relevant in our discussion. As the isosinglet pseudoscalar
can only appear within loops, and the numerical correction generated by its non-zero
mass could be taken into account in a straightforward way, together with the finite
quark mass effects which we are ignoring.

In the next section we will briefly resume the RxT lagrangian of interest. We
will only consider the minimal set of resonance couplings (linear in the resonance
fields) introduced in Ref. [17], supplemented with those counterterms required by
the renormalization procedure. Notice that one of the main aims of this chapter is
to justify the necessity of considering operators with more than one resonance field,
in the spirit of the short-distance behaviour of our result. The renormalization of
the relevant one-particle-irreducible (1PI) Feynman diagrams will be discussed in
Section 3.3 and the final results of our calculation will be collected in Section 3.4.
Sections 3.5 and 3.6 analyse the behaviour of the computed vector form factor at low
and high energies, respectively. We will finally summarize our findings in Section 3.7.
Several technical details and results have been moved to the appendices.

3.2 The Lagrangian

We are going to work within a U(2);, ® U(2)g chiral theory, containing a multiplet
of 4 pseudo-Goldstone bosons,

1,0 1 +

=T+ =70 T

b = V2 _\/5 Lo . ’ (32)
\/5 + \/5770

to be compared to the U(3), ® U(3)g case of Eq. (2.3). Under the Single Resonance
Approximation, the pseudo-Goldstone bosons couple to massive U(2) multiplets of
the type V(177), A(1TT), S(0™") and P(0~"), with a field content analogous to the
one indicated in Eq. (3.2).

Our starting point is the RxT lagrangian introduced in Ref. [17], where, besides
the kinetic pieces, only linear couplings in the resonance fields are included, since
the intention of Ref. [17] was to obtain the leading resonance contributions to the
LEC’s of the O(p*) xPT lagrangian. Therefore, Lg,r reads:

Ly (0, V,AS,P) = L2 + > (Linr + Lr) + LI, (3.3)
R



3.2 The Lagrangian 49

where R runs over all the different resonance fields, V', A, S and P. The notation of
Section 2.3.2 is followed: Efc): g is shown in Eq. (2.6); the different kinetic pieces are
given in Egs. (2.11) and (2.12); and the interactive terms are defined in Egs. (2.7),
(2.8), (2.9) and (2.10). Eg@@ refers to the subleading pieces, which will be defined
below.

As it has been explained in the last chapter, taking into account that only the
RxT lagrangian of Eq. (3.3) is considered, one should take the usual constraints of
Eq. (2.38):

Fy = 2Gy = V2Fy = V2F, My = V2My,
F

Cm = Cq = V2 = =, Mp ~ V2Mg . (3.4)
2

3.2.1 Subleading Lagrangian

The one loop calculation of the vector form factor with the previous lagrangian gen-
erates ultraviolet divergences which require counterterms with a higher number of
derivatives. We will only include the minimal set of chiral structures needed to renor-
malize our calculation. We expect their corresponding couplings to be subleading
in the 1/N¢ expansion, since they are associated with quantum loop corrections.
The following O(p*) and O(p®) pseudo-Goldstone interactions will be required:

. ils - )
C;E?J)B = f( W Ty w] ) — b VP, V", ) (3.5)
L9 = T (VP ] ) + i3 (VS [y 0] ) (3.6)

Note that the superindex indicates the chiral order of the operator. We use a tilde
to denote the RxT couplings in Eqs. (3.5) and (3.6), which are different to the ones
with the same names (without tilde) in yPT. For instance, the chiral coupling /4
(Lg in the three flavour case) is dominated by a contribution from vector-meson
exchange and is of O(N¢), while the corresponding resonance coupling ZG does not
contain this contribution and is of O(1).

The operator with (15 in Eq. (3.5) does not contribute to the tree-level calcu-
lation; nevertheless, it is needed to renormalize the pseudo-Goldstone self-energies.
At O(p®), only the combination of couplings 7, = 4F? (Cs3 — ¢51) is going to be
relevant for the VFF [10]. Including the lagrangians of Eqgs. (3.5) and (3.6), the
tree-level calculation of the vector form factor gives the result:

FyGy ¢ Zqz - ¢
F2 ME—g S vipn

Fl@) = 1+ (3.7)

The Brodsky-Lepage requirement that the form factor should vanish at ¢*> — oo
implies the following conditions at leading order in 1/N¢:

FyGy =F | lg=0 |, Ty =4F*(cs3—05) = 0. (3.8)
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™

Figure 3.1: Leading-order contributions to the vector form factor of the pion. A single
line stands for a pseudo-Goldstone boson while a double line indicates a vector resonance.

Therefore, the couplings (g /F? and 7,,,/F* are of subleading order in the 1/N¢
expansion, i.e. O(1/N¢), as expected on pure dimensional grounds.

The renormalization of Green Functions including resonance fields forces the
presence of the following additional counterterms:

X X
£y = SV, VI Vi )+ S (VL Vo VY, VO Vg )

X

LUV VIV YL, Vo) Vi) (3.9)
L) = Xe(Vu V) + Xp (Vi {V", Va} 57, (3.10)
L = i Xe, ({V* Vb VI [y, ] )+ Xy (V™ (o, E]) (3.11)

The quadratic lagrangian Egl) is needed to renormalize the vector self-energy. Ac-
tually, only the sum of couplings X, = X, + X, + Xz, is relevant for this purpose.
The renormalization of the vector matrix element of the vector current involves the
sum of £ }4) couplings Xp = Xp, + Xp,. Finally, the vertex with one external vector

resonance and two pseudo-Goldstone legs is renormalized by £é4) through the com-

bination X¢ = X, — X¢, /2. The dimensions of the couplings are [Xz] = F~2 and
[Xp] = [Xe] = B
Finally, following the notation of Eq. (3.3), one has that
4 ~(6 4 4 4
LR = L% + LOp + L5 + LY + £l (3.12)

At next-to-leading order in 1/N¢, these counterterm lagrangians only contribute
through tree-level diagrams. One can then use the leading order equations of motion,

F G
\ZA VAR TZERNS v R VTR Ve R 7; o ZTQV W' ), (3.13)

to reduce the number of relevant operators. The lagrangians of Egs. (3.9), (3.10)
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and (3.11) take then the equivalent forms:

X, M Xz MG Fy

£feow = VIV + S v ) + R )

VXRG 010
£f%kon = —XeM(Viuff') = SELE P ) £ (3.15)
Lpon = =2 XgME(V [ugyw]) =i V2 X Py (f1¥ [ugu)) +--+ . (3.16)

where the dots denote other terms which are not relevant for the VFF calculation,
at this order. The derivatives acting on the vector resonance fields have been traded
by the heavy mass scale My and/or derivatives acting on the pseudo-Goldstone
fields, giving rise to the usual tensor structures of the yPT lagrangian. Therefore,
the effect of the counterterm lagrangians Egl), L }4) and L’gl) is just equivalent to
the following shift in the couplings at next-to-leading order in 1/N¢:

0 = U +2X,F Gy — 2V2 XpGy — 42 X Fy
FE = By 42X, MiF, —2V2 Xp M2,
GE = Gy +2X;MEGy —4V2 XoM?E |

(MZ)T = ME4+2X,M;},

Thus, since Zg’ﬂ ~ 576 ~ (M)t ~ M2 ~ O(1) and F¢t ~ Fy ~ G ~ Gy ~
O(VN¢), a consistent 1/N¢ counting requires that X¢g and Xp are of O(1/v/N¢)
and Xz of O(1/N¢).

3.3 Renormalization

The renormalization procedure follows very systematic and precise steps in any well
defined quantum field theory. First of all, the two-point Green Functions must be
renormalized. Later the three-point Green Functions and so on. For the vector form
factor up to next-to-leading order in the 1/N¢ expansion only the two- and three-
point Green Functions will contribute. The corresponding renormalizations for the
one-particle-irreducible diagrams at one-loop level are given in the next subsections.

We will adopt the M S — 1 scheme, usually employed in yPT calculations, where
one subtracts the divergent constant

2 MD74

Ao = D_4+7E—log47r—1, (3.18)

being D the space-time dimension and g ~ 0.5772 the Euler’s constant. However,
we will impose the on-shell condition to renormalize the pion self-energy. This sim-
plifies the calculation of physical amplitudes with external pions. Since we work in
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//_\ 6 Zny br1a
||

Figure 3.2: One-loop diagrams and local contributions to the pion self-energy.

the massless quark limit, the pseudo-Goldstone tadpoles will not give any contri-
bution. The precise definition of the relevant Feynman integrals with one, two and
three propagators are relegated to Appendix B, while the contributions from each
diagram are shown in Appendix C.

3.3.1 Pion Self-energy

The diagrams contributing to the pion propagator are shown in Figure 3.2. The
kinetic lagrangians of Egs. (2.11) and (2.12) generate additional tadpole topologies
with one resonance propagator, but they are identically zero even with massive pions.
The divergences of O(p?) are reabsorbed through the wave-function renormalization
= (1+0 Zﬂ)%ﬂ, being 7* and 7" the bare and renormalized pion fields respectively.
In the on-shell scheme,

262 3M? MZ 1Y 43 M2 ME 1
At e log —Y 4 = b4 2945 log —5 — ~ 4.(3.1
02 =" 167T2F2{)\OO+ %8z T 6}+ P2 igmepe | =108 e~ 5 (3:19)

There are also divergences of O(p*) which renormalize one of the couplings in
£

~ ~ _ G2 422 A
by = L1y(p) + 6l12(p) olia(p) = — VF2 d327T2- (3.20)

The renormalized pion self-energy takes the form

4 2 2 2
S 2y . P 25 2Gy My p
-1 Eﬂ'(p ) = -t 1672 F2 {647T 612(:“) + 2 |}Og ,LL2 + (b (M‘Q/):|
4¢3 M? p?
+ﬁ |:10g ? + gb ﬁg s (3.21)

where the function ¢(p?/M3),

o(x) = (1_5)2[0_;)1%(1_@—1+g] -y (H;)”(Hg),

contains finite and scale-independent contributions.
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Figure 3.3: One-loop diagrams and local contributions to the p self-energy.

3.3.2 Rbho Self-energy

The one-loop p self-energy contains only an O(p?) divergence, which renormalizes
the coupling X, of the subleading resonance lagrangian:

2G2, )\
Xy, = X} 6X 6X === 3.23
7= Xy +6X4(n) ) =~ (3
Thus, the vector mass and wave-function are not renormalized:
SME =0, §Zy = 0. (3.24)
The renormalized p self-energy then becomes:
—i Ty (q) = =5 QR () i (e?). (3.25)

2

where the antisymmetric tensor structure QF#*#7(q) is defined in Appendix A and

S0 = ¢ {axs - 290 L ILg 2 . 3.26
vie) = —q z(W) ~ G ol /W) + | (0 (3:20)

with By(¢?/42) defined in Appendix B.

3.3.3 (v V??) One-particle-irreducible Vertex

The one-particle-irreducible amputated diagrams connecting an external vector quark
current to an outgoing vector resonance are shown in Figure 3.4. The one-loop con-
tribution brings an O(p*) divergence which gets reabsorbed through the following
renormalization of the coupling Xp:

. V2Gy A
Xp = Xp(n) +0Xp(p), OXp(1) = —~ 5 {00 (3.27)

Since there are no divergences of O(p?), the lowest-order coupling Fy, remains un-
changed:

5Fy = 0. (3.28)
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Figure 3.4: Diagrams contributing to the (v V*?) Green Function at NLO in 1/N¢.

The renormalized vertex function takes the form

R 14472
(3.29)
where the first term is the leading order contribution. The antisymmetric ten-
sor structure Igg is defined in Appendix A and the massless two-point function

Bo(q?/p?) in Appendix B.

: o po A , 2G 1. 1
PB() = TP g“ﬁ{Fv—2\/§XF(u)q2+ Ve | Bocg /) + ]}

3.3.4 (V) One-particle-irreducible Vertex

The one-particle-irreducible amputated diagrams connecting a vector resonance with
two outgoing pseudo-Goldstone bosons at next-to-leading order in 1/N¢ are shown
in Figure 3.5. The loop diagrams generate O(p?) and O(p*) divergences, which
renormalize the couplings Gy and X, respectively:

2G% 1 427 A
Gy = G (n) + 6Gy (1), 6Gy =Gy {BM‘%( Gy ——) M2 ﬂ > (3.30)

F2 2) TSE2|16m2p?’
\/§GV 2G2 402 A
Xo = X5(p) + 6Xa(p), 6Xg = Tt s 2| T 3.31
€] a(1) +0Xe(n), G r F2 2 153672 F ( )

The wave-function renormalization of the external vector and pion legs amounts to a
global factor (5Z7T + %52‘/) multiplying the lowest-order contribution (keep in mind
that 67, = 0). Taking this into account, one finally gets the finite vertex function

O [ AT 2)] — VXG0

Z’F;;z/(plap2) = IE[E Ga (pl - p2)ﬂﬁ
(3.32)
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a) b) ¢) d)

Figure 3.5: NLO diagrams contributing to the three-point Green Function V# — 7.

where

1 2GY, 2 QZ Aci (Mg ¢ ¢
AP() = o { Bl o) [P0 (S s+ ) 3 (B2 ) L

LM MR 26 (M M2 M24A [ M2
V Jog {G< +5) 3]+ 5 1og SCd(—S—)

167r2 ,u2 F? q> 2 1672 w?> F?2 \ ¢?
2G2 3M§ 4c? ¢ [2G% N 4¢3 5
T b T T wse | P2 P
L2 MS  5ME
C(q 00M2){ + 2V+q2]\/[‘2/]
4¢3 MS M
+F300(q2,0,0,]\/[5) { qs + 25” : (3.33)

The three-propagator integral Cy(g?, M2, MZ, M?) is defined in Appendix B.

3.3.5 (v,mm) One-particle-irreducible Vertex

The divergences generated by the one-particle-irreducible loop diagrams shown in
Figure 3.6 get reabsorbed through the renormalization of the pion wave function
67, and the O(p*) and O(p°®) couplings g and 77,,:

ls

(3.34)

263, +4_c§} A

B+ oTatu) . ST = {3 -2 + ) s,

~ . _ ~ A, [ 1 1
Tya Ty (pt) + 0Ty (), OTya(p) = 9672 | M2 + M2 (3.35)
The resulting finite correction to the lowest-order pion form factor,

AF (@1 = AFC AT+ AFY + AFA + AFS + AFP | (3.36)
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Figure 3.6: 1PI diagrams connecting an external vector current and two outgoing pions,
at next-to-leading order in the 1/N¢ expansion.

contains contributions from tree-level counterterms,

2 M { M} 1}+4_c§ M3 {1 M2 1}

A ct — 1 v I
4 P e 0% e Yo T e %2 g
2 4
o q ~ q
—bs(1) o + V() 1 (3.37)

and loop diagrams with internal pseudo-Goldstone bosons (first diagram in Fig-
ure 3.6),

2
q 1
are = LB+ ) (3.38)
and vector,
2G2 ]\46 5M4
Voo 27 72
AFY = 2 FQ{ C’o(q OOMV) [—q + — 5 +q Mv}

M6 M4 A M 2
+Co(?, M2, M2,0) | =Y + 2| = By(¢?/p?) | =¥ + 202 + L
q> 2 q? 12
B M?2 2 4 2G2, [ M} 2M?
_¥ 2M2_|_q__ q2 + GV V_|_ V_5i
2 6 6M;; 2 q? 3 12
M2 M2 2 4 2G2 M2 5 2

o os it | (50— o8 ) - T (M1 20

1672 F 7 2My, 6My; F q 12M

M 2 2¢* 2G3, [ M 19¢*
ATy . z q4 + 2‘/4‘1—7612 : (3.39)
1622 [\202 ~oai) T FE g 3602
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DX

Figure 3.7: Basic topologies contributing to the Vector Form Factor at NLO.

axial-vector,

Bo(q?, M?) e ¢ M2 M2 T ¢ ¢
AFA = 200 A op2 2 A A —
F? AT6 Tz T Tomer 5 |20E T 6L
¢ q'

+ — ; (3.40)

32m2F?  T2m2F2M3

scalar,

4c2 1 MS& M3 MS  ME
s d 2 2 S s 2 72 a2 S s
AF - ﬁﬁ {_OO(q aoaoa MS) |:q—2 + 7:| + OO(q aMSa M570) |:q—2 - 7:|

. M4 q2 M4 q2 1462
_B 2 2 _S kN S o 1 - d
olq”/1) { 2 12} T TomE ) T weeE | 2

~ Bolg*, M3) K?ME q2>+403 (Mfé M3 qz)}

F? 3 6 F?2 \ ¢ 3 12
Mg Mg [acg (Mg ¢ ¢
— log—= | =14+ — — 3.41
e B e |\ T ") ez (3.41)
and pseudoscalar resonances,
E (q2 M2) 2M2 q2 q2 M2 1
AFP = TR TP SR T log =2 + | . (342
7 5 6| oemere |82 T3 (342)

All the Feynman integrals are shown in Appendix B.

3.4 Vector Form Factor

The basic topologies contributing to the vector form factor are shown in Figure 3.7,
in terms of the one-loop level 1PI diagrams computed in the previous section. The
internal p line denotes the dressed vector propagator, including the self-energy cor-
rection of Eq. (3.26), which regulates the p pole. Taking this self-energy and the
subleading running of Gy into account, the leading order contribution takes the
form:

FyGy (1) q°
2 MY = q? =Xy (q)

F(@P)o = 1+ (3.43)
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The topology in Figure 3.7.a generates the following subleading correction:

} - QﬂGvX}(u)}.
(3.44)

2 2 2
q ¢ [2Gy 15 5, o 1
AF(¢*)r = - ~B

(@)r M‘%—qQ—E‘C(q?)F?{ P2 [6 old™/1) +

Figure 3.7.b brings the contribution:

2 Fy | V2G 8X75 (1)
AF(P)g = — q v VAD(g?, 2) + 226 2 b3 5
(7% Mé—qZ—Ea(cﬂ)\/iF{ 7 (¢°, %) q (3.45)

where AT'(¢?, p?) is given in Eq. (3.33). Finally, Figure 3.7.c denotes the 1PT correc-
tion AF(¢*)1pr in Eq. (3.36). Adding all contributions together, one gets the VFF
at NLO:

F(@*) = F(@)o +AF(¢)r + AF(q%) e + AF(¢*)1pr - (3.46)

Using the large-N¢ relations of Eq. (3.4) in this result, it can be written in the
form:
My
M —q* — E{(¢%)

Flg*) = Al + B(¢?), (3.47)

where

Al?) = 146y +2M2X — AT(¢?),

B(¢®) = G(¢*) —dv —2(My +¢*)X . (3.48)
The constants
c _ IvGy(p)
by = TVQ —1—AL(0, %),
S 1
X = Xz — 7 Xl +4Xe ()] (3.49)

and the functions 37 (¢?),
Al(¢*) = AT(¢? p®) = AD(0, %), (3.50)
and
G(¢*) = AF(@)w+AL(P) = G 1) — AL(0, 1%), (3.51)

are independent of the renormalization scale p. The subleading RxT couplings
Xo(u) and X7 (p) only appear through the constant X, while X7 (p) is also present
in the function ¥7(¢?). At ¢ = 0, AT(0) = G(0) = %{,(0) = 0. Therefore F(0) = 1,
as it should.

Some 1PI diagrams (Figures 3.6.a and 3.6.e and the vector terms in Figures 3.6.b
and 3.6.c) have a corresponding reducible counterpart involving a vector propagator.
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The combination of both contributions can be then incorporated in A(q?). The
function G(q¢?, u?) contains the corrections generated by the other 1PI diagrams
(Figures 3.6.d, 3.6.f, the S term in Figure 3.6.b, the S, A and P terms in Figure 3.6.c
and the gf; and 7, pieces in Figure 3.6.g). Subtracting their contribution at ¢* = 0,
which contains the dependence on the renormalization scale p,

1 3 ]\42 1 M2 1
(3.52)

one gets:

G(¢*) =

Col(q®, ME, M, 0) M MS,MS,O) Mg Mg
2 q? 2
Bo(q?, M2 M 8M2 1 Bo(q*, M? 2M? 2
olg”, My) —|———|— q S|+ Bo(q*, Mp) e q
F? q> 3 4 6M7 F? 3 6
BO(q27Mf21) _QM,% . q_2 + q42 + BO(q27Mg‘> _MS o % + q2
F2 6 ' 6M2 F2 2 3 12
1 (Mi+ME o3, 1, 1. M2 1. M3
-M; — - — log —- log —=
{ e M- M |y loe g los

+

+

4 _ A1 M
o log 2 L 2 62 ()| = L | = 1og AV
og M2 og MZ + 9 n 6(1“):| 6 [7‘13 0g MZ

1. M3 4/ 1 1 9672 _,

3.5 Low-Energy Limit

As it has been reviewed in Section 2.5, at very low energies, ¢ < M3, the resonance
fields can be integrated out from the effective theory. One recovers then the standard
xPT lagrangian, which leads to the following result for the vector form factor of the
pion [9, 10]:

2y ' 1 ¢ 5 q* 1
Far(d) = 1= L {eg0 + 5o [rog (- 5) = 3|+ Lfrvat +
¢\ 5 ¢
Xllog(—ﬁ>—§](%{—f£+fé)( )+ O (N, )}+(9( ) (3.54)
The Taylor expansion in powers of ¢* of the RxT prediction of Eq. (3.47) reproduces

the YPT formula, as it should. The coefficient of the O [¢* log (—¢?/u?)] term satisfies
the known large-N¢ equality [17, 22]

2600 - 600 + 600 = P (535~ 33 ) - (3.55)
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The non-logarithmic O(q*) and O(¢%) terms relate the low-energy chiral couplings
ls and ry, with their RxT counterparts {5 and 7:

lg(p) = —]\FZQ/( +5v)+€ (1) — 9617r2 [log]\/:[—;—log]\j—Q—l—Blog%—l—s
_ _ijc\?:g/(/i)_i_zg( )+ﬁ[§10g]\j—;——l ]\;[A 61 ]\522
—%log—g%vL%ﬂL;\ﬁd : (3.56)
o) = TG |y 4 28 [ - xp)]
14 14
+£{Cﬁm@—@9@%aQMﬁ—@M%
2
_6(1)?\;‘2/ N 1011\7431 N % - 2011\74§ " 10L§} (3:57)

Notice that the combination of subleading RxT couplings X does not appear at
O(p*). Therefore, the relation of Eq. (3.56) adopts the same form in terms of the
effective couplings defined in Eq. (3.17), i.e

Teff r FeHGeﬁm M or Fy Gy %
B ) - e = T - PR (3.59)

As shown in Eq. (3.57), this is no longer true at O(p®); nevertheless, the explicit
dependence on X — X7 (u) present in r{,,(x) can be reabsorbed into the leading
term, through the use of the effective couplings, i.e.

: FEGT (1) | o,
Tvz(ﬂ) = F’ (jvwé);;fﬂ«(M) + Vf; te (3.59)

Egs. (3.56) and (3.57) contain the well known lowest-order predictions for the two
XPT couplings: lg = —M2rj,/F* = —F? /M. Moreover, they give their depen-
dence on the renormalization scale at the next-to-leading order. The running of the
renormalized couplings €f(u), r{5(p) and € (w), 74(p) is different, because their
corresponding effective theories have a very different particle content.

The p dependence of a given coupling “g” can be characterized through the
logarithmic derivative

dg Yy
H d_ - 9"
i 167

(3.60)

From Egs. (3.34) and (3.35) one gets the running of the RxT couplings:

2 F2 /1 1 F?
T T30 P75, ~ 3 (ﬁa i ﬁg) C2ME (3.61)



3.6 Behaviour at Large Energies 61

Egs. (3.56) and (3.57) give then the dependence on the renormalization scale of the
corresponding YPT couplings:

1 P25 1
_ ! — (2 ). 62
Tw = 73 T T 6 (Ma Mg) (3.62)

These values are in perfect agreement with the low-energy results of Refs. [9, 10, 45].
The running of the O(p®) coupling 7y, ()/F* receives of course additional 2-loop
contributions which are of O(1/N2).

The rigorous control of the renormalization scale dependences allows us to inves-
tigate the successful resonance saturation approximation at subleading order. The
XPT couplings ¢ and 7, have been phenomenologically extracted from a fit to the
VFF data at low momenta. This determines the scale-invariant combination [45]:

B 32 2 2
7 T () —log = = 16.0+0.5+0.7, (3.63)
i

ls
ro(M,) = (1.6+0.5)-107". (3.64)

Inserting these numbers in Eqs. (3.56) and (3.57), one can estimate the correspond-
ing scale-invariant combinations of NLO couplings in RyT:

. Y% o M2 OF? .
_ pr 4
lg= 05 (1) — 39, log 2 2 Sy, (3.65)
2F*
F4 . . ’717 - M‘Q/IYXZ M2
S 2 (6 + 202 [X—X’" ]) _ v log =V (3.66
fra = i) + g (B + 2043 2(n) e loe g (366)

where v, = —1/(6F?). Taking F' = 92.4 MeV, My = 770 MeV and Mg = 1 GeV,
one gets g = (—0.2 £ 0.9) - 10°% and 7y, = (—0.2 £ 0.5) - 10*, while a larger
value of the scalar resonance mass Mg = 1.4 GeV shifts the O(p*) coupling to
Is = (—0.940.9) - 1073, without affecting 7., at the quoted level of accuracy. These
numbers should be compared with the large- N predictions for the xYPT couplings
ls|Np—oo = —F?/ME = —0.014 and ry|n. 0o = F*/Mp = 2.1-107% Put in a
different way, the hypothesis e = T = 0 generates excellent predictions for § (u)
and r{,(p) at any scale p.

3.6 Behaviour at Large Energies

At large momentum transfer, the relevant renormalization scale invariant functions
take the forms:

1 1/ 1 1 —¢¢ 2 1672 _
2 - = ) _ o - 1 I T =
9(7’) 167T2F2{ 1 l6 (Ma - Mg) (Og 12 3) F? ’"V2(“>]

1 _ _
+q° [— log M—qz 4+ — — 16W2€g(u)] + O (qo)} ,
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. M?2 — 2 1 > ot 9 M; 1
AT(¢?) v {log 1 {logq——Q}——log2q——7T——l——+ S}+O<—),

~ 1672 F? MZ | O M2 2°° M2 6 4 4MZ e
4 2
r —-q —q 5 r
%0(q%) = TS {log 273 + 1927T2F2XZ(/L)} : (3.67)

The p propagator makes the A(g?) piece of the VFF well behaved when ¢* — oo.
However, the 1PI contributions generate a wrong behaviour G(¢?) ~ ¢*log (—¢*/u?)
in the B(¢*) term, which cannot be eliminated with a local contribution. The
problem originates in the two-resonance cut which has an unphysical growing with
moimenta.

Although our leading RxT lagrangian of Eq. (3.3) only incorporates couplings
linear in the resonance fields, the kinetic resonance lagrangian introduces some bilin-
ear interactions through the chiral connection included in the covariant derivatives.
Their couplings are fixed by chiral symmetry and give rise to the diagrams in Fig-
ures 3.5.b, 3.6.c, 3.6.d and 3.6.f. Obviously, these are not the only interactions
bilinear in the resonance fields even at large-Ngo [19, 29, 30, 54]. Therefore, it is
not surprising that our calculation is unable to find the correct behaviour at large
energies for those contributions with two intermediate resonances.

The contributions with an internal vector propagator in diagrams 3.6.b and 3.6.c
give us some hint about which pieces could be missing in our calculation. These two
diagrams combine with a reducible contribution of the type 3.7.b: the 1PI (V,,7)
vertex in Figure 3.5.b. The three contributions contain identical loop functions and
their sum generates a global factor M2 /(M2 — ¢*), which suppresses the large-¢*
behaviour. Thus, these corrections have been included in the term A(g?).

It seems natural to conjecture that the remaining 1PI contributions with two-
resonance cuts should combine with the corresponding reducible topologies, includ-
ing (VRR) and (v"RR) vertices, to generate the final propagator suppression:

M
M — > =33 (¢?)

G(¢*) — G(q?). (3.68)

The needed lagrangian takes the form
ALypr = N9 (V™V,SV,S)+i\""P(V™V,PV,P).  (3.69)

Our conjecture fixes the new chiral couplings in the large- N limit. In fact, the main
aim of the next chapter is to follow these ideas: once it is accepted the necessity of
new terms with more than one resonance field by studying the asymptotic behaviour
at large energies, we are going to analyse all the two-body form factors that can be
found in the even-intrinsic-parity sector of Resonance Chiral Theory in the Single
Resonance Approximation. This will be done in the spirit of correlators at next-to-
leading order in the 1/N¢ expansion.
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3.7 Conclusions

The one-loop analysis of the vector form factor of the pion has shown a series of
interesting features:

1. As expected, loop diagrams with massive resonance states in the internal lines
generate ultraviolet divergences, which require additional higher-dimensional
counterterms in the RyT lagrangian. Since these counterterms give rise to tree-
level contributions which grow too fast at large momenta, their corresponding
couplings should be zero at leading order in the large-No expansion. Thus,
one can establish a well defined counting in powers of 1/N¢ to organize the
calculation.

The formal renormalization is completely straightforward at one loop. One
can easily determine the p dependence of all relevant renormalized couplings.
Moreover, the final result is only sensitive to some combinations of the chiral
couplings. In fact, using the lowest-order equations of motion, one can elimi-
nate most of the higher-order couplings. Their effects get then reabsorbed into
redefinitions of the lowest-order parameters.

2. Expanding the result in powers of ¢*/M%, one recovers the usual yPT expres-
sion at low momenta. This relates the low-energy chiral couplings ¢ and 7y,

with their corresponding RxT counterparts ¢ and 7y,.

The rigorous control of the renormalization scale dependences has allowed us
to investigate the successful resonance saturation approximation at the next-
to-leading order in 1/N¢. The assumption lg = Tyo = 0 generates excellent
predictions for £ (p) and r{,(p) at any scale p.

We stress again the importance of determining the resonance contributions
to the chiral LEC’s at next-to-leading order in 1/N¢, since one keeps a full
control of their renormalization scale dependence. Notice how the uncertainty
related to the running disappears. This chapter represents a first step towards
a systematic procedure to evaluate next-to-leading order contributions in the
1/N¢ counting: in the next chapter we will present a NLO prediction of Ls.

3. At higher energies, we have identified an unphysical behaviour which originates
in the two-resonance cuts: they generate an increase of the form factor at large
values of momentum transfer. This is not surprising, since there are additional
contributions generated by interaction terms with several resonances, which
have not been included in the minimal RxT lagrangian. These new chiral
structures should be taken into account to achieve a physical description of the
VFF above the two-resonance thresholds. The short-distance QQCD constraints
can be used to determine their corresponding couplings.

In the next chapter we will check with several form factors the requirement of
these new terms in order to fulfill a good behaviour at large energies.
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Chapter 4

Two-body Hadronic Form Factors
From QCD

4.1 Introduction

Once it is accepted the importance of matching the effective results evaluated within
the Resonance Chiral Theory with the ones obtained with QCD, one has to study
how to carry out this procedure. There are two ways of getting short-distance
constraints: either to consider the Green Functions of QCD currents calculated in
the leading OPE expansion or to demand that two-body form factors of hadronic
currents vanish at high energies [28]. Although in the first case there is no doubt
about the necessity of fulfilling the asymptotic constraints in the considered ampli-
tude, the second one is more controversial. Actually, this behaviour has only been
experimentally observed for pseudo-Goldstone bosons and photons. The question
appears when one is studying form factors that involve resonances as “asymptotic
states”. In this chapter we present an analysis of all two-body form factors that can
be found in the even-intrinsic-parity sector of RxT in the Single Resonance Approx-
imation [29, 30]. In the spirit of correlators at next-to-leading order in the 1/N¢
expansion, the requirement of considering the short-distance behaviour of these form
factors is justified.

As a continuation of the ideas proposed in the last chapter, once these new
constraints are incorporated, we expect to avoid the non-vanishing behaviour at
large momentum transfer for those contributions in the vector form factor at one-loop
level coming from diagrams with resonances as intermediate states. In Section 3.6 we
showed the need of new operators, that is, operators with more than one resonance
field, in order to generate this suppression. Notice that we propose a relation between
well-behaved form factors with resonances in the final state and observables at NLO.

As soon as one is dealing with well-behaved amplitudes at large energies, a
one-loop calculation provides a clear NLO prediction of the related xPT LEC’s,
where the scale dependence is under control. Following this path, we present a
subleading prediction of Lg [29]. A first step in this direction was the study of
resonance loop contributions to the chiral coupling L1y [37]. In Ref. [37] it was
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suggested the importance of considering well-behaved amplitudes before studying
these contributions. Sections 3.6 and 3.7 [26] are a good example of these ideas in
the case of Lg (or ¢s in the two flavour case).

In Section 4.2, the lagrangian needed to describe all the possible two-body form
factors within the Single Resonance Approximation is reviewed. Section 4.3 is de-
voted to clarify how to get the short-distance constraints for the form factors by
relating them to one-loop correlators through the optical theorem; the relation be-
tween quantum loops in RxT and form factors with resonances in the final state is
explained. A phenomenological example of these results is developed in Section 4.4,
where a prediction of Lj () is given, making use of dispersive relations. The study of
possible inconsistencies between constraints due to the truncation of the large- N
spectrum, already suggested in former works [25, 48], is relegated to Section 4.5.
The main conclusions are summarised in Section 4.6. Some technical details and
the full list of results for the form factors are collected in the Appendices D and E.

4.2 The Effective Lagrangian

As pointed out in the introduction, the study is taken under the Single Resonance
Approximation, where just the lightest resonances with non-exotic quantum num-
bers are considered. On account of large-N¢, the mesons are put together into U(3)
multiplets. Since we will be interested on the structure of the interaction at short
distances, we will work under the chiral limit.

As the Resonance Chiral Theory should get the high-energy behaviour of QCD,
only operators constructed with chiral tensors of O(p?) will be allowed; interactions
with higher order chiral tensors tend to violate the asymptotic behaviour ruled by

QCD.

In the large- N approach, there is no limit to the number of resonances that one
may include in the effective operators. However, as we are interested just in the
two-body form factors at tree level, only operators up to three resonance fields are
considered. Moreover, in the case of three resonance operators, only terms consisting
of resonance fields and the covariant derivative V,, will be required.

Following these remarks the terms in the lagrangian can be classified as:

‘CRXT - AC;QC);B + Z»CRl + Z £R1R2 + Z A£R1R2R3’ (41)
Ry

R1,Rs R1,R2,R3

where the indexs R; run over all the different resonance fields, V', A, S and P. We
use A in the last term to stress that only some terms with three resonances are added
to the lagrangian. The different pieces are shown and explained in Section 2.3.2,

Egs. (2.6) - (2.27).
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4.3 Form Factors and Short-distance Constraints

Let us consider the two-point correlation function of two QCD currents in the chiral
limit:

[ (q) = i/d4$eiqm (0T (X*(2)X"(0)") 10) = (=9"a* + ¢"q") e (a?),

() = i [ e O (Y)Y (0)1) ). (42)

where X*#(z) can denote the vector or axial-vector current (X =V, A) and Y (x) the
scalar or pseudo-scalar density (Y = S, P),

_ by “\s
VH = it S, ==
i gl 21/1, ¢2¢7
K T A Ai A
A= S, Pi= iy 5 4. (4.3)

The associated spectral functions are a sum of positive contributions correspond-
ing to the different intermediate states. At large ¢*, ImII,, tends to a constant
whereas Im I1,,,. grows as ¢* [31, 34]. Therefore, since there is an infinite number of
possible states, we assume a similar supression for all the absorptive contributions
in the spin-1 correlators coming from each intermediate state in the ¢ — oo limit.
The high energy behaviour in the spin-0 ImII,, is not so clear as, a priori, one
could think of a constant behaviour for each intermediate cut. However, the fact
that Tl , — IT,, vanishes as 1/¢* in the chiral limit [34], the Brodsky-Lepage rules
for the form factors [28] and the 1/¢* behaviour of each one-particle intermediate
cut (tree-level exchanges) seems to point out that every absorptive contribution to
ImII,, must also vanish at large momentum transfer.

The spectral functions of the correlators at next-to-leading order can be easily
obtained from form factors by making use of the optical theorem. Thence, all
possible two-body form factors have been calculated in order to get the imaginary
part of the two-point function. In the simplest cases with just one form-factor
Fony.ms(¢?), one finds the relation

ImH(QQ)} = g(qz) |fm1,m2(q2)|2’ (44)

mi,ma2

with £(¢?) a kinematic factor that depends on the considered channel. Imposing that
the spectral function must vanish as 1/¢* at ¢> — oo yields a specific behaviour for
Fony.ms(¢%), depending on £(g?). Thus, some constraints on the effective parameters
will be needed. In Appendix D, we give the whole list of form factors in the even-
intrinsic-parity sector of Rx'T in the Single Resonance Approximation, the exact
relations between them and the spectral functions, the constraints which are derived
from the high energy analysis and the structure of the form factors after imposing the
proper short-distance behaviour. Some of them can be found in former literature [22,
26].
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™

Figure 4.1: Tree-level contributions to the vector form factor of the pion. A single
line stands for a pseudo-Goldstone boson while a double line indicates a vector
resonance.

As an example, we show here the case of the two pseudo-Goldstones matrix
element of the vector current. The diagrams that contribute at leading order in
1/N¢ are those depicted in Figure 4.1. The form factor is defined through the
corresponding matrix element,

(7)™ (p2)ldy"ul0) = V2F7(q?) (p2 = p1)", (4.5)
where F?_ reads

Gy ¢
F?2 Mz —¢*’

Fl(®) = 1+ (4.6)

and it is the same form factor than the one of Eq. (3.1) in Chapter 3. Using the
optical theorem, the imaginary part of the correlator is found to be

0(q*), -,
WLy, () = A 2 ) (4.7

Imposing that ImIT,,, (¢*)|»» vanishes in the ¢*> — oo limit leads to demanding that
the form factor also does, so we find the constraint

FyGy = F?. (4.8)

Taking into account this constraint, the form factor follows now the right asymptotic
behaviour and reads as

- M2
Filq® s 4.9
L) = s (19)
as we would have obtained imposing the Brodsky-Lepage behaviour in Eq. (4.6).
In this work, the tilde over a form factors denotes that the QCD short-distance

constraints have already been imposed.
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4.4 A next-to-leading order prediction of L{(u)

As an application of our results and because of its phenomenological importance,
the observable TI,_,(¢*) = T ,(¢*) — I1,,(¢*) is studied in this section in order to
predict L§(u) at next-to-leading order.

The one-loop xPT result, in the chiral limit, is

2F232 s B2
+32B2 L5 (1) + 78— (1 —log —L > +0(¢%) , (4.10)
2

I, . (q*)|pr =

for the U(ny) case. The running in Lf(1u),

. . r Iz
Li(us) = Lg(m)jumfT2 log’u—;, (4.11)

with T's = 3/16 for the U(3) case [49], makes IT, ,(¢?) scale independent.
A leading order prediction of the xYPT coupling can be obtained easily by con-
sidering the tree-level contributions in our hadronic effective approach,

16 ¢2 16 d? 2 F?
Ngo—o00 2 m m
(g )|R§T = B; (Mg g ME_¢ + 7 > : (4.12)

Demanding the right high-energy behaviour (~ 1/¢*) in IT,_,(¢?) g;; °° constraints
the resonance parameters to obey the relations:

F? — 8¢ +8d%, =0, & M2 —d> M} =29, (4.13)

where & = 3ma,F4/4 ~ 0.080,F2 x (1GeV)? is negligible.
In Section 2.4 it is reviewed how to fix all the low-energy couplings of Lg,r of
Eq. (4.1) linear in the resonance fields, by using different short-distance constraints,

M3 M2 M2 — M2
2 2 A 2 2 v 2 vV 2 2
FV:Fianl_ 7‘[‘2/7 FA:F*HC%_ nr‘2/7 G F72, MA>MV
2 M2 F? M2 P20 2
2 P 2 S 2 P S 2 2
‘= gAE—a mTmamoaE 9T g ap 0 e Ms
(4.14)

where, at LO in 1/N¢, the couplings are fixed in terms of the decay constant F' and
the resonance masses in the chiral and large-N¢ limit, My, M, Mg, Mp.

The low-energy expansion of Eq. (4.12) fixes the leading-order prediction of
Lg(p) [17],

e 2 F? F?
Le = m__ _m = 4.15
s 2MZ  2M32 1602 © 16003 (4.15)

where the constraints in Eq. (4.14) have been considered to produce the final result.
It is expected that Eq. (4.15) provides the coupling at scales of the order of the
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momenta involved in the processes (pg ~ Mpg), though until now there was no
information about the scale of saturation. Therefore, at LO in 1/N¢, the uncertainty
on (i induces an error, which for the coupling L§(u) is sizable and competes with
the leading contributions.

In the large- N limit a correlator that accepts an unsubtracted dispersive re-
lation is determined by the position of the poles and the value of their residues.
Hence, within the Single Resonance Approximation, Eq. (4.12) shows the general
structure for II, ,. This corresponds to the leading order saturation of the yPT
O(p*) lagrangian by the resonance exchange.

4.4.1 Dispersive Calculation of II,_,

In this section, I, ,(¢?) = I ,(¢*) —I1,,(¢*) is computed at next-to-leading order
within the Resonance Chiral Theory in the Single Resonance Approximation. By
using the dispersive relations (Appendix E), it is possible to prove that the amplitude

at NLO in 1/N¢ shows the structure

212 B2 16¢" 2 B? 16d" 2 B?
2\ 0 m 0 m 0 2
HS—P(q ) - q2 + M§2 _ q2 - M};Q _ qg + Z AI_IS—P(q )‘m17m2 ) (416)

mi,ma2

where the contributions AIT, ,(¢*)|,n,.m, are given by the two meson absorptive
cut mq, mo. Their imaginary part is related to the corresponding two-meson form
factors through the optical theorem (the precise relations are given in Appendix E),
so the functions are given by the dispersive integral

Mime 1 Tmll, (¢ o Imll, (¢
AHSiP(q2)|m1 my = lim / dt = m sfp( )|2m1,m2 + / di = m S*P( )|2m1,m2
) €— 0 m t — q MIQ%+6 T t — q

2 Imﬂsp(t)lml,m} ]

t — ¢?

~Z i {(M; — 1) (4.17)

TE t—M3,
where My is the mass of the intermediate resonance produced in the mq, msy form-
factor. It obeys the properties

_ d
lim ReD(t)|m,m, =0, lim —ReD(t)|mym, =0, (4.18)
tHMIQ% t—»MIQ% dt

with D(t)|my,m, = (MI%, - t)2AHsfp(t)|m1,m2'

Notice that the dispersive integrals are convergent because the form-factors are
well behaved at infinite momentum. This ensures the absence of non-vanishing con-
tributions in the part of the amplitude that comes from unitarity. The remaining
terms in the correlator do not contain cuts and are analytical. These polynomial
terms must vanish, remaining only the pole4unitarity structure in Eq. (4.16). This
fixes any possible Zg arising at NLO, since the full polynomial must be zero. Fur-
thermore, we will impose the 1/¢* behaviour prescribed by the OPE for I, ,(q?)
up to NLO in 1/N¢.
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For the first absorptive cut one gets the contributions

2F? 160:,12 16d:n2
HS—P(qQ)‘tree = Bg{ 3 + — } , (419)

¢ M- M
ny B2 [ M2 O\ ¢ —¢
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ny B22G% [ ME O\ ¢’ My My
Al (Pve= S 55 3z oz) (U)o~ =
2 872 F MP —q MP q q MP
BM2 OMZ  3M] AMY  3Miq’
+ +1— 7 + ZI/ — | 1= 2V ‘ilq
2 2M Mp MP MP
2 9 9 9 2\ 3 2
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Mp — M7 _ MV a1 421
() s (1 5 e (- 5 )|
AL, (¢*)]an = 0, 422

2 2 2
AL (e, "L BB (1 PN (MY
s-r M5 = g 2 \ D2 — g2 23 M2

X [1—i+<1—2M§+M )longjL( —%) X
Mg Mg Mp Mp — Mg ¢
‘ 1og(1 - ;’4—22)] n (252 - 1) (1 - Mf) [4M§ _ My 2Msq”
€a Mp ) | Mp q Mp
M oMY 2MIP oMiPN,  ME (M3
(M}; ML ML M ) N2 (M};

CMEN (LMY (1o ) DM M My M
¢ q? M? ME ML T 2g2
L 2Ms | Msq® (Mé Mé)Z( Mé) ( ¢ >
+ + - 1——=|log|1——5)p, (4.23
T o T ¢ az) (42

B216d? [ M?% — M?2 2 2 M2 M2 o2
AHsfp(QQNPn:ﬂ : m( L S) [_1+q_+(1_ LS PQ>X

2812 F2 \ MZ—¢ M? M? M}
Mp — M3 Mp s

It is possible to show that states with higher thresholds turn out to be more an
more suppressed (Appendix E.2). Only contributions from cuts that contain up to
one resonance field are taking into account: the 77, the Aw and the Pw cut of the
scalar correlator (Sections D.3.1, D.3.2 and D.3.3 respectively) and the V7 and the
Sm cut of the pseudoscalar correlator (Sections D.4.1 and D.4.2). All the results
from Appendix D have been multiplied by a factor ns/2 in order to go from 2 to ny
light flavours. The results in Eqs. (4.21)-(4.24) include also a factor 2 that accounts
the two possible absorptive structure, e.g., in the case of Eq. (4.21) it is possible

p°n~ and p~7°. The pion scalar form factor constraint from Eq. (D.99) has been



72 Two-body Hadronic Form Factors From QCD

used in Eq. (4.23).

4.4.2 Short-distance Constraints at One-loop

At high ¢? the first absorptive contribution vanishes as

B2 16 1
I, (0%)]iree = _20{ 2F2—16c;;f+16d;f+—2ld:n2M§,—c;fM§}}+(9(—6>, (4.25)
q q q
ng B2 M? —q? 1
ATl 2, =L 20 2l TS5 o — L o= 4.26
SfP(q )|77 2 87T2(]2 S + qg 0g Mg + (]6 ) ( )
B2 2G2 9MZ  3ML  3MZ M2\
ATL,_(¢%) v = = 20 2 2V Mp{ —1 ‘2/ - zy - 2V ( a —\2/) .
2 8m%¢® F 2Mz; My Mg Mg
M2 — M2 M2 oML 2M2 —q?
1 P \% P 1— % Vv 1 4
R f[ ay T TR
2 M2 M2\ ? M2 1
— (1 V — V) log ¥ -1 o= 4.27
(%) (- 3) e (o )}}* g) U2
Al o (¢°)an =0, (4.28)

ny B2 4c2 F? 2 M2\ 2 M2
AH 2 = _f 0 *d M2 - 1 _ _S _1 _S
s-p(@)ls =3 s 2 Py \2a M3 + iV
M2 M2 2M2Z [ F? M2
x log —5—= 2)+ 5 45 (—2—1)<——§)(—1
MZ% — M2 M2 M2 \2c3 M2
M2 M2 M2 [ F? 2 M2\ 2
-1 S 1 S P -1 7S
*( *MQO%%—MQ+q2K%3 )( ) "
2 4 2 2 2
—q Mg —q 2Mg (F
—1+1 —1 +log — S|
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M2 M2 M2 _q2 1
1-—5 51 -1 O
X( MQ(WW%w—MaO%%—MQH+ ¢)

(4.29)

2
_ny; B 1642, (1 ]\]\ﬁ) MI%{MI%.JFM]%,IO Mp — M3
P

ATI Hp, =L
s-p(@)lPr =5 8m2? F? MZ T MESTOME
M3 —q? 1
e I P o= 4.30
+q2{ 3z -z [ TU\g) (4.30)

Once the leading-order relations in Eq. (4.14) have been used, imposing the
vanishing of the logarithm In(—¢?)/¢* gives the constraint

M?2 M?2 M?2
_ _‘2/ - _g 1 — 52 , (4.31)
M2 M2 2 M2
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which requires My < v/2My . Imposing the right short-distance behaviour (~ 1/¢*)
in I1(t), one gets

F2(1+69 ) — 82 4 8d'2 = 0, (4.32)

NLO

F2M26W  — 872 M52 + 8di2 Mp? = —80, (4.33)

NLO

where the corrections

o 3M2 M2\ oy o (M2 my  2MZ [ M2
ok = gy 1 (1 g ) 2 e~ (1 )4

(4.34)

are known functions of the resonance masses:

o . GMZ  (4M2  6M} M2
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Note that from Eqgs. (4.32) and (4.33) one determines the effective couplings ¢},
and d

F2 M 2 M 3 B
r2 — —___ P ___ 2 _ MSs() _
C, - ) MIT:'.Q o Mg 2 (1 + 5NLO M2 5NLO M]2:)F2 5) , (436)
F? MT 2 g -
r2 S 2 4
b —‘gﬁﬁfﬂp(kw@Déﬁfmﬁwﬁ- (4.37)

4.4.3 Saturation of Lj(y) at Next-to-leading Order in 1/N¢

Once we have extracted information from short distance QCD, we are ready to study
the low energy limit of the theory. One finds the contributions:

2 F? 16 ¢ 2 16d"?
II 2 ree :-82 n - = O 2 4.38
SfP(q )|t 0 ( qg + M§2 M£2 ) + (q ) ) ( )
2 nf 32 _(]2 2
ATl (¢)]ge = 5 {—1 —log _Mg} +0(¢%) , (4.39)
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It is interesting to remark that the non-analytic log (—¢?) structure that arises in

XPT from the 71 loop is exactly reproduced at low energies by the 77 cut within the

resonance theory; working within a chiral invariant framework ensures the proper

low energy behaviour. The remaining cuts with resonances are absent in xYPT and

they only produce analytical contributions that go to the low-energy constants.
This produces for Lg(p) within U(ny) at any renormalization scale ,

F2/ 1 1 M225W 1+ 85/ 2
Li(p) = ( T ){Hw%_ 5 Oy 89/

16 \ Mg Mp? NLO ME? + Mp?
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In the first line we have the tree-level contribution, where the NLO relation from
Eqgs. (4.36) and (4.37) have been used. The next lines contain the one-loop contri-
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butions, respectively from 7nn, V7, St and Pw, and where the LO constraints from
Eq. (4.14) have been employed.

A last remark is required: the calculation has been done within the U(3) case,
whereas the usual xPT results are obtained in the SU(3) framework. Therefore, we
have to take into account the matching between the U(3) and SU(3) Chiral Pertur-
bation Theories [21]. The difference between the value of Lg in the two versions of
the effective theory is related to the difference between the corresponding coefficients
I's, that is, the different running. Accordingly, the leading order prediction of Lg is
the same in both cases [23], since the running is a next-to-leading order effect. One
gets [21]

LgU(3) (n) = LSU(3) () + log —, (4.45)

where T{® = 3/16 [49], T5V® = 5/48 [9], and M, = 850 +50 MeV [50] is the mass
of the 7’ in the chiral limit.

4.4.4 Phenomenology

At this point we have the chiral coupling L§(x) expressed in terms of the resonance
masses My, My, Mg ~ M{§, Mp ~ M}, the decay constant F' and the U(3) —SU(3)
matching contribution, given by M, the mass of the 1’ in the chiral limit.

The different input parameters are defined in the chiral limit. We take the
ranges [9, 22, 50, 51, 52] My = (770 £5) MeV, M{ = (1.14 £ 0.16) GeV, M} =
(1.3 £0.1) GeV, My = (0.85 £ 0.05) GeV and F = (89 + 2) MeV, and use the
relation of Eq. (4.31) to fix My, keeping the constraint Mp > Mg from Eq. (4.14)
and imposing M, > 1 GeV. The correction § turns out to be negligible. For the
renormalization scale pp = 770 MeV, one obtains the following contributions

00 L) = 055~ 005 072+ 055+ 08+ Q00+ 0B 404,
tree U(3)—SU(3) T Vr St Am Pr
(4.46)
where one finds the expected suppression of heavier thresholds.

The largest uncertainties originate in the badly known values of Mg and Mp,
which already appear in the leading order prediction. The keypoint is the fact
that the rest are purely NLO errors in 1/N¢o and they remain small, validating the
perturbative expansion in 1/N¢. To account for the higher-mass intermediate states
which have been neglected, we have added an additional truncation error equal to
0.12-1073, the size of the heaviest included channel (Pr). Note that the smallness of
the truncation error ensures that the Single Resonance Approximation is fair within
this framework. All errors have been added in quadrature. Therefore we arribe to

Li(po) = (0.6 +0.4) - 1072, (4.47)

to be compared with the value L5(po) = (0.9 &+ 0.3) - 1073, usually adopted in
phenomenological analyses.
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It is interesting to recall that for the considered scale g = 770 MeV, our NLO
prediction for Lg(ug) suffers small deviations with respect to its value at leading
order, L{¢7> = 0.8-1073, given by Eq. (4.15). Through a simple yPT analysis one
finds that varying the renormalization scale between p; = 0.5 GeV and puy = 1 GeV
produces a variation on the renormalized coupling of the order of |L§ (o) — L§(11)] ~
0.5-1073. The outcome of our 1/N¢ calculation shows a perfect agreement with
these considerations, being the possible deviations between LO and NLO in 1/N¢g
of the order of the expected renormalization scale uncertainties in Lg.

4.5 Conflict between High-energy Constraints

The Resonance Chiral Theory is an effective approach of QCD that models large-N¢
by cutting the tower of resonances, that is, an infinite number of meson fields is not
considered. However, it is known that really an infinite tower of resonances is needed
to recover the large- N behaviour within QCD. Therefore, it is not surprising to find
some conflicts between the constraints of Appendix D. In fact, it should have been
expected, since our approach does not fully recover QCD and, eventually, it may
lead to inconsistencies: not all behaviours of QCD can be satisfied at the same time
within the MHA.

In Ref. [48] it was claimed that there exists in general a problem between QCD
short-distance constraints for Green Functions and those coming from form factors
and cross-sections following from the quark counting rule [28]. However, from the
general analysis of two-body form factors, developed in detail in Appendix D, we
find that the spin-0 sector does not lead to contradictions. On the other hand, the
form factors related to spin-1 mesons drive us in some cases to constraints which do
not agree with those coming from other form factors.

This incompatibility can be solved by including a second multiplet, being this
idea supported by large-No. Note that we follow the Minimal Hadronic Approx-
imation [24], therefore a second multiplet should be incorporated if there exists a
conflict between the short-distance constraints of the problem at hand.

For instance, in the left-right correlator, if the analysis is taken up to next-to-
leading order in the 1/N¢o expansion, all the constraints related to the vector and
axial form factors (Appendix D) should be considered. However, the restrictions for
AAin Eq. (D.9) from the vector form factor to an axial resonance field and a pion,
and those in Eq. (D.54) from the axial form factor to a vector resonance field and a
pion are incompatible. The proposed solution is the inclusion of a second multiplet
for the V(177) and A(17") resonances, but only for internal lines. Then one should
add new pieces to the lagrangian of Eq. (4.1):

B ey 1GY
Ly <V,uz/ + >+ 9 \/5

2v2
_ FAIA / iz
La= Sl A, (4.49)

(Vi lu,u’]) (4.48)
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From the results from Eq. (D.9) and Eq. (D.54) is now obvious that the new
constraints are, respectively:

Fr(2A) A= 204+ A4 2004 + B (20 A= 20 A+ A A 20 = By
Fy (=20 4+ M) + (=23 4+ ) =0,
Fa(2A A= AVA— 22V 4 FLAAY — AV — 2\ = —Fy 426Gy,

Fa(=2\YA4 N + FL (=204 + XV = -Gy,
(4.52)

so the incompatibility is not present any longer. In this way, the incompatibilities
in the lightest resonances couplings can be carried to the couplings of higher states
that produce mild effects on the region of validity of our effective description.

4.6 Conclusions

Resonance Chiral Theory is an effective framework to handle QCD at energies where
one has hadronic resonances and pseudo-Goldstones from the chiral symmetry break-
ing. The expansion in powers of 1/N¢ provides a key in order to construct the
effective action. In addition to embed YPT at low energies, this theory must recover
perturbative QCD and the OPE at short distances.

Several constraints on the RxT couplings are derived from the study of Green
Functions of QCD currents at large-No. The other source of information is the
consideration of the Brodsky-Lepage behaviour of the form factors, e.g. the pion
vector form factor. This work shows the necessity of also taking into account the
form factors with resonances in the final state. They are related to two-point Green
Functions at next-to-leading order in the 1/N¢ expansion and rule their asymp-
totic behaviour at one-loop. All two-body form factors that can be found in the
even-intrinsic-parity sector of Resonance Chiral Theory (Single Resonance Approx-
imation) have been analysed, producing the constraints and form factor structures
shown in Appendix D.
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It is important to remark that there are no new constraints coming from the
short-distance analysis of form factors with one photon and one meson in the final
state, that is, two-meson form factor analysis provides the most stringent set of
constraints. This is not a surprise taking into account the relation between the
vector resonances and the photon because of their quantum numbers.

The need of taming the resonance form factors at high energies was hinted in the
last chapter, in order to improve the short distance behaviour of the pion vector form
factor at the one-loop level [26]. This immediately leads to demand operators with
more than one resonance field. Thus, one must study amplitudes with resonances
as external states at LO in 1/N¢ whenever a calculation is carried at the loop level.
In our case, the optical theorem tells us that the relevant amplitudes are just the
two-body form factors.

We have illustrated the analysis showing the case of the II,_,(q*) correlator
and the RxT prediction of the corresponding low energy coupling L§(x) at NLO in
1/N¢. From the Weinberg sum rules for I, ,(¢*) and the pion scalar form factor
one gets its expression at leading order. Dispersive integrals show that the correlator
up to NLO in 1/Ng is just given by terms proportional to the squared modulus of
form factors and renormalized resonance parameters. Furthermore, the local xPT
operators are shown to be absent within our present realization of the resonance
lagrangian. The modified parameters can be partially fixed by taking the Weinberg
sum rule analysis of TI,_,(¢*) up to NLO. This produces a slight modification to the
leading relation, which can be read as:

F2(1+69 ) — 82 4 8d'2 = 0,

NLO
F2M30W  — 8l ME? + 8di2 Mp? ~ 0.

The chiral invariance in RxT leads to the recovering of the xYPT structure at
low energies. The 77 cut in RxT reproduces the long distance non-analytic term
log(—¢?*) from one-loop YPT. This keeps the control on the renormalization scale
p appearing in YPT within log(—¢?/u?) and L5(x). The remaining absorptive cuts
generate analytic terms in ¢? and they only contribute to the LEC’s. All this provides
the determination for py = 770 MeV,

Li(o) = (0.6 £0.4) 1077,

which can be compared to yPT value Lg(fi0)|exp = (0.9 £ 0.3) - 1073 [17]. Since the
dependence on the scale is always exactly controlled, this problematic uncertainty
disappears in our picture. On the other hand, the bulk of the error is due to
the current ignorance on the values of the masses of the scalar and pseudoscalar
multiplets in the chiral limit. The reduction of their relative uncertainties below the
5% level would drastically improve the result. Until then, purely NLO errorsin 1/N¢
and the Single Resonance Approximation produce just a subdominant contribution
to the global error. This validates the perturbative expansion in 1/Ng and points
out the way to proceed in order in increase the accuracy of the determination.
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To end with, we have commented some problems that appear in the spin-1 sector
due to the truncation of the large—N¢o spectrum of infinite resonances. Because of
this cut in the tower of resonances, it is clear that QCD cannot be exactly recovered
through our effective approach and that some conflicts between constraints may
eventually arise. In our case, it is shown that this incompatibility can be solved by
including a second multiplet.
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Chapter 5

One-loop Renormalization: Scalar
and Pseudoscalar Resonances

5.1 Introduction

Since its inception Resonance Chiral Theory has been applied both to the study of
resonance contributions in weak interaction processes (radiative and non-leptonic
kaon decays) [53] and to the study of form factors of mesons [46], where only the RxT
lagrangian at tree level has been used and, accordingly, the leading contribution in
the large-N¢ approach we are describing has been obtained.

The next-to-leading order in the 1/N¢ expansion arises from one loop calcula-
tions within the theory and its control starts to be necessary both on grounds of the
convergence of the predictions and to straighten our knowledge of non-perturbative
QCD. A Dyson-Schwinger resummation of subleading orders is required to describe
the amplitudes near the resonance peak [47], leading, eventually, to systematic one-
loop calculations [26, 29, 30, 37, 54]. Improving the phenomenological determi-
nations of non-perturbative QCD quantities is needed in order to distinguish new
physics effects. As it has been pointed out in the previous chapter, it also allows get-
ting the resonance contributions to the YPT LEC’s at next-to-leading order, keeping
the dependence on the renormalization scale under control. Furthermore, quantum
loops are essential to find the quantum field theory description and to properly
understand the hadronic interactions beyond ad hoc modelings.

RxT is non-renormalizable. Moreover the lack of an expansion parameter in the
lagrangian does not make feasible the application of a perturbative renormalization
program based on a well defined power-counting scheme analogous to the one in
xPT. Nevertheless from a practical point of view the situation is similar to the yPT
case [55]. As shown in Chapter 3 [26], where the vector form factor of the pion was
calculated at one-loop level in RT, it is possible to construct a finite number of
operators, within the theory, whose couplings can absorb the divergences coming
from one loop diagrams. The only requirement is, of course, that the regularization
procedure of the loop divergences respects the symmetries of the lagrangian.

In the present chapter we have studied the full one-loop generating functional
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that arises from RxT when one multiplet of scalar and pseudoscalar resonances
are considered and only up to bilinear couplings in the resonances are included.
The divergent contributions have been evaluated and, consequently, the full set
of operators needed to renormalize the theory properly has been obtained. The
conceptual differences with the yYPT renormalization program will also be stressed.

In Section 5.2 we describe shortly the content of RyT that is of interest in our
case and its main features. Section 5.3 is devoted to explain the procedure and
hints which are followed to perform the evaluation of the generating functional,
whose results are given in Section 5.4 and commented in Section 5.5. In Section 5.6
we point out the conclusions and summarize. Some technical details are relegated
to Appendix F and most of the results to Appendix G.

5.2 RyxT with Scalars and Pseudoscalars Reso-
nances

We consider the RxT lagrangian constituted by pseudo-Goldstone bosons and one
multiplet of both scalar and pseudoscalar resonances. Motivated by the large-Ng
limit we include U (3) multiplets for the spectrum though we limit ourselves to SU(3)
external currents as we are not interested in anomaly related issues. Our lagrangian
reads:

Lryr(9,S,P) = 5(26);3 + Liins + Liinp + Ls + Lp + Lss + Lpp + Lsp, (5.1)

p

where the notation of Section 2.3.2 is followed. The different pieces of Eq. (5.1) are
given in Egs. (2.6), (2.11), (2.11), (2.9), (2.10), (2.13), (2.13) and (2.14) respectively.
In other words, we have considered all terms observing chiral and QCD symmetries
which are constructed with scalar and pseudoscalar resonances together with chiral
tensors of O(p?), up to bilinear couplings in the resonance fields and under the Single
Resonance Approximation.

Several comments on our lagrangian theory are suitable here:

- The RxT lagrangian satisfies, by construction, the structures of chiral dynam-
ics at very low-energies (E < Mpg). Notwithstanding, it is clear that there is
no small coupling or kinematical parameter that could allow us to perform a
perturbative expansion in order to solve the effective action of the theory, as
it happens in yPT. We stress again that the large- Vo limit guides a loop per-
turbative expansion, not in the lagrangian, but in the observables evaluated
with it.

It has also been proposed [56] that, due to the fact that the chiral counting
is spoiled when resonances are included in loops, it could be possible to keep
the chiral counting by disentangling the “hard” modes that could be absorbed
in the renormalization program. In this way one gets a chiral expansion even
if resonance contributions in the loop are considered. This procedure can be
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useful but only if one is interested in the application at very low energies out
of the resonance region.

- Short-distance constraints on the asymptotic behaviour of form factors and
Green Functions provide, in the 1/N¢ expansion, different relations between
the couplings. Assuming the usual constraints of Eq. (2.38) [22], one has for
the Lg, Lp, Lyins and Ly, p couplings:

F
Cyp = Cq = \/§dm = 5, Mp >~ \/§M5, (52)
as it has been explained in Section 2.4. High-energy constraints on the \[*?
couplings in the Ng — oo are shown in Appendix D, see Chapter 4 for more
information. Taking into account that no terms with three resonance fields
are considered, the following relations are found [54]:

AT =2 =0,
d —2¢m + €4 1
SP SP m m
= 4 = —k————— g _—— .
)\1 )\2 Cm 2dm \/5 ) (5 3)

where we have used Eq. (5.2). From Appendix D these results can be obtained
easily, by neglecting the couplings with three resonances:

(a) From the scalar form factor ( P%|s?|7*), see Eq. (D.109), it is obtained
that
dim
MNPo= (5.4)

Cm

(b) The asymptotic behaviour of the scalar form factor ( S¢s?|S*) gives, see
Eq. (D.119),

AT = 0. (5.5)

(c) Studying the high-energy behaviour of the scalar form factor ( Pi|s7| P*),
see Eq. (D.124), one gets

MNP = 0. (5.6)

(d) From the ultraviolet limit of the pseudoscalar form factor { S|p/|7*), see
Eq. (D.152), it is found that

—2Cm + ¢y

P 5 (5.7)

(e) The pseudoscalar form factor ( S¢|p’|P*), see Eq. (D.172), relates \7F
and \57:

N = 4N\, (5.8)
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Though the relations shown in Egs. (5.2) and (5.3) could be used to simplify
the outcome of the calculations presented in this chapter, we will give the full
results without short-distance constraints built-in so as not to lose generality.

- From the RxT lagrangian in Eq. (5.1), the equations of motion for the pseudo-
Goldstone and resonance fields are obtained as the system of coupled equa-

tions:
i 2 1
Viu, = gx- — TV {uﬂ,5}+ > {x. S} - o7 [, [V*S, S]]
)\SS )\SS SS
1 Vv, {u", SS} — L (SutS) + 5SS}
m 1 2 PP
__{X+>P} 2F2[uua[vupp]] F2 { MPP}
4)\PP )\PP /\SP
— —=-V,.(Pu'P) + —{x_, PP} — 1 —-V"{V,S, P}
/\SP 2
5 [ [P, uﬂ}]} e 4S, P}} , (5.9)
VEV,S = — M2S + cnxy + cauu + N {S uuty + 2255, Sut
+ A58, v} — NPV {Pu} + i {Px Y}, (5.10)

VAV, P = —MiP + idynx- + N {Pwu"} + 205 u, Put
+ MPLP x} + NPVLS ut )+ idSPLS, x ). (5.11)

Like it has been stressed previously, the lack of an expansion coupling or parameter
in RxT hinders a perturbative renormalization like the one applied in yPT. By
studying the vector form factor of the pion at next-to-leading order, in Chapter 3
it was shown that, using dimensional regularization, all the divergences could be
absorbed by the introduction of local operators fulfilling the symmetry requirements.
This is a particular case of the well known fact that all divergences are local in a
quantum field theory [57], and are given by a polynomial in the external momenta
or masses. Hence it is reasonable to consider the construction of the full set of
operators that renders our Lz, 7 (¢, S, P) theory finite up to one-loop. Accordingly
we perform the one-loop generating functional of our lagrangian theory to evaluate
the full set of divergences that arise. This we pursue in the rest of the chapter.

5.3 Generating Functional at One Loop

The generating functional of the connected Green Functions, W[.J], is the logarithm
of the vacuum-to-vacuum transition amplitude in the presence of external sources
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J(x) coupled to bilinear quark currents:

iWI /%/_ /[dw] etSolv Il (5.12)

where the normalization is such that W[0] = 0 and the field # is, in our case, short
for the pseudo-Goldstone and resonance mesons. The evaluation of the generating
functional of our lagrangian theory Lp,r(¢,S, P), is readily done with the back-
ground field method [58, 59], where the action is expanded around the classical
fields 1. By defining the quantum field as Ay = 1 — 1), the expansion up to one
loop (L = 1) is given by:

WlJlg=1 = So[toa, J] — i log [/[dAw] exp (’l/ day % . Avi(z1)
i 52 SOW%‘”
r [ atnatn ne) eSS, Ave )| 69

but for an irrelevant constant. The ¢, j indices run over all the different fields and
are summed over. The classical field v is, by definition, the solution of:

5SO[¢> J]

e =0, (5.14)

wcl

that provides the implicit relation ¢, = 14[J] and the equations of motion for the
classical fields. Solving the remaining gaussian integral in the Fuclidean spacetime
and coming back to Minkowsky we have finally:

W[J]L=1 = SO[wclaj] + Sl[wclat]]a (515)
Si[tha, J] = %log det D(Yu, J) | (5.16)

where D(1), J) is the quadratic differential operator specified by:

(2| DWa, J) |y )ij = % : (5.17)
! el

The action at one loop needs regularization and, following the use within yPT, we
will proceed by working in D spacetime dimensions, a procedure that preserves the
relevant symmetries of our theory. Divergences in the functional integration are local
and, within dimensional regularization, can be absorbed through local operators that
satisfy the same symmetries than the original theory [57]. The one-loop renormalized
lagrangian is thus defined by:

1

Ly, J] = pP (QQHWJ;M] + (m2 D—14

L), J] ) : (5.18)
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In Eq. (5.18) we have split the one-loop bare lagrangian into a renormalized and a
divergent part, and the scale p is introduced in order to restore the correct dimen-
sions in the renormalized lagrangian for D # 4. The divergent part £V contains
the counterterms which exactly cancel the divergences found in the result for the
one-loop generating functional of Eq. (5.15).

Up to one loop L4, J] can be written in terms of a minimal basis of N operators
O;[1, J]. For a non-renormalizable theory, such as RxT, N grows with the number
of loops. Accordingly we expect to find in our evaluation of Si[¢, J| many more
operators that those in the original tree level theory Sy, J]. The structure of
these obeys the same construction principles (symmetries) that gave Lgy (¢, S, P)
in Eq. (5.1), though we foresee that higher-order chiral tensors may be involved.
A detailed study of the functional integration shows that the new terms have the
structure Y, Rx™® or RRx® (with a single or multiple traces) and y?, Rx®
and R R x® (with multiple traces)'.

5.3.1 Expansion Around the Classical Solutions

Following the aforementioned procedure we expand the action associated to our
lagrangian Lryr(¢, S, P) in Eq. (5.1) around the solutions of the classical equations
of motion: uy(¢), Sy and P,. The fluctuations of the pseudoscalar Goldstone fields
A; (i = 0,...,8), and of the scalar and pseudoscalar resonances eg, and cp,, are
parameterized as?:

up = g e up = ul, e B2,
S=5,+ %55, P=P,+ %ap, (5.19)
with
A= AN/F, €5 = €g; Mi s €p = €p; \i - (5.20)

In the following we will drop the subindex “cl” for simplicity.

Expanding the lagrangian using Eqgs. (5.19) and (5.20) up to terms quadratic
in the fields (A;, €s,, €p,) and using the EOM of Egs. (5.9), (5.10) and (5.11), we

L As it will be emphasized later, in the procedure and due to a necessary field redefinition, terms
with more than two resonances will be generated. We attach to our initial scheme and only will
keep terms with up to two resonances.

2This is a convenient choice for the pseudoscalar fluctuation variables in order to simplify several
cumbersome expressions. Notice that, once the “gauge” up = uTL = u is enforced, it implies that
the classical and the quantum pseudo-Goldstone fields commute: wu.; exp(iA/2) = exp(iA/2) ue.
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obtain the second-order fluctuation lagrangian, that takes the form?:

ALg,r = ! A (d,d" +0). A — %‘C:Si (d"d, + ks)@-j €95 — lgm (d"d,, + kP)ij cp;

2 ij 2
S P SP
+ &5, @i Aj + epya i Aj+ epa” e

+ £gy, b i A + epy by g dSA + epy b dieg (5.21)

Derivatives and matrices are defined in Appendix F where it is also shown that in
order to write ALg,r in the form displayed above we need to perform two field
redefinitions. This procedure generates operators with multiple resonance fields.
However our theory, as specified in Section 5.2, does not include operators with
more than two resonances and, for consistency, we shall keep this structure in the
fluctuation lagrangian, thus disregarding operators with three or more resonance
fields in the following. We will comment later on the consequences of this feature.
It is customary to write the second-order fluctuation lagrangian as:

1
ALpyr = =50 (B2 + A) ', (522)

where 7 collects the fluctuation fields, n = <AZ-, €Sj,gpk), i,5.k =0,...,8, n is its

transposed and the rest of definitions are given in Appendix F.

5.3.2 Divergent Part of the Generating Functional at One
Loop

After we have performed the second-order fluctuation on our lagrangian theory we
come back to our discussion at the beginning of this section in order to identify the
one-loop generating functional, specified now by the action:

S = % log det (X, %" + A) . (5.23)

We use dimensional regularization to extract the divergence of this expression. As
emphasized in the literature [60] it is convenient to employ the Schwinger-DeWitt
proper-time representation, embedded in the heat-kernel formalism, in order to ex-
tract the residue at the D — 4 pole. Ref. [58] shows that, in fact, symmetry consid-
erations can also provide this information (at least up to one loop).

Hence we get:

11 1 1 .
Si=—— [ A T [ =V, Y™ + ZA? ) 4 Slnite 5.24
! (47r)2D—4/ ’ r(12“ T3 )+ Lo (5:24)

where Tr is short for the trace in the flavour space, Y, denotes the field strength
tensor of Y, in Eq. (F.27):

Y =8,Y, —0,Y, +[Y,,Y,]. (5.25)

3The intricacies of this evaluation are explained in detail in Appendix F



88 One-loop Renormalization: Scalar and Pseudoscalar Resonances

The finite remainder Si* cannot be simply expressed as a local lagrangian, but
can be worked out for a given transition [9, 61].
Finally we get the one-loop divergence as:

Sdve — @ ﬁ / d*x L8V (5.26)
where
L = %(vLyv'“” + 29u7™) + %(02 + B 1Y) 4 (@808 4 dPd” T 4 aPattT)
—1—12@'“” (85705 + 0f o0 ) - 1—12<w (v05 "+ of0l "+ PO T 0 TH )

—(aS " (d40} + %bﬁPTbP”) +a® (4D~ %bﬁpbs”) R (e %bp“bﬁT»
—i—i(a (8505 4 0P TPy 1 kS (050 T BT 1 KP (BT 4+ 0STEST))
+i(a?“b§Tdib§ +d bl Y+ drbST b

—1—12<J+Hb§1ﬁi‘bs Aopde b o d B AT
+i(a?“b2Tb§PTbP” — BT TS 4 drbS P

LoouisuTisPTip 5uppuT 8PS upSPr TP gs T
_ﬁ<dib b, by —dib” by, by A+ drb by )
L sTisusTisy 15T susTss sTisiSulpsw
+og (B D20 0 b B D B b )
N (O A L A AR
+(biPTbSPub§PTbSPV+bEPTbSPVb§PTbSPM + biPTblS/PbSPMTbSPV)>
L ST s pT Py | 18T,SuPT P ST Pul Py
+ﬂ<(bu b>Fb, b7+ b, 07Yb, b+ by bbb )
R U Sl ST S A
T Ty A N A AT (5.27)
where derivatives and matrices are defined in Appendix F and v, = 0,7, — 0,7, +
[Vus V] (correspondingly for +;,,). Moreover for two vectors A, B, we write A, B,) =
A, B, — A,B,. This result is completely general for the second-order fluctuation la-
grangian in Eq. (5.21). However, and as explained in Appendix F, the expressions

given there are valid only for operators with up to two resonances as we limit our-
selves in this article.

5.3.3 Result

When worked out, S in Eq. (5.26) can be expressed in a basis of operators that
satisfy the same symmetry requirements than our starting lagrangian Lg,r(¢, S, P).
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A minimal basis of RxT operators that, upon integration of the resonances, con-
tributes to the O(p%) x PT lagrangian, in SU(3), can be found in Ref. [19]. However,
up to now, a basis for the one-loop Rx7" has still not been worked out. This is pre-
cisely our result generated by S{V. Hence, at one loop, the RxT lagrangian needed
to renormalize our theory reads:

18 66 379
Ly=> O+ > pFOfF + ) RO (5.28)
=1 =1 =1

The O; operators correspond to those up to O(p?) in U(3), @ U(3)r xPT [49]. OF
and O involve one and two resonance fields, respectively, together with ¥ and
x4 chiral tensors. The couplings in the bare lagrangian £, read, in accordance with

Eq. (5.18):
_ . 1 1
a = p’! (ai(u) + %-) :

(47)> D -4
1 1
gt o= Pt (@R”"(u) + Wm%]%) :
gt = P (ﬁf BT () + @ ﬁvﬁ’?‘) , (5.29)

where 7;, 7 and v are the divergent coefficients given by S{V that constitute the
f-function of our lagrangian (we use the terminology of Ref. [55]). The determi-
nation of the latter though straightforward involves a long calculation. In order to
diminish the possibility of errors we have performed two independent evaluations.
One of them has been carried out with the help of the FORM 3 program [62] and
the other with Mathematica [63]. In Table 5.1 we show the O; operators, together
with their S-function. The operators in this table constitute a minimal basis. The
rest of the result is rather lengthy and is relegated to Appendix G.

5.4 Features and Use of the Renormalized RyT
Lagrangian

In order to understand the aspects and use of the renormalized Rx7T lagrangian that
we have obtained above, we would like to emphasize here several of its features:

1. In Table 5.1 we have collected the full basis of O(p?) and O(p?) U(3), @U(3)r
XPT operators generated in the functional integration at one loop. We should
recover the result first obtained in Ref. [49]. After the comparison is made* we
agree indeed with their results. Notice though that in order to disentangle the
resonances, it is not enough to withdraw all the resonance couplings. This is

4Notice that the notation of Ref. [49] is different to ours though, to ease the comparison, the
order chosen is the same. We always quote our notation for the operators.
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1 (u-u) —2NATPMZ + 1/2NME(NST)2 — 2NAPSMZ + 1/2NM2Z(\F)? +
NF~22M3
2 {(x+) —2NNPMZ — 2N M35 M2
3 —(u, )? 2ANPME — 1/2M2 (NP2 + 2055 M2 — 1/2M2E(\5P)? — AF2M32
4 {uu,utu’) 1/6NF~1c — 1/12N(\F)? + 1/24N(\P)' + 1/16N  +
1/6NF22(\F)2 — 1/6NF~2c2
5 (u-u)? L/2F 1ch — 1277672 + (A2 — 1228 ()7 + (OF)7 +
1/8(NF) +1/16 — F22N\5 + 1/2F23(\F)? — 1/4F 22
6 (uaw)® [ F = ATOST)Z 4 2(A07)2 - AF(MT)? + 20055 + 1/4(057) T +
1/8 —2F 722085 + F22(\JP)? — 1/2F 222
7 (u-uu-u) 1/3NFch — 12N P02 + N(APP)2Z — 1/2NAS(NF)? +
NP2 + 1/12N(AP)?2 + 1/12N (A4 NF722)\5  +
1/3NF22 (M) — 1/12NF~2c3
8| (xi)u-u) | F i, +2ATPATY —1 /2 PP ()24 203505 —1 /2055 (A3 )2+ 1/8+
F=2dca\i¥ + F2cic,m(NF)2 = 1/2F 2cqe,, — F722NS — 1/4F 72
9 (xiu-u) NF-cc,, + 2NAPALFP 1/2NXIP(AF)2 + 2NAPNS
1/2NXAS(AP)2 + 1/8N + NFE2d,cg\S¥ + NF2cqe,(NF)? —
1/2NF~2cqc, — NF22NS — 1/ANF~2¢2
10 (x4 )? Fac2c2, + (P2 + (052 + 1/16 + 2F 2d,c, A3 + F2d2, —
1/2F2cqem + F72c2 (AF)?
11 (x_)? AEASE — 1/8(AF)% — 2(A5F)2 + F2d,ca\F — 2F 2den A —
F2d%,(NJP)2 + F2cqcn, — 1/AF 262 — F~2¢2,
12 1202 +x2) | NF'32, + NP2 + NP2 + 1/16N + NF2d2, +
1/2NF~2cic,, + NE722 (NF)2 + NAJPASE — 1/8N(AF)?2 —
ON(ASP)2 A+ NF2d,,cg 5P —NF2d2 (NP )21 /ANF 23— NF 22,
13 —i(ffuu,) | —1/6N(NY)2+1/4N —1/3NF~*c;
14 | /A7 = [.°) | =1/AN +1/6N(A\")? +1/3NF*c]
15 | 1/2(f07 + [.0) | —1/8N —1/12N(\}")? — 1/6NF 2c3
16 | 1/4(x2 —x2) | 2NF 32, + 2N(ASF)? + 2N(A5°)% + 1/8N + 8F > Nd,pcin N} +
ONF72d%, — 3NF2cqe,, + 2NF722(\jF)2 — 2NAJPASE +
1/AN(ASP)2 + AN(ASP)? — 2NF2d,,cq A5 + 2NF~2d2 (\SP)? +
1/2NF~2c3+ 2NF 22,
17 | =(u ) (uiu-w) | —APAT £ APPOSP)2 1 APORT)T — A + AS(ET)? +
ASSONSE)2 — 1/2(NS0) + 1/4 + 2F 2208 + 2F 222055 — F—2¢2
18 (uu)(utxy) | —2F c3c, +4NFPATT — APP(ATF)? + 4035055 — AS(AFF)2 — 1/4 —

2F 7 2dcg A3 —2F “2cqe (NSP)2 + F~2chc, —2F 2ANS8 +1/2F 2

Table 5.1: Operators involving only pseudo-Goldstone bosons and external currents and
their g-function coefficients at one loop, when both scalar and pseudoscalar resonances
are included.
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X 2
Ly Lo Ls

Ly

Figure 5.1: One-loop contributions to the IT” (¢*) correlator in the chiral limit when
only scalar resonances are included. A single line stands for a pseudo-Goldstone
boson while a double line indicates a scalar resonance. Their result is divergent.

because the derivative terms in Ly, (.S, P), which do not carry any resonance
coupling, also contribute through the functional integration to several of the
operators, namely Oy, Oz, O13, O14 and Oy in Table 5.1. We have confirmed
that Lyn(S, P) gives precisely the difference between our coefficients 7y, 7,
"3, Y14, 715 and those of Ref. [49] once the resonance couplings have been
switched off.

2. In the procedure we have employed to evaluate the functional integration of
Lryt up to one loop we have withdrawn those operators with three or more
resonance fields and kept up to two resonances. A cut in the number of res-
onances is necessary because to reach the Gaussian expression in Eq. (5.22)
we need to perform several field transformations (see Appendix F) that gen-
erate operators with more resonance fields which in turn require additional
field transformations and so on. One of the differences of RyT with respect to
XPT (in the strong [8, 9, 10] or electroweak interaction [64] form of the latter)
is that we do not have an expansion parameter into the lagrangian that can
provide a natural cut for higher order terms in these field transformations.
Notice that the cut in the number of resonances seems to hinder our result, as
it does not allow us to renormalize divergent one loop diagrams with three or
more resonance fields as external legs. However we would not expect to treat
these loops as we are not including, in our leading order lagrangian, interacting
terms with three or more resonance fields.

To end this section we would like to show a simple example of the application of our
result. We consider the one-loop renormalization of the two-point function of scalar
currents:

() = i [dac™ OIS @SO}0), 5@ =a@Nala) . (530

in the chiral limit and when only scalar resonances are considered. The divergent
loop diagrams contributing are those depicted in Fig. 5.1. In order to cancel the
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v G F—» &= F=

c Cy Ch

Figure 5.2: Counterterm contributions that renormalize the one-loop result of 5.1.
A double line stands for a scalar resonance.

divergences one needs to add the counterterm contributions in Figure 5.2, where
diagram C is given by Oi5 + 2056 = (x%) in Table 5.1, C5 by Of = (Sx4) in
Table G.1 of Appendix G and C3 by OFE = (§S) in Table G.2 of Appendix G, once
the pseudoscalar resonance couplings are disconnected. The cancellation works as
follows: one part of the contribution of C; cancels completely the divergence in the
loops L1+ Ls. Another piece of C together with Cy eliminates the divergence coming
from L3 and, finally, all remaining contributions of C'; and Cy add to C5 in order to
render L4 finite. Notice that, as there are no nonlocal divergences, the contributions
of one-particle-reducible diagrams are brought finite once one-particle-irreducible
diagrams have been properly renormalized.

5.5 Running of the couplings and short-distance
behaviour

5.5.1 Running of the couplings

Our result provides the running of the «;, 3 and 3/ couplings through the renor-

malization group equations. From Eq. (5.29) we get:

o) %
K i\ 1672’

(5.31)

and, analogously, for 4% and 37%. This result can be potentially useful if we are
interested in the evaluation of the resonance couplings at this order. Though pu
is known to be of the order of a typical scale of the physical system, let us say
o = Mg or pg = Mp, there always remains some ambiguity on the precise value of
o at which the low-energy couplings are determined at leading-order in the 1/N¢
expansion. The running provides an estimate of the reliance of such determinations.
If the coupling under request varies drastically with the scale it is clear that the
value obtained has a large uncertainty, while if it has a smooth dependence on the
scale the determination is more reliable. Note that the running is a next-to-leading
order effect.
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In the case of RxT with only scalar and pseudoscalar resonance fields the Wein-
berg’s dimensional analysis of Eq. (1.23) holds®, once one assumes that the masses
of the resonances are of O(p) in the chiral counting and they appears explicitly in
the lagrangian, unlike the pseudo-Goldstone bosons, whose masses are taking into
account trough the chiral tensors y.. Therefore, as it has been pointed out in
Section 5.3, the terms needed to renormalize the theory at subleading order in the
1/N¢ expansion are constructed with up to two resonances and chiral tensors up
to O(p*). Notice that in the case of chiral tensors of O(p?) and O(p°) a M3 and
Mf{l M]%Q factor respectively are required in the divergent pieces in order to fulfill
the “generalized” chiral counting.

This has an a prior: surprising consequence: there are counterterms associated
with the operators of £I()2CZB. In other words, the structure of £1()2CZB changes when
one goes beyond the leading order:

EI(?C)JB = ar{uut) +oa(x+), (5.32)

where we have followed the notation of Eq. (5.28). Therefore,

2n
o = Nt gm (Me
4 ! F ’

n=0

F2 (n) MR 2n
Qy = ZnZ:OOéQ (? s (533)

where the coefficients have been defined in such a way that a(lo) = ozéo) = 1. Notice
that the suppression of higher terms in the 1/N¢ expansion is explicitly shown, since
F ~ O(V/Ng) and My ~ O(1). At next-to-leading order only the coefficients until
n = 1 must be considered.

5.5.2 Vanishing f-functions and short-distance behaviour

Within this issue it is interesting to take a closer look to the running of the cou-
plings in 51(72 p and Egg 5, corresponding to the O; operators involving only pseudo-
Goldstones. The corresponding [(-function coefficients are ~;, see Table 5.1.

An interesting aspect is the interval over which p runs. It is well known [57] that
the couplings are only relevant at the scale of the momenta involved in the processes
(in order to diminish the role of the logarithms). In our case y ~ Mg, Mp. Thus
we do not expect a large running for the scale, namely a few hundreds of MeV. This
last conclusion brings us to the next point. At next to leading order in 1/N¢g we can
ignore the running on the couplings appearing in -;, since the running, as expected,

5This is not longer true in the case of vector and axial-vector resonances due to the propagator
structure. Keep in mind the necessity of Z](DGG) g in order to renormalize the vector form factor at
next-to-leading order in Chapter 3. In Eq. (3.35) one can see that only contributions from spin-1
resonances are responsible for these kind of divergences.
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is a next-to-leading order effect in the 1/N¢g expansion®. Hence we can input the

leading order values for the couplings, given by Egs. (5.2) and (5.3), to obtain the
leading logarithm in the evolution of these couplings. It is remarkable that, at this
order, Eq. (5.31) predict a vanishing g-function for Oy, Og, Og, O19, O11, O12, O16
and Ogg, i.e. all those operators involving x, and/or y_. If the Large-N¢ estimates
for the couplings are to be reliable we come to the conclusion that the predictions
for these couplings are rather robust. B

This feature must be explained. Notice that this behaviour was predicted for Lg
in Chapter 4, relating it to short-distance constraints.

This result can be understood by following the optical theorem and taking into
account the short-distance constraints that have been used. The imaginary part
of any Feynman diagram can be obtained by cutting through the diagrams in all
possible ways such that the cut propagators can simultaneously be put on shell,
that is, by replacing 1/(p* — m? +ie) — —27wid(p?> — m?) in each cut propagator.
Then one should perform the loop integrals and finally sum the contributions of all
possible cuts.

To understand it we can start by considering again the one-loop renormalization
of the two-point function of scalar currents, defined in Eq. (5.30). We can use the
cutting rules to calculate the spectral function of the correlator, as it was explained
in Chapter 4. There are only four possible cuts: two pseudo-Goldstone, one pseudo-
Goldstone and one pseudoscalar resonance, and two scalar or pseudoscalar resonance
fields. The optical theorem allows to use the constrained form factors reviewed in
Section 5.2 and analyzed in great detail in Section D.3 of Appendix D. Taking into
account that for these contributions the highest behaviour at large energies could
be O(q°), the suppression ruled by the constrained form factors leads to an O(g™*)
behaviour at large energies.

The following step consists of relating the spectral function to the divergent part
of the contributions, which is responsible of the 1 dependence on our couplings. We
see that the relevant discontinuities can come only from two-point Feynman inte-
grals. In Appendix B it can be seen that the divergent piece and the imaginary part
have always the same asymptotic behaviour. In other words, the same suppression
must happen for the divergent piece. The one-point Feynman integral is not impor-
tant for this purpuse, because although it has not discontinuities, its behaviour at
large energies is always lower than the two-point functions, as it does not depend
on ¢°.

The needed counterterms contributions that renormalize the one-loop result are
depicted in Figure 5.2. As it was explained at the end of Section 5.4, diagram
Cy is given by O 4+ 2056 = (x2), Cy by Of = (Sx+) and C3 by Off = (S55).
In Table 5.1 and in Appendix G the g-function coefficients of the corresponding
vertices are available. C}, Cy and Cs give a behaviour at large energies of O(q°),
O(q™?) and O(q~*) respectively. Considering the suppression explained before, C}
is not needed to renormalize the process. So, as we have obtained and following our

6This fact is clear taking into account that F, Fy/, Gy, Fa, cq, ¢, and d,,, are of O(y/N¢) and
MiB2 and Mg of O(1).
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Figure 5.3: One-loop diagrams which are renormalized with OfF (first line), ORE . o

(second line) and OFE |4, (third line).

notation, 1o + 2716 vanish once the short-distance contrainsts of Eqs.(5.2) and (5.3)

are implemented.

Therefore, the process is very easy. The commented suppression will be observed
in those processes where the scalar and/or pseudoscalar form factor play a role,
understanding now why the operators involving x; and/or x_ of Table 5.1 do not

run at one loop.
Following these ideas one can understand most of the found suppressions:

1. Two-point function of scalar current. The affected counterterms by the sup-

pression are the following: O1p = (x4 )? and O15 + 2016 = (x%). Then, one
gets y10 = 712 + 2716 = 0.

. Two-point function of pseudoscalar current. Affected counterterms by the
suppression: O1; = (xy_ )2 and O15—2015 = (X% ). Then, v1; = 112—2716 = 0.

. Scalar Form Factor (’|s/|7%). Affected counterterms by the suppression:
Os = (x4 )(uut), Og = (xpuuut) and Ors = (uy)(uxy ). Then, 75 =
Yo = ms = 0.

. Scalar Form Factor ( P!|s/|7%). Affected counterterms by the suppression:
Of = (x+{u, VIP}), Of(u' x4 (V. P), OFf = (x4 )(u,V"P) and Off =
(x+V*PY(u,). Then, v =48 =~ =4t = 0.



96 One-loop Renormalization: Scalar and Pseudoscalar Resonances

5. Pseudoscalar Form Factor (Sz\pj |7% ). Affected counterterms by the suppres-
sion: (932 = i(x—{u,, V"S}), O = Z(“uX {(VIS), (934 = i(x- {u,V"S)
and Off = i(x-V*S)(u,). Then, v} =~§ = 74} = 73 = 0.

We cannot consider the form factors to two resonance fields because they involve
other cuts that have been not analyzed asymptotically.

Following these ideas we have been able to explain 15 vanishing §-functions. In
total 28 vanishing ones have been found, so 13 are not so clear. In any case, in
6 of these 13 we can conjecture that an accidental suppression happens because
the structure of the loops is very similar to the loops that appeared in the con-
strained form factors, so that the high-energy constraints can lead to the found
suppression: Offt = ( VVMPVVP> is a counterterm for ( Pi|oni|P*); Ot =
(fEAVuP,V,SY), OFF = (V,P)(f"V,S) and OFF = (V,S)(f£"V,P) are
counterterm for ( S%a*’|P*); (9190 = (PfY"Pfi,) and Off = (PP f,, . ) are
counterterms of ( P!|v#v**|P!). The corresponding loop contibutions are shown in
Figure 5.3 and the cancellation between these pairs of loops can be checked in Ta-
ble G.2 of Appendix G, taking into account the relevant couplings for each diagram.

In the case of 6 of the other 7 vanishing [-function we can conclude nothing
following the same procedure, since not all the operators with the same structure
have a vanishing [-function. For instance, the coupling related to the operator
Ol = (wu,Su"x, ) has not running, while it does not happen the same with O
and O, all of them constructed with the same operators.

The case of Oy = (x) is a different question. As a consequence of impos-
ing the correct short-distance behaviour of the scalar form factors ( S%s/|S*) and
( P!|s7|P*), one has A5 = APP = 0, so that, for instance, there are not divergences
of (0[s|0) that can be renormahzed by the counterm O,. Therefore, following the
notation of Eq.(5.33), ay does not run at one-loop level.

As we have pointed out above, the case of vector and axial-vector resonances is
different because the structure of the propagators breaks down the Weinberg chiral
counting. In any case, if the procedure of Chapter 4 is followed, there is no problem
because the interest is directly in the imaginary part and not in the form factors, so
the needed suppression is obtained. Therefore, extrapolating this behaviour to all
the resonance fields and studying all form factors, these vanishing g-functions will be
obtained in many more cases. Furthermore, if the behaviour of different scatterings
were studied at large energies, the same could happen with operators that are not
related to external currents. Eventually one could expect to obtain v; = 0 for
all 7, that is, all operators involving only pseudo-Goldstone bosons and external
currents would have vanishing 3-function, what would be very interesting in order
to understand the saturation, since L; could vanish without problems, allowing an
easy resonance saturation of the couplings of EffPT at one loop, as it was suggested

in Ref. [37].
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5.6 Conclusions

RxT provides a consistent framework to study the energy region of the hadronic
resonances, My < F < 2 GeV. It embodies a phenomenological lagrangian where
pseudo-Goldstone bosons and resonances fields are kept as active degrees of freedom;
this is the key ingredient for the application of the large-Ns expansion. Recently,
and after its multiple explorations at tree level, it has emerged some interest in the
application of RT at one loop level mainly to understand how the features of QCD
are implemented into the theory.

In this chapter we have systematically obtained, by using the background field
method and for the first time, both the full basis of operators and the S-function co-
efficients that render finite, up to one loop, our initial lagrangian Lr,r in Eq. (5.1).
This would correspond to the next-to-leading order in the 1/N¢ expansion but in-
cluding one multiplet of scalar and pseudoscalar resonances only. Our main result
is given by Eq. (5.28) and the v;, 72, % parameters in Eq. (5.29). The outcome is
relevant for the study of those diagrams involving a loop with up to two resonances
and any number of pseudo-Goldstone bosons in the legs.

The p-function coefficients are crucial in order to study the running of the cou-
plings, see Eq. (5.31). In Section 5.5.2 we have studied this running once the short-
distance constraints have been implemented. We have found 28 coefficients without
running and we have been able to explain this result taking into account the consid-
ered short-distance constraints coming from the form factors. Specially important
it is the fact that all the couplings L; of EpGB that contain y, and/or x_ do not
run. This is very interesting in order to understand an easy resonance saturation
of the couplings of E}PT, since the running of L; would make difficult to consider a
saturation of these couplings at next-to-leading order in the 1/N¢ expansion.
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Conclusions

Una vegada hom accepta que la Teoria Quiral de Ressonancies és una modelitzacio
bona de QCD a energies intermedies, M, S E' S 2 GeV, i la necessitat de considerar
correccions quantiques, 'objectiu d’aquesta tesi ha estat fer un pas endavant en
aquesta direccio. Es important subratllar que, a diferencia del que ocorre amb
molts altres models de QCD que inclouen ressonancies i han estat emprats en la
bibliografia, RxT sols utilitza informacié provinent de QQCD, sense més suposicions
ad hoc.

Com s’ha justificat en la introduccié, ens semblava una bona idea comencar
aquest cami fent un calcul d’una amplitud fisica ben determinada a nivell subdomi-
nant en 'expansié en 1/N¢ [26]. Per la seua senzillesa 1 importancia fenomenologica,
varem triar el factor de forma vectorial del pi6. Com a punt de partida també hem
considerat adient emprar el lagrangia “historic”, és a dir, el lagrangia de la Ref. [17],
on unicament es consideren les interaccions lineals en els camps de les ressonancies.
Aquesta tasca es desenvolupa en el capitol 3; els principals resultats del qual sén:

1. Com era esperat, els diagrames de Feynman amb bucles que inclouen res-
sonancies massives en les linies internes generen divergencies ultraviolades, que
requereixen contratermes addicionals per tal de fer la teoria finita. Com que
aquests contratermes, construits amb tensors quirals d’O(p*), donen lloc a con-
tribucions a ordre arbre que creixen massa rapidament amb el moment, els seus
acoblaments han de ser zero a nivell dominant en I’expansié en 1/N¢. Llavors,
hom pot establir un bon contatge en poténcies d'l/N¢ per tal d’organitzar el
calcul.

La renormalitzacié a un bucle segueix un procediment clar. D’aquesta manera
es pot trobar la dependencia en 'escala u dels acoblaments rellevants. A més a
més, és interessant ressaltar que solament algunes combinacions d’acoblaments
quirals apareixen en el resultat final. En realitat, utilitzant les equacions de
moviment, hom pot eliminar la majoria dels nous acoblaments subdominants:
llurs efectes sén reabsorvits mitjancant redefinicions dels acoblaments del la-
grangia L,cp, i.e. amb peces que no tenen ressonancies.

2. Expandint el resultat en poteéncies de ¢*/M3, es recupera el resultat de xPT
a baixes energies. A¢o permet relacionar els acoblaments quirals g i ry5 amb
les seues correspondencies en RxT g i Ty9.

El control rigords de la dependencia d’escala permet investigar la saturacié
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a nivell subdominant en I'expansié en 1/No. Es comprova que suposar que
(s = T2 = 0 genera excellents prediccions per a Ci(p) 1 15(p) a qualsevol
escala p. Es important assenyalar la importancia d’aquest resultat, ja que
malgrat que s’ha analitzada la saturacié del lagrangia EffPT per les contribu-
cions amb ressonancies a ordre arbre [17, 18], aquest és el primer treball que
estudia aquest procés incloent diagrames amb un bucle, alhora que analitzant
les divergencies ultraviolades i la seua renormalitzacié corresponent.

De més a més, la importancia de determinar les contribucions de les res-
sonancies als acoblaments quirals de yPT a nivell subdominant en I’expansié
en 1/N¢ és clara, ja que es manté un control de la dependencia en 'escala de
renormalitzacio, i s’eviten les incerteses que apareixen quan no s’han considerat
bucles i que es deuen al corriment dels acoblaments analitzats. Aquest primer
treball és un primer pas cap a la determinacié sistematica de les contribucions
subdominants en els acoblaments de la Teoria de Pertorbacions Quirals.

3. A altes energies hem trobat un comportament problematic, originat en el tall
amb dues ressonancies: es genera un increment del factor de forma en el limit
d’un moment transferit gran que viola I'empalmament amb QCD.

Més important que haver trobat el problema ha estat haver identificat la causa i
haver-ne donat la solucié. No és sorprenent aquest resultat, tenint en compte
que hi ha contribucions addicionals generades per termes d’interaccié amb
més d’una ressonancia, que no estaven en el lagrangia de partida. Dit d’altra
manera, mentre que no es consideren totes les interaccions permeses per les
simetries, no podrem assegurar que es trobe un resultat fisic del factor de
forma del pié. A més a més, en analitzar el comportament a altes energies, en
efecte, es troben certes combinacions d’aquests nous acoblaments.

Fet i fet, el capitol 4 [29, 30] és en definitiva una continuacié pel cami que deixa
obert els resultats del capitol 3. Una vegada s’accepta la necessitat de considerar
totes les interaccions amb més d'un camp de ressonancia si es volen empalmar els
nostres resultats efectius amb els de QCD, es volen estudiar els lligams que han
de satisfer aquests nous acoblaments introduits. Com s’ha explicat repetidament
al llarg d’aquest treball, és fonamental tenir clar quins sén els lligams que s’han
d’acomplir: 'empalmament és un punt clau en el nostre enfocament efectiu.

Molts del lligams dels acoblaments de RyT vénen d’estudiar les funcions de Green
dels corrents de QCD a gran N, mitjangant I’expansio pertorbativa OPE. Els altres
lligams es troben estudiant els factors de forma dels corrents hadronics: s’exigeix
que s’anul-len en el limit ¢* — oo [28]. Encara que aquest comportament és clar en
el cas de pseudo-bosons de Goldstone i fotons, en el cas de ressonancies com a estats
asimptotics no és tan evident. El capitol 4 intenta justificar la necessitat d’estudiar
el comportament a altes energies de tots aquests factors de forma. L’analisi es fa
mitjancant les funcions de Green de dos punts a nivell subdominant en ’expansi6 en
1/N¢. Aixi, s’estudien a nivell arbre tots els factors de forma a dos cossos que poden
trobar-se en el sector de paritat intrinseca parella de la Teoria Quiral de Ressonancies
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sota ’aproximacié d’una tinica ressonancia. Els lligams i les estructures dels diferents
factors de forma es mostren en I'apendix D.

La idea és molt senzilla i es pot entendre facilment mitjancant un exemple: el
correlador 1, (¢%) té un mal comportament en el tall de dues ressonancies escalars
o pseudoescalars si inicament es considera el lagrangia de la Ref. [17]. En aquest cas
existeix una contribucié a conseqiiencia dels termes cinetics, deguda a la connexié
de la derivada covariant. Aquest mal comportament pot ser solucionat si afegim al
lagrangia una nova peca,

AL = iYWV, ,RV,R), (R=S5,P)

de tal manera que si \Y#% = /2/F, es recupera un bon comportament a altes
energies. Aquest lligam és el trobat en analitzar el factor de forma vectorial corres-
ponent.

Dels resultats de 'apendix D cal subratllar que no hi apareixen nous lligams de
I’analisi dels factors de forma que inclouen un foté com a estat final, és a dir, I’analisi
dels factors de forma amb dos mesons en les potes externes subministra el conjunt
més reduit de lligams. Aixo no és estrany tenint en compte la relacié entre les res-
sonancies vectorials i els fotons deguda als seus nombres quantics. També és impor-
tant fer notar que es troben certes inconsistencies entre els lligams en el cas del sector
d’spin 1, conseqiiencia del tall en el nombre de ressonancies. Aquest tall impedeix
una recuperacié total dels resultats de QCD. En aquest cas les inconsistencies poden
ser salvades incloent-hi un segon multiplet, com suggeriria ’aproximacié hadronica
minima.

De la mateixa manera que haver considerat els factors de forma amb ressonancies
en les potes externes a nivell arbre soluciona el comportament asimptotic de les
funcions de Green a dos punts a un bucle, aquests lligams sén necessaris per calculs
d’altres observables a nivell subdominant, com ara el factor de forma vectorial. Esa
dir, s’han de tenir amplituds amb ressonancies com a estats externs ben comportades
a nivell arbre si es volen portar a terme calculs a un bucle.

Com a aplicacié fenomenologica d’aquests resultats, i seguint les idees del capitol 3,
hem estudiat el correlador TI,_,(¢*) per tal de donar la prediccié subdominant de
Li(p). Cal emfatitzar les segiients caracteristiques:

1. Les diferents funcions espectrals de cada tall son obtingudes mitjancant el
teorema optic. Per una altra banda, a partir de la part imaginaria podem
trobar el resultat total fent 1s de les regles de dispersio que s’expliquen en
I’apendix E.

2. De les regles de suma de Weinberg per al correlador II,_,(¢*) sabem que
aquest és d’O(1/¢") a altes energies. Els lligams obtesos a partir de I'analisi
dels factors de forma ens donen un correlador que s’anul-la a curtes distancies,
perd ho fa a O(1/¢*). Aixd no és cap problema, tenint en compte que els
nostres lligams ho sén en el limit No — oo, o siga, encara tenim llibertat
en la part subdominant d’aquells acoblaments que apareixen a ordre arbre
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en aquest caleul, ¢, i d,,. Aixi, exigint un comportament d’O(1/q*) a altes
energies, s’arriba a la segiient relacio:

F2(14+6% ) — 82 +8d? =0,

NLO

FPMZ6W  — 82 M2 + 8di2 Mp? ~ 0,

que sén paral-leles a les relacions que s’obtenen en el limit No — oo: F? —
8c2, +8d%, =01 8d%, M} — 82, M2 ~ 0.

3. Les integrals de dispersié mostren que no son necessaries les peces locals sense
ressonancies una vegada s’han considerat factors de forma ben comportats a
altes energies. Amb altres paraules, L = 0, la qual cosa condueix a una
saturacio a nivell subdominant ben entesa.

4. Tenint en compte els resultats de QCD a gran N, el calcul esta fet en el cas
de U(3), per la qual cosa s’ha de considerar 'empalmamaent entre Lj en U(3)
i1 SU(3) respectivament.

5. Gracies a la invariancia quiral en RxT, 'estructura de yPT es recupera en el
limit de baixes energies del nostre resultat. Aixi, el tall amb un 7 i una n déna
el terme quiral no analitic que va amb un log(—¢?), reproduint la dependeéncia
en l'escala de renormalitzaci6 que apareix en el cas de YPT entre el log(—q?/u?)
i Li(p). La resta dels talls absortius genera termes analitics en ¢ i per tant
unicament contribucions als acoblaments quirals de baixes energies.

Per poder donar una prediccié numerica ens quedem utnicament amb els talls
fins a una ressonancia, perque en el talls amb dues, tot i haver fixat moltes
relacions entre acoblaments, resten encara parametres per determinar. Com
s’explica al llarg del treball, les contribucions que vénen de talls amb llindars
més alts son cada vegada menors.

Amb tots aquests ingredients, es troben les contribucions amb ressonancies a
Lg a nivell subdominant,

Lg(/'LO) = (07 6£0, 4) ’ 10_3 )

on gy = 770 MeV, que pot ser comparat amb el resultat experimental Lj(u) =
(0,940,3)-1072 [17]. Com que la dependéncia en I'escala de renormalitzacié
esta sota control en la nostra prediccid, la incertesa que genera aquesta ha
desaparegut. La major part de l'error vé de la ignorancia dels valors de les
masses de les ressonancies escalar i pseudoescalar en el limit quiral. La reduccid
de l'error d’aquestes masses milloraria enormement la precisié de la nostra
prediccio.

Arribats a aquest punt, creiem que ja cal abordar la renormalitzacié de la Teoria
Quiral de Ressonancies de manera completa, de la mateixa manera que va ser duta
a terme per Gasser i Leutwyler en el cas de la Teoria de Pertorbacions Quiral [9].
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Es a dir, emprant el metode del camp de fons [58, 59], hom pot trobar tots els
operadors necessaris per tal de renormalitzar la teoria efectiva, juntament amb el
corriment dels coeficients de cada nou operador. Ara bé, les dificultats tecniques
son evidents en aquest cas: el nombre de graus de llibertat és molt més gran una
vegada les ressonancies estan incloses, al mateix temps que el nombre de termes del
lagrangia dominant també és molt gran. Conseqlientment, el nombre d’operadors
nous és molt gran, a banda de les dificultats tecniques per assolir el resultat.

Per tot aix0, en el capitol 5 [54], com a primer calcul en aquesta direccid, es
considera el cas en que unicament tenim ressonancies escalars i pseudoescalars, a
més de considerar solament fins acoblaments bilineals en el nombre de camps de
ressonancies. D’aquesta manera, es troba la llista dels termes necessaris per fer
la teoria finita, juntament amb les funcions beta corresponents. Cal destacar les
seglients caracteristiques del resultat:

1. A partir del resultat trobat pot recuperar-se el corriment dels acoblaments de
L£XPT en el cas de YPT en U(3).

2. BEs molt important conéixer el corriment dels acoblaments a 1’hora d’extraure
el seu valor de la fenomenologia. Un dels principals profits del nostre calcul és
en realitat aixo.

3. Com que, a diferencia del cas de yPT, les masses de les ressonancies estan
incloses directament com a parametres, hi ha divergencies que seran renorma-
litzades amb el lagrangia dominant de partida.

4. Una vegada han estat considerats els lligams asimptotics que vénen d’estudiar
a curtes distancies els possibles factors de forma escalars i pseudoescalars, no
s’han trobat divergencies que vagen amb operadors O;, que impliquen solament
els pseudo-bosons de Goldstone i els corrents externs, que inclouen x, o x_.
Aix0 no és estrany tenint en compte el mal comportament a altes energies
que donen en general els acoblaments de EggB. Es a dir, una vegada hom
treballa amb factors de forma ben comportats, no hi ha divergencies “mal
comportades” i, per tant, no hi calen aquest tipus de contratermes.
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Appendix A

The Antisymmetric Tensor
Formalism

Although the antisymmetric tensor formalism for spin 1 massive fields was already
proposed at the end of 60’s [65], its use was not regular until it was rediscovered in
Ref. [9] in order to introduce the p resonance field in the chiral lagrangian, Ecker et
al. turned it into the usual way to work with spin-1 resonances in RxT [17].

In Ref. [66] it was proved that for antisymmetric tensor fields with mass there
are (up to multiplicative factors and a total four divergence) only two possible
lagrangians of second order in derivatives, if one assumes the existence of a Klein-
Gordon divisor. They correspond to having either the Lorentz condition or else a
Bianchi identity satisfied by the fields. In the case of describing spin 1 particles, one
has these two possibilities, where ¢, = —¢,,,,

1. The subsidiary condition is the Bianchi identity, i.e. e“’\paawﬁpa =0, and ¢
are frozen, so the dynamical degrees of freedom are ¢;y, where ¢ runs over
1 =1,2,3. Notice that there are 3 degrees of freedom, as it should be.

2. The subsidiary condition is now the Lorentz condition, that is, 9°¢,, = 0, and
¢io are frozen, so the three degrees of freedom are ¢;;.

Because of historical reasons, the first option has been chosen. In this case the free
lagrangian is proved to be

1 1
L= —50"0u 00" + MG, (A1)
from where the equations of motion are
OOy — 0V 0,¢" + M2 = 0. (A.2)

With the definition ¢, = 0”¢,, /M one obtains from Eq. (A.2) the familiar Proca
equation

0, (0P — O"¢P) + Mgt = 0. (A.3)
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From the lagrangian of Eq. (A.1) one derives the free propagator

Ak 2 2
(01T { (), Ppor(y)}|0) = / ey {mgﬁu,pa + WQZu,pa} )

(2m)*
(A.4)
where the following antisymmetric tensors have been defined
L 1
quvm(q) - 2—q2 (Gupvlo — Gludo — (p < 7)),
1
QZI’vPU(q) = _2—q2 (g,uqu/QU — 999 — ngppgyg - (p — O')) , (A5)

and superindexs L and T refer to longitudinal and transversal respectively. Let us
consider as “generalized identity” the Z,, ,, tensor,

1
Iw/,pa = 5 (gupgua - guagup) ) (A6)
since any antisymmetric tensor A, = —A,,, satisfies that
AT =T7T-A=A. (A.7)

T L - : : :
Q,,,(q) and €, (q) satisfy the properties of the projectors:

QO +of =1 Q.o =qot.o = o,
Qr.of = qf Q. Qf = OF. (A.8)

?

The propagator of Eq. (A.4) has the normalization

(016w 16.0) = Toluenlp) = poca(p)]. (A9)

where €,(p) is the polarization vector.

Advantages Using the Antisymmetric Formalism

There are different ways to include massive spin-1 fields in effective lagrangians,
mainly the Proca and the antisymmetric tensor formalisms. In Ref. [18] it was anal-
ysed this ambiguity in the context of YPT to O(p*). It was shown that, provided
the consistency with QCD asymptotic behaviour is incorporated, the structure of
the effective couplings induced by vector and axial-vector exchange is model inde-
pendent.

In the case of the antisymmetric tensor formalism no local terms, of the £,qp,
constructed with chiral tensors of O(p*) or higher are required to fulfill the short-
distance behaviour of QCD, that is, EZ = 0, where EZ are the couplings in Resonance
Chiral Theory, while L; are used for the yPT case, when resonances have been
integrated out.
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Notwithstanding, for the Proca formalism business is not so easy. Considering
the Proca lagrangian,

cree =y (LGN (R) + L (R)) (A.10)
R=V,A

where the lagrangian has been split in a kinetic and an interaction piece,

1 - N A A
Liv(R) = —(RuR" — 2MzR,R*)  (R=V.4),
1 . o )
L (V) BENG <fv<V’W )+ igv(Vwlu", u ]}) + ...,
‘Cil:;ll;oca(A) = fA(AWf,:y> + ..., (All)

and the dots refer to terms not relevant for the Green Functions that are analysed
at large energies. Finally the following definition has been used,

R, = V,R, - V,R,. (A12)

Imposing a reasonable short-distance behaviour for the two-point function built from
a left- and a right-handed vector quark current, the pion form factor and the elastic
meson-meson scattering, one finds the following constraints:

T roca 1 T roca 1 T roca 3
~ 1 ~ 1 1
Ly = §fvgv, Lig*® = _Zf‘% + fou (A.13)

while the rest vanish. Therefore the convenience of the antisymmetric formalism is
manifest.
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Appendix B

Feynman Integrals

The calculation of Chapter 3 involves the following Feynman Integrals:

kP 1 M2 M2
Ag(M?) = = - Ao + log — B.1
o(M7) /i(?ﬂ)D K2 +ic— M2 1672 { Tloe M?} ’ (B-1)
kP 1
Bo(q?, M2, M? _/
o0 Mo Mo) = [ S5y B de = MBq — B + ie — M
1 M2 M2 M M2
= Ao -t log —2% — — b log —2 |+ J(¢*, M?, M}), (B.2
167r2[ TE_ar R e Tz R u2]+ (@ Mg, My), (B.2)

and the finite function

Cola?, M2, M2, M2) =

dkP .
/ i(2m)P [(p1 — k)2 + ie — M2|[(ps + k)2 + ie — M2)(k? + ie — M2)’ (B.3)

with D the space-time dimension, ¢ = p; + p2 and, with massless outgoing pions,
p? = p2 = 0. The divergences are collected in the factor

2MD74
Ao = D_4+7E—log47r—1, (B.4)

being vg ~ 0.5772 the Euler’s constant and p the renormalization scale.
The two-propagator integral contains the finite function

- 1 M? — M?  M? + M? M?
2 2 2 a b a b b
T M M) = 555 {2+ [ ey 5} log —%

AR, M2, M) o [¢2 + N2 (q?, M2, M2)]? — (M2 — ME)? (B.5)
> [ = N2 (q?, M2, M2)|2 — (M2 = M2)?2) ) 7

with A(x,y, 2) = 22 + ¢ + 2% — 22y — 202 — 2y2.
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Some useful particular cases are:

Aoo A
BO(q27 07 O) = - 2 + BO(qz//’Lz) ) <B6)
167
Bo(q?, M?, M?) = L +log%2+1 + Bo(q?, M?) (B.7)
0 ) ) ].67T2 00 M2 0 9 )
Bo(q?,0, M?) = L B +log%2 + J(¢*, 0, M?) (B.8)
0 s Yy ].67T2 ) M2 s Yy ) .
with the finite parts
Bolg /i) = oy {1 tog (-4 (B.9)
0 1672 2 ’ '
— = 1 oM + ]_
Bo(q®, M?) = 2 M? M?) = 2—oyl B.10
O(q 5 ) J(q ) ) ) 1672 oM 108 oN — 1 ’ ( )
_ 1 M2 q2
J(q%0,M?) = 1—(1——log(1--= B.11
(¢°,0,M7) 167T2{ < q2>og( MQ)}, (B.11)
where oy = /1 — 4M?/q>.
The relevant three-propagator integrals are:
2 2 ! i <y B.12
Co(q”,0,0,M7) = _W Liy 1+M —Lix(1) ¢, (B.12)
1 oM — 1
C 2 M2 M2 0 — 1 2 B.13
O(q ) ) ) ) 167T2q2 0g o 41 ) ( )
where
| ¥d
Lis(y) = —/ “log (1 — ay) = —/ “log (1 — ) (B.14)
o T o T

is the usual dilogarithmic function.



Appendix C

Feynman Diagrams for the Vector
Form Factor

We show the contributions from the different Feynman diagrams to the vector form
factor of the pion at next-to-leading order in the 1/N¢ expansion. As it has been
pointed out in Chapter 3, a U(2), ® U(2)g chiral theory is used and we work in the
massless limit. Keep in mind that only the lagrangian of Section 3.2 is employed.

In the following figures a single line stands for a pseudo-Goldstone boson while
a double line indicates a resonance field; notice that the resonance in the s-channel
is always a pU.

Wave-function Renormalization

2G2

2

4
it {30 — M) Ag(M3) + (7 — M2 Bo(p?, 0, MB)} |

2G2 q2 2 1
O =1 Ff ( 2) Qﬁy,pU(Q) {EBO((]27 070) +

{=(" + M) Ag(M) + (> — M7 )*Bo(p*, 0, M) }

14472 } '

Contributions without Resonance Fields
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Contributions with Vector Resonance Fields

FVGV q2 q2 1 9 1
L2 By(g20,0
T T R g o sy

2G% ¢ q2 1 1
—By(q?,0.0
F2 MZ—@2F? |6 (@ 0,00+ 75

M

®

FyGy 2G2, ¢ (1., 1
L1 2 By(g?,0,0) + ——
T e \aeog) 7 00 sy

1 ¢ q
- = {BO( M2, M2, 0) {—2M3 - =+ ]

X
A QR R/

!

| =

——

[\')gbw

g

|

H\'/—/

F 6 6M2
1 q2 7M2 q2 q4
Ag(M2) | = — v -
+Ao(My) {2 SM‘%} 6472 187 28872ME [
2G2, M 5M
= {Co(q 0,0, M) { —qQM‘Q/]
]\44 q
Bo(¢?,0,0) |-=X —2Mm2 — L
M2 ]\42 q
Ag(M2) | =X +2 —
+Ao(My) { iz } 6472 2887?2} ’
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26V oGy ¢ 2 2 M 2172
TR 2 MR Col(q”,0,0, My) — M2
My M ¢
- Bo(q2,0,0) |- =V _op2 — L

M2 M2 (]2
Ag(M2) |52 pof = 20
FAo(My) { 2 } 642 28872 [

262,
F4

MS MR
2 2 2 4 |4
{Co(q , My, My, 0) |:q—2 + 7}
ME O O2M2 5@
B 2 M2 M2 o v v

M2 2 M2 q2
Ag(M2) | =X + 2 v .
FAo(My) { 2 3} TS 2887r2}

Contributions with Scalar Resonance Fields

403 M?2
—d A M2 S
- F4{ of 5)+32w2}’

1
- ﬁAO(MAg) )

)
1
-
jov
=
e
B
+
I
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i FvGy ¢ {

MSE  ME
2 9 g 4
N 4 F2 M‘Q/_q2 Co(q%,0,0, Mg) [_?_ . :|_
Mg ¢ M? e
Bo(¢?,0,0) | == — -5 | + — Ao(M7) —
+Bo(q, 0, ){ @ 12} + e o( My,) 5332 [
402 2 2 9 Mg Mg
— —F4 {OO( ’MS7M570) _2_7
M: M2 g
Bo(a® M2 M2y |28  Ms 4
M2 1 M2 q2
An(M?2) | =5 — = s |
+Ao (M) [ 7 3} + 1092 ~ 3882

Contributions with Axial Resonance Fields

1 (3 M3
—2ZA M2 o A

1 2 a2 2 2 q° q'

¥

F? 6 ' 6M2
1 q2 7M2 (]2 (]4
Ag(M?) | = — -4 - .
TAo(M3) {2 BMEJ 6an2 T 1872 283102

Contributions with Pseudoscalar Resonance Fields

1
- ﬁAO(MIQ:') )

1
Iz

¥

2M2 2
{BO(qzaMIQ:HM]%) |:_ 3P + %:|
1 M2 (]2
——Ay(M?) - L )
3A0Mp) = o 1447?2}




Appendix D

Form Factors and Constraints

In this appendix all two-body form factors that can be found in the even-intrinsic-
parity sector of the Resonance Chiral Theory in the Single Resonance Approximation
are analysed, following the ideas of Section 4.3.

The following items are presented for each form factor:

1. The form factor(s) is(are) defined through the corresponding matrix element.
2. The expression of the form factor(s) is(are) shown.

3. Using the optical theorem, the spectral function is given in terms of the form
factors.

4. The constraints found by imposing a good high-energy behaviour of the spec-
tral function.

5. Once the constraints are imposed, the well behaved form factor(s) is(are) pre-
sented again and quoted with a tilde.

Notice that when RY_, or 7 is written, we refer to the singlet in the U(2) case.
The following usual notation is employed throughout the section :

A (a,b,c) = a> 402+ —2ab—2ac—2bc , oar = \2(2, M2, M?) /¢ = /1 — 4M2 /2.

D.1 Vector Form Factors
Vector Form Factor to m7 (Figure D.1)

(' (p)r ()l ul0) = V2FL () (2 —p1)", (D.1)
G 2
v 2 _ vay q
0(q)
2 _ v 2\12
Ml (¢) e = S |F (), (D.3)

FVGV - F2, (D4)
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X
v/s \ v/s VS
™/n ™/n

Figure D.1: Tree-level contributions to the vector/scalar form factor to two pseudo-
Goldstones.

M

Fr g . D.5
R (D5)
Vector Form Factor to Ar (Figure D.2)
— 7, Z\/§ * * v
(A (pa ) (po)lul0) = FE{ (" P = apac™) Fin(d)
= e — et Ginla®) ), (D)
v Fa | Fv Mj—¢° A A A A
Finld) = & FMa_qz[—QAX +2M A = AT —20Y ]
2Fy  M>
vo(2y v A VA VA
Gir(q") = TW[_% + A3 }, (D.7)
1 - M3 /¢

ImHVV (qz)‘Aﬂ = 9<q2 - Mfl)

My, @ I8 1P (1 — M2 /g?)?x
8r |\ @ M3 T

2

2 4
q q v 2q o e
X <—i + SYVE] i) |QAW‘2 +2(1 - Mi/qQ) (1 + Mi) Re{F} GV } , (D.8)

2AVA —2XVA L AVA LoV = By /Ry, —NA L NA =0, (DY)
~ F4 M2 — M? -
v 2\ A v A v 2\

Vector Form Factor to Pr (Figure D.2)

(P~ (pp)m° (px)ldy"ul0) = V2 (qp=p}p — app PL) Fi(d?) | (D.11)

, VR, 1
Finld®) = —5—qm - ol (D.12)
4
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X
v/s \ v/s V/S \
R R

Figure D.2: Tree-level contributions to the vector/scalar form factor to one resonance
field and one pseudo-Goldstone.

1— M3/q?)°

il () = 0"~ M) S S gimy p (Dag)
APV =0, (D.14)
Fpd®) = 0. (D.15)

Vector Form Factor to VV (Figure D.3)

V11,20V (s, 2)ldy"ul0) = V(<165 (2 — )" = (@21 25" — ash =) J i (0P)

* % * % v p2 * % v
+ \/§(q51 5" — qe5 51u)gvv( ) + \/_( ) (ge1 g5 — pip2 5152)va(92)>

(D.16)
Fov(d®) = =1 + 27" + —ﬁ(]\fg_ o [6AOVVV + (4MF +2¢°)A 1Y
+ (4M‘2, —2¢%) (_QAYVV + )\}S/vv LAY QAgVV) + 4q2)\(\5/vv
+8MENY,
Gl (q?) = A Fyv M3 [_ 2AVVY +)\¥VV PPV 2)\é/vv _ )\XVV _i_)\;/vv ,
V2(M} - ¢)
Hiv () = =207V + m [ — 600 Y+ (AMY +2¢7) (20 = ATV
— AV ATV aal vy 2A7VVV)} : (D.17)

2 2 4

3
UM q v q q v
I, (¢l = 0l* — 4043) 24;{ (3+ o 1+ (MQ + a7 ) 195

2¢° | q¢" 3¢
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/ Ry Ry
) ==
v/s \ v/s V/s <
R2 RZ

Figure D.3: Tree-level contributions to the vector/scalar form factor to two reso-
nance fields.

2q2 v v o* q2 v vk
+ (6 - M—‘Q/) Re{FyvHyy"} — M—‘Q/Re{gvavv ; (D.18)

1 V2

IAVVV | \VVV _ \VVV _ \VVV | o\ VVV | o\ VVV _ LS\
1 2 3 4 5 6 \/iFV FV 7
=20 VATV ATV 20TV - YV YV =0,
DAVVV _ Z\VVV _ Z\VVV _ \VVV | op VWV gp VYV _g)\yv ’
14
1474% 144% vvv vvv VvV vvv vvv )\;/V
— A 2\ - A — A — A 2\ — 2\ = D.19
M2 +2A 2 3 4 t2As 7 SR, ( )
- 2 M 5 2 ¥ 2
Fovld) = -7 Gyv(a™) = Hyy(q') = 0. (D.20)
M, —q

Vector Form Factor to AA (Figure D.3)

(A1 (p1,21) A (b2, 22) A7 ul0) = V255 (p2 = p1)" = (a2} 23 — 423 1%) JFAa(a?)
\/_ % _kf % _kf v 2 \/_(pQ _pl)u * * * _x v 2
+ V2 (qe] 65" — qe57")G 1 4(q7) + V2= (qe1 qe5 — pipaies)Hia(q7),

M
(D.21)

Fy
V2(ME - ¢?)

+ (QMi o q2) (QA;/AA + A;/AA o )\;/AA o 2)\¥QAA + )\YQAA + 2)\¥3AA o AY;LAA)

Fina?) = ~1+ 2% + 2744 22 AL

+ (—q* - 203N

2Fy M3
G 6°) = STERA ] NP AT AT 2 ALY +
14
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F

Hialg®) = =227 + V0L ) o 2 [ = 20 AAVM 4 (—AM 4 2PN
o 2q ()\VAA 4+ )\VAA )\VAA) (2MA 4 2q ))\VAA
F2ME(-AYA AT 2 M - M ] (D22)

3 2 2 4
q v q q v
Il ()]an = O — 403 2 { (3+ 02 ) 170 + (M2 L
2¢> ¢ ; 3¢
(3 - W _'_ 2M4 ‘HAA‘Q M2 R‘e{fAAg

2 2 2
(6 — W) Re{fAAH M2 Re{gAAH } s (DQS)

=AY A QXA AYAA - AT AL A A

2
_'_)\VAA ZA}/()AA_)\}QAA_Q)\}/BAA_'_)\};AA _ _£ \/_)\AA
Fv Fy
_Aé/AA_|_ A;/AA_ AXAA— QAYOAA— 2)\}/11414_'_ szAA— )\¥4AA — 07
2)\VAA_'_ )\VAA )\VAA )\VAA+ )\é/AA_'_ )\XAA — _gAAA
1%
M2 )\VAA 2)\;/AA_'_ )\XAA_ )\;/AA_'_ )\;/AA‘i‘
2M2 )\AA
PO Mgy e — YRR o
r 2 M 5 2 v 2
Fialg) = TAME— g Gaa(a) = Hialg) = 0. (D.25)
1%

Vector Form Factor to RR (R=S,P) (Figure D.3)

(Ri_i(p)R™(p2)ldr™ul0) = V2Fp(a®) (p2 —p1)", (D.26)
Fy q

Frp(@®) = 14+ — NV —— D.27
RR(q ) \/5 M‘Q/ _ q2 ( )

3

o
Il (e = 006 —4ME) 52 | Fin(@)F . (D28)

V2
NVERE S — 22 D.29
5 (D.29)
. M2

Finld®) = 33 (D.30)

ME —¢?
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Vector Form Factor to SV (Figure D.3)

(oY v ul0) = Y2 Ll — any =) Pl

(= v — aps=) G (@)} (D3Y)

2 24+ M2 — M?
Falet) = Y+ g oo -y - TN
14

x AV +203VY) + (ME + ¢*) (205YY + A?M] :

) V2Fy M2
Gov(q®) = #/\S‘/V (D.32)

MN2(q?, M2, M}) 1
2 _ 2 2 9 S \% 2
tnll, (¢*)lsv = 0(¢* = (Ms + My ) =— 12 TeT (M — Mgy

= 22 (ME = 2M3) + ¢ || Fgy [P+ Sy [2ME (M — M3)?
2M;¢?
¢*(=3My, + 6MEM, + M) — 2M3q" + qG] Gsv]®
1

R qQ[— 2(MZ — M2)? — 2¢*(MZ + M2) + 4q4}Re{f;Vggv* } (D.33)
14

442
AV 203V —aaTV —aagvY = ——ngv, AV =0, (D.34)
- V2F, [ 8M M2 .
v 2 V SV SVV s SvVv SVvV v 2
a = A5V — 228 VY 20 =0.
sv(a) MZ — ¢ {\/_Fv B ( 2 3 )} , Gov (@)

(D.35)
Vector Form Factor to PA (Figure D.3)

(PP_y(pp)A~ (pa,e)|dy"ul0) = Z\/A_{(qs Pl — apac™) FEa(d?)

(= P — appe™) Ghala®) }, (D.36)

2F; 2 4+ M? — M?
Fi(d) = INPA 4 M\é_ 1% |:2)\PVA_'_M3‘)\{3VA_|_ q° + 51 P()\é?VA_'_Q)\éDVA)
— B4 - AN

) V2, M3
Goald®) = MQV SNV (D.37)
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v v v Y
Vv Vv

U/S< v/s ~V/S v/8®\ v/s TV/S N
R R R

Figure D.4: Tree-level contributions to the vector/scalar form factor to one resonance
field and one photon.

ImHVV (q2>|PA = 9(q2 - (MP + MA)z)

/\1/2 q2,M2,M2 1
( Py M3) { [(Mi—Mﬁ)Q

48?2 M3 ¢

= 26 (M = 2M3) + ¢*||Fpl? + 5oy [2MA (M — MY

1
2Mq?
+ @ (=3M} + 6MEMS + Mp) — 2MRq" + | 1G5,

1
e 2(M3 — ME)? — 24*(M3 + M7) + 4q4]Re{f1§iAQ}’A* } (D.38)
A
4/2
. V2F, [ AM? M?% — M?
v 2 V. _yPA PVA A P PVA PVA
= APA £ 2) AP () 2\
Fpalq) M‘Q/_q2|:\/§FV1+ o T 5 (2 + 273 )
-2 @A 420 | G () = 0. (D.40)

Vector Form Factor to Vv (Figure D.4)

\/§€va
My

<7(pva gv)vi (pv,ev) |J7MU‘O ) =
1 * * * * * * * v
X [?{Mé qev(apy et — qel ) + (apv ph — a0y ) (apy €€ — g5, qsv)}fvv(f)
+ {M3 qey et — ey (apv b — apy PY) + a2y agl (py — pv)”}gﬁy(f) + {qei S
2

—qey e+ evel (ph —py) + E 2 (g% qpv £ — g3 422 1)) }} ; (D.41)
%

v 2V2 Fy ¢
Fo(d) = O @i AV = A= ATV 2 ATV = ATV
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) V2 F
4 4
20V 1
+ 5t o pe 207V —1], (D.42)
|4 \%4
4 2 .2 4 4 2,2 4
¢ 3Myq M . ¢ My¢ M v
tutl (@)l o [ (5 - 20+ B0 ) 1 (G - 20 - 2 ) gy
4 2 2
q v oo * ¢ _3M o
+ (—5 +2M2Eq? — 3Mé) Re{FY Gy "} + (5 _ 2V) Re{Fy,}
2
v q 1
+ (—3q2 + 6M‘2/) Re{gw} + (m + 1) +0 (?) :| , (D.43)
1
CoNVVV L AVVV L AVVV g\ VVV AV | A VVY [efD.19
1 3 4 5 6 7 2\/§Fv [ ]
V2 1
)\VVV 4 )\VVV 4 )\VVV — _)\VV o ’ ¢fD.19
2 6 7 FV 7 2\/§FV [ ]
F )\VVV
AV = V20 efD.19)
V2 M2
(D.44)
2 2 2
> q 5 3My +q
Fvo_ _ v _ _ D.45
WETar—en 9T e P
Vector Form Factor to Sy (Figure D.4)
— 7 \/EGF * * v
(7(py,€)S™ (ps)ldy"ul0) = = (q="pt = apy ™) FE (%), (D.46)
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a/p®\ a/p® m \ alp ~ A/P \
R R R

Figure D.5: Tree-level contributions to the axial/pseudoscalar form factor to one
resonance field and one pseudo-Goldstone.

D.2 Axial Form Factors
Axial Form Factor to V7 (Figure D.5)

e iv2 a
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A A
a/p \ . afp”  x \32 a/p” A/p \

Figure D.6: Tree-level contributions to the axial/pseudoscalar form factor to two
resonances.
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Axial Form Factor to St (Figure D.5)
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Axial Form Factor to VA (Figure D.6)
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Axial Form Factor to PV (Figure D.6)
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Axial Form Factor to SA (Figure D.6)
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v v
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gl v gl

Figure D.7: Tree-level contributions to the axial/pseudoscalar form factor to one
pseudo-Goldstone and one photon.
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Axial Form Factor to SP (Figure D.6)
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Axial Form Factor to 7y (Figure D.7)
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Figure D.8: Tree-level contributions to the axial/pseudoscalar form factor to one
resonance field and one photon.
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Axial Form Factor to Ay (Figure D.8)
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Axial Form Factor to P~y (Figure D.8)
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D.3 Scalar Form Factors

Scalar Form Factor to 7 (Figure D.1)
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Scalar Form Factor to Ar (Figure D.2)
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Scalar Form Factor to RR (R=V,A) (Figure D.3)
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Scalar Form Factor to SS (Figure D.3)
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Scalar Form Factor to PP (Figure D.3)
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Scalar Form Factor to PA (Figure D.3)
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Scalar Form Factor to Vv (Figure D.4)
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D.4 Pseudoscalar Form Factors
Pseudoscalar Form Factor to Vr (Figure D.5)
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Pseudoscalar Form Factor to St (Figure D.5)
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Pseudoscalar Form Factor to VA (Figure D.6)
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Pseudoscalar Form Factor to PV (Figure D.6)
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Fild?) = 2\/_Bo—< 4 e A4 (D.168)
Pseudoscalar Form Factor to SP (Figure D.6)
(S9_o(ps) P~ (pp)lidysul0) = FLnla?). (D.169)
M2 — M3
fgp(QZ) _ —4\/_B0|:ASP q + 45 P)\SP
g
dm
tram g G (@ M= MEATT) | (D.170)
P
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N2 (q?, M3, M)
167q?

SPP _ __— \SP | 2 ySP
AT = 2d A +dm)\ (D.172)

Imll,, (¢*)|sp = 9((12 — (Mg + Mp)?) IF2(P))?,  (D.171)

~ 428, MZM2 MY 3M%2 M2
Fpp(Q ) — _L _-S"P P _ P + s )\fP+
S M3} — g2 42 42 4 2

+ (2M7 — M) AP + dmAOSPP} : (D.173)

Pseudoscalar Form Factor to 7y (Figure D.7)

(7 (py, &) (po)lidnsul0) = eqe” FE (), (D.174)
22 By F

Fr() = TO, (D.175)

ImIl,, (¢*)», = 0. (D.176)

Pseudoscalar Form Factor to Ay (Figure D.8)

— -7 ie * * * %
(Y(Py, €4)A™ (pa, ) lidysul0) = E((J% ey = ppacien) L (6®),  (D.ATT)

2 () = Y2EaBo_ 105y dn fk@{
Y q2 MP . q2 MV
A
]\/[2 —

1
QAVA+ﬂ[— 2(g + M3

(¢ = MR+ 20N + [QAPVA — pypa(AEVA 4 205V

CMEAPVA 4 A;’VA)} } , (D.178)

1—
ImIl,, (¢*)]ay = 0(¢° —MA)( '\ FL 7, (D.179)

1
APVA Lo)\PVA — o (A 2054 + A4+ 201 | [cf D.157]

1
ANV MEQFY A 200V A VA= 20V = (4B (M — MY

M2

1
+ (M} + M7 /\VA+2>\VA) —Vv
ST+ MO + 20 ) = o2

(\f Fi+16d /\PA)

[cf D.9,D.39,D.157] (D.180)

Fh(d) = (A‘;;BO 3 {FA—%( 2MANS A + ME(AA +2)\;’A))} (D.181)
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Pseudoscalar Form Factor to Py (Figure D.8)

(7 (py, )P~ (pp)lidysul0) = eqe Fp(¢%), (D.182)
8 Byd
2 o 0 Um

Il (¢*)py = 0. (D.184)

D.5 Form Factors with a Photon

As pointed out in Section 4.3, no new constraints have been obtained from the
analysis of form factors with a photon:

1.

10.

Fy., and Gy (Eq. (D.44)): the 1st constraint is got by adding the 1st and the
3rd constraint of Eq. (D.19) (F,, Gy and Hy,y); the 2nd one subtracting
the 1st constraint to the 3rd one of Eq. (D.19); and the 3rd one subtracting
the 3rd constraint to the 4th one of Eq. (D.19).

s, (Eq. (D.49)): same constraint than the 1st one of Eq. (D.34) (Fg, and
Gsv )-

. F&, (Eq. (D.84)): same constraint than the 1st one of Eq. (D.54) (F{,. and

. F4, and G4 (Eq. (D.89)): the 1st constraint is the same than the 1st one of

Eq. (D.64) (F{ 4, G& 4, HY 4 and Z¢ , ); the 2nd one is got subtracting two times
the 4th one of Eq. (D.24) (F44, G44 and HY%,) to the 1st one of Eq. (D.64);
and the 3rd one is the same than the 4th one of Eq. (D.64).

5, (Eq. (D.94)): same constraint than the 1st one of Eq. (D.69) (Fpy and
Gbv)-

- Fv, (Eq. (D.139)): the 1st constraint is the same than the 1st one of Eq. (D.114)

(Fyy and Gy ); and the 2nd one can be obtained subtracting the 1st one of
Eq. (D.34) (F§, and G&,,) to four times the 2nd one of Eq. (D.114).

. F§,: no constraints.
. FP,: no constraints.

- F4, (Eq. (D.180)): the Ist one is the same than the 1st one of Eq. (D.157)

(FL, and G ,); and the 2nd one is got summing —M2/(2d,,) times the 1st
one of Eq. (D.9) (Fy, and G4 ), —MZ times the 1st one of Eq. (D.39) (Fp,
and Gp,) and the 2nd one of Eq. (D.157).

Fp,: no constraints.



Appendix E

Dispersive Relations

In the purely perturbative calculation (without Dyson resummations) and under the
Single Resonance Approximation, the two-point function at next-to-leading order in
the 1/N¢ expansion reads as:

D(t)

T G

(E.1)
where Mp, is the mass of the corresponding resonance in the s—channel, and D(t) is
an analytical function except for the unitarity logarithmic branch (without poles).
In order to recover the correlator, the complex integration in the circuit of Fig-
ure E.1 is performed:
1 I1(¢t)

(¢ = — dt . E.2
@) = 37 ¢ s (E2)

If it is assumed that |II(¢)| — 0 when || — oo, the contribution from the external
circle of the circuit is zero and it is found that:

D(¢®)  ReD'(M3) | ReD(M3)

I(qg? , E.3
O = Gh-eF M-t 0f - g =
with D’'(t) = 4 D(t) and being
D(q? ME—< 1 ImlII(t < 1Imll(t) 2 ImD(t
D@y [ U U2, (m0))
(M7 — q?) —0 [/ T t—q M2y T t—q met—M2 \ t—q
(E.4)

which obeys D(M3) =0 and D’(M3%) = 0. Notice that in order to recover D(q?) it
is not necessary to know ImD(t) at ¢ = M3, but just the amplitude in the region
[0, +00) — {M2}, where T1(¢?) is well defined.

It is important to remark that, in order to recover the proper asymptotic be-
haviour of II(¢), one must have a spectral function that vanishes at high energies,
so the form factors must follow the proper asymptotic behaviours.
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N
‘

Figure E.1: Integration circuit.

From Eq. (E.3), one notices that, as soon as the value of the real part of D(¢) and
its first derivative are fixed at M3, the whole correlator becomes fixed. This corre-
sponds to providing a renormalization prescription for the corresponding coupling
and resonance mass.

The fact that the spectral function vanishes at infinite momentum ensures that
there are no terms of the form II(t) ~ ¢™ In(—t), with m > 0. Furthermore, the
polynomial terms I1(t) ~ ¢™ with m > 0 must be also identically zero in order to keep
II(t) — 0 at |t| — oo. Hence, the expression in Eq. (E.3), is the general expression
for the correlator within the Single Resonance Approximation. The inclusion of
higher resonances can be performed in a straightforward way.

This means that although the presence of O(p*) xPT operators with NLO cou-

plings in 1/N¢, Zi, is not forbidden by the symmetry, the QCD short-distance be-
haviour imposes that, in our realization, they do not get renormalized, as suggested
in Ref. [37], and they do not contribute to the observable at the end of the day (the
polynomial terms II(¢) ~ #™ are identically zero). This lack of running in the L,
related to the analysed currents arisen in the one-loop analysis of the RyT gener-
ating functional with only pseudo-Goldstones, scalar and pseudoscalar resonances

after imposing the high energy constraints [54].

E.1 Diagrammatic Calculation

For sake of simplicity we will refer now just to the scalar correlator although the
extension to other channels is straight-forward. At tree-level order it is found that

1 B2 2
0 By m (E.5)

Hss(q2> m
s
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The resonance parameters c¢,, and Mg get renormalized at next-to-leading order
1/N¢ (¢ = ¢ + 0cy, and M2 = M52 + §M2) in order to cancel the ultraviolet
divergences from the one-loop diagrams:

16 B2c"? 32B2c" bc,, 16 B2cr?6M32 1
I (q2)|tree = 20 sz rOQCm 2 o 20 o 2 2S <—) ’ (£6)
Mg —aq® Ms™—a¢®  (M3"—¢) Ne
D(¢*)|1-100 D(q¢? 1+ 7 Ao C2+ V2 Ao
Hss(q2)|1floop = ( )‘1 loop _ ( ) : ! 2 2 (E7)

(M52 — ) (M2 —q?)® Mg —q*  (Mg2— )"

where D(t) is provided in terms of the spectral function in Eq. (E.4) and ¢; 5 and 7,
are constants determined by the one-loop calculation. Taking into account Eq. (E.3),
one gets

c1+mn Ao = —Re {D,((]2 - ME 2)|1—loop} )
Co+ Y2 Ao = Re{D(q2 = M§2)|1,loop} ) (E.8)

All the relevant ultraviolet divergences are shown in Eq. (E.7). As mentioned
before, the polynomial divergences Il (t) ~ 7_, t" Ay cannot produce any con-
tribution at the end of the day, so they exactly cancel at any energy. Once again,
considering well behaved correlators —and therefore form factors— at large energies
is crucial.

The renormalization procedure through the ¢,, and Mg counterterms gives

32B3chdcm +MAe = 0,
—16 Byl 2 0ML* + 9 oo = 0. (E.9)

The renormalized amplitude up to next-to-leading order in the 1/N¢ expansion
shows the general structure

E(q2) 16 BO C:nz + ()

M..(¢%) = .
() (M52 —¢q?)*  M§*—q* (M2 —¢?)’

(E.10)

The unknown subraction constants ¢; and ¢y can be absorved by a redefinition of
¢, and Mg, so

D(q?) 16 By ¢! 2
2 m
Hss(q ) = (MEQ—QQ)z + M§2_Q2 ) (E.ll)

where ¢, and Mg are now renormalization scale independent.

E.2 Contribution from High Mass Absorptive Cuts

Because of the approximation of neglecting intermediate states with two resonances,
made in Section 4.4, it is convenient to analyse the effect on the yPT couplings of
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absorptive cuts with higher and higher production thresholds. When the threshold
A2, is above the resonance mass M#%, one finds for the low energy limit ¢* < A%

oo

D S () e )

(M3 — q2)2 Az, T U= ¢ n=0 A, 17

The contributions become smaller and smaller as the value of the production thresh-
old A%, is increased, supporting the approximation in Section 4.4.
On the other hand, in the deep euclidean region Q* = —¢? > A% | one gets

= / b dt% IImII(t)] , (E.13)

D(¢%)
T A2,

(M3 — ¢%)°

which becomes smaller and smaller as Ach is increased.



Appendix F

Second-order Fluctuation of the
Lagrangian

The expansion around the classical solution of the fields in our lagrangian of Eq. (5.1)
up to second order (as required for the one loop evaluation) gives:

ALy

where

2)
AL R

ALyin(S,P) =

AL(S) =

_ é([VMA,A][S, viS]) +

+4<

—\/_)\SS<6S(VMASUM+U SVEA)) +

ALD . + ALi(S,P) + AL(S) + ALy(P) + ALy(S,P), (F.1)

F? 1
~SGAT) + S (TRATLA [ A [, A)), (F2)
2

1(VhesVies) — “2{eges) + a5 [ AL 8] [, A], 5]

1 . .
13 e A8 9] = [95,24]) )

2

! ViepV,ep) — %<5P5P> 312< HUH Al H[ M,A],P})
1 1
- VAP, V“P]Hmﬁumﬁ](m Viicp] - [V#P,ep))), (F.3)
2 (a{A ) = S AN A)) = eV, A )

SS

+ ((caS + A5SS) (V"AVMA +§{ A, [u, Al W})) +)\7<5s 'y, )

/\SS /\SS
= TS U8 2} e VIAL) + AP(SVLASVIA) + (et

)\SS
(1A, u) Al Sws)
)\SS )\SS SS

— ({5, AH AY) = (S, s AR + T (). (Ra)
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AL(P) = S (ep{Ax ) = SEUPAHY-. A

LAPP(PP (V”AVMA + é{ A, [uH,AH,u“}) ) + A;Em% W, )
- )‘_\/P_P<{p ep} {u, VFAY) + XEP(P VY, APV”A>+)\TPP<€;>UM5PU )
— V2 (ep(V, A Pub 4+ u, PVFA) ) ) + A%T( [[A,w,], A] PutP)
-2 PP AN 81 - 2 (P e, AN+ A () (F)

ALy(S,P) = )\SP({V S, PY[[A ), A ) - )\\ji(V”A({Vues,P}—k (V,5.2p}))
2 A ] (e~ VE(PV81)) + 2 (T cp)
+ 2l A el (P} + 25 1,980, 8) (P

- D PHA Do A1) + 28} ({es, P+ (5.0

+ pru{as, o)) (F.0)

The evaluation of the path integral requires a Gaussian rearrangement of the
integration variables. However the second-order fluctuation ALg, s does not have
this structure due to the terms ( PP V,AV*A), (PV,APV!A), (SV,AVFA),
(SSV,AVEA), (SV,ASVFEA) and ({V,eq, P}VHA) in Egs. (F.4), (F.5) and
(F.6). A way out is provided by a redefinition of the fields that eliminates the
unwanted terms:

Cy )\SS )\SS )\PP )\PP
A — A—E{A,S}——{A SS}— 2-SAS ——{A PP} — F2 PAP,
AP
eg — gg +V2AP{P A} — ‘f Cd{P {A,S}} (F.7)

where the following constants have been defined:

N 3 C2 N 3 02
SS _— 1SS d SS — 1SS d

The transformation of the integration measure only yields §4(0) terms which have
no effect on the theory [67] 7

"In dimensional regularization the later result is immediate, as 6¢(0) = 0.
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Performing the transformations given by Eq. (F.7) on ALg,r and keeping only
terms with up to two resonances we finally obtain:

1 1 o 1 .

Alpyr = =5 A (d.d" +0), A — 5 s (d"dy + k%), 255 = 5 < (ddy + k"), p;
+ e, 0% A + epyal iy Aj + epa e,

+ Egp biki di;Aj + epy, bEm di;Aj + epy, bim djes; (F.9)

that has the proper Gaussian structure and where the following definitions have
been introduced:

df; = 6; " + 5] (F.10)
ah = dfy+ g (.11
1
Vil = =5 (TP Al (F.12)
ca\St 1 2
Yilg = sz AP AHU A ) + (= + g (S VESTIAG AL
1 AJF
)\SS)\SP )\SS)\SP
+ = (P AT S u + S N) ) + == ({S AP A Hu" A )
02)\SP ' _
- LS APl A - {i o i) (F.13)

)\SS /\SS
kSi; = 6 M5 — %(U“Uu{)\ia A1) = ASP (AuaAut) — %(M{)\u A}y, (F.14)

P 2 )‘PP PP /\31—:’P
k ij = 51]M B <u“uu{)\l, A }> — )\2 <)\iuu)\ju”> —7<X+{)\Z, )\]} >, (F15)

1 1 Y
7= gt ) = g e M )
ST o (1S A (e M)+ g 5, 0 [ AL A
S (P A, A} ) + (P AT, A7))
s (S end) (P A A = 5 (8,10 M) 8 T Al
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8;2< [, ] [, XS5{55, ;) + 25855M,5)])
S F2< W, Ay, (8188, 1.} + 22850,9)] ) )
— Do 2 (35 X (58,01 + 23850,9) )

2 p 2 ) )\SS 5 oo
2F4<{V S, A VS, A, }>—@<{5 AHVES, A H-m(V S A L)
)\SS . M ()\SP)

T Z (AL (VISN;S8) ) + W“P’ ANHP A L)
A AHPPA) — 2 (s AP AP
SP \SP PP
A PP AN e ML)+ S PP A D)
O P b ) — P A [P e A
+ SO, 2 [ P — S [ AL (P P )
N U™ ] Ad] [ Uy 7] A A[? U™ Adfs 45 A ,Up) )
8;2< (APP{uu, PP} + 2)\PPPuMP> [, u), A ])
SP
= O P (R 0P
A e (PPN D) + 225 [ PAPI A)
)\PP - )\PP p ()\?P) p
—mw P2, N1 — <)\V (VFPA;P)) — NG {V,.PXHVRP A}
PO P D }} + S (5 AP - )
/\SP )\SS)\?P
- L (PAH AV N ) — 25 <vﬂ<{P, )\i}()\jSu“Jru“S)\j)))
/\SS)\SP

S

a’ij

2F21 ({P, /\i}vﬂ{s’ {uu’)‘j}}>

+ 2—;< [uh, Ai] ([% {(V,.S, PY] +2[V"S,{P,\;}] — 2[S,{V"P, Aj}]) )

+%<{u“ A }( Z{P,{vus, At = AP{SA{V,.P, Aj}})> + {Z Hj}, (F.16)

1Cm 1

= _2\/_F< X-{hAd) - IFW S, Al Ag]) = YNoT
Z/\SS MS%/\SP

AR A A 2R

(15, A [V*u, Ag])

(P{\i, A}

fF3<{u“ NHV,S ) -
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SP

SH

g =

iy =

+

)\SP )\SP)\SS )\SP

)\SP SP

(VQP{)\Z, A3

1 ju )\ /\1 3 ju ju
o P e A+ (P Aj}(Af’S{uuu A} 20

o ({0 (B(T(89). 01} + 2AVu(5X,9)))

\/_/\QS Cd

({V"S,\, }<SUM/\ A uMS) )+ j;f S A (VS A1)

4\[F3<[s Ay, {V9S, A 1))+ 2\/” (XA }</\SS{SS A 238890, s)>

o (e A (ATPLPPAY + 2357 PAP))

\/5 Lt AHATTVL(PP), A} + 207V, (P AP)) )

Cd)\SP

+ \/_F3<{V JPOHVES ALY, (F.17)

dp, “ )\ )\ A
m()@-{/\ia)‘jb \/—F<{S> z}{X—H ]}> 4\/_F<{ s z}[ [u ’)\JH>

- ﬁ< ([P, X[V u,, Aj] + 2[V9P, A [y, AJ]) )

)\SP )\PP

+\/§1FASP<{><7,M}{P,%}> fF<{PA}{X Ait)

)\SP

ol

A ‘ )
~ap S AHVLP AL + ({VuS AHV"S, \j})

dn . . .
N T NH(A(SS, A} + 2055 38 + AF{PP, s} + 205P P A P))

O AP VLS +
Vo VT

\/_F3({V“S by }(APP{UM, {P )+ 20EP (P + A, uMP)> ), (F.18)

([P, A [, {VHS, A 3])

- \SP
15

5 (-1 A (F.19)
Cq M nos )\SS u
ﬂF<u{AM}> f ([, AdJ[ur, A5 ) — fF<{SA}{ A1)
—ﬂfs(s(uumj +XjAZ-uM) ASP V“P{)\Z,)\ 1)
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Cd

+ NTE {u*, /\i}<5\§’s{55, A 20355\, S+ AT PP, Aj}+2x2PPPAjP>>, (F.20)
B = (TG A — e ([P A ) — e (P A
1) \/iF 1y 7] 4\/§F ) 7\ )y 7Y \/QF ) 7\ IR
9 )\PP . ) 2\SP)? )
pF = Aipw{x ) (F.22)
(/A 9 15 7] ) .

and the following definitions have been used,

~

Cd

where A and B are any chiral tensor or resonance field.

As commented in the text we can write Eq. (F.9) as:
1 T
ALpyr = — o (B2 +A)n (F.24)

where 7 collects the fluctuation fields, n = <Az~, 58].,5%), i,5,k =0,...,8, n' is its

transposed and A and X, are defined as:

o+ 18Tt a8t 4 e —aP T+ MR
AU VAU U
—aS IS RS LSSt —aSPT  LanpSPT
(A>ij =
R U U O
1 gk S 1,778 1 T
—CLP + §dibi —a P + §d,ubup kP + prubﬁ
_1pSPups _l_leprT _l_leP,ubSPT
4 10 4 Iz 4 I ij

(F.25)
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(Zu>z‘j 5ij aﬂ + (Yu)ij ) (F.26)
T T
U
Ya)y = | 208 4 L6SPT : (F.27)

27p 27p ij

Here some new expressions have been defined:

fy/i
ol
dm X
d" X
" X

gl
S NSl M
MX + [, X],

drX £ (" =" X,
drX £ X (Y =)

(F.28)
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Appendix G

p-function Coefficients

The divergent part of the RxT lagrangian shown in Chapter 5, at one loop, can be
expressed in a basis of operators that satisfy the same symmetry requirements that
our starting lagrangian of Eq. (5.1). At one loop our bare lagrangian reads:

18 66 379
Ly=> O, + > pROfF + ) pfrof* . (G.1)
1=1 i=1 1=1

The notation of Section 5.3.3 is followed. The couplings in the lagrangian £;_; read:

D 11
a; = pt <%(M) + wm%) ;

R _ D4 [ aRr I

1 1
gt = Pt <@RR’T(M) + (i) m%RR) : (G.2)

where 7;, 7/ and v are the divergent coefficients that constitute the S-function of
our lagrangian. v? and 7% are given in Tables G.1 and G.2, while v; were shown
in Table 5.1.

We indicate with an asterisk all the operators whose g-function coefficient van-
ishes once the short-distance constraints of Eqgs. (5.2) and (5.3) are considered.

Table G.1: Operators with one resonance and their S-function coefficients.

i| Of %

(2

L] (Su-u) | =3NFASMZ + 2NF2c A5 M2 + ANF2c A M2 —
NF72c,;MZ(\P)? — NF~2caM2(\F)?
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“BFIGMZ + 2F ZeNSMZ — F e ME(SP)E
FﬁQCdMgv — F72ch123(/\§P)2

OFIBME AR 2e) SMZ & AF I SME ¢
2F72ch§()\§P)2 — F—2ch§

—2NF~*2c, M2 —2NF~2d,, M2)\5¥ +1/2NF~2c,M2 —
2NF~2¢,, MZ(\SP)? — NF~2¢c,, M3(\7)?

—2F e, M% — 2F7%d, M2N¥ + 1/2F 2ciM2 —
2F2¢,, M2(\JP)? — F~2¢,, M3(\SF)?

6%

—2/3NF=%c) + 2/3NF13\S + 4/3NF1)NS —
1/3NF A2 +1/6NFA3+1/3NF 2 A5 (AF)2—
1/3NF~2c \$S + 2/3NF~2c A58 (\F)?
2/3NF~2c )5 — 1/12NF~2¢c4(ASP)? + 1 /12N F2¢,

W0/3NF5¢ + 2/3NF NS — BBNF 1ciA® +
B/3NF (N ) +1/6NF G+ T/3NF 2y A3 ()~
4/3NF~2cq\}° - AN F~2cy(\S)? -
A/SNF2cA° (N7 + 43NF 20 —
1/12NF~2c4(A5P)? — 1/24NF~2¢,

(u,Su"u-u)

—2/3NF=%c) + 2/3NF~13)\S + 10/3NF)N —
1/3NFAS(MT)?2 — 1/3NF~4¢3 — ANF 2, \3)055 —
2/3NF~2c A5 (A\F)? + 2/3NF~2c A +
8/3NF~2c A3 (\F)? — 2/3NF2cy\5® —
1/3NF_20d<)\§P)2 -+ 1/12NF_QCd

8/3F 0 +4/3F 23N —2F 23\ +4/3F A3 (\F) 2+
1/2F74¢ — 1/3F2cg S (A\F)2 + 1/3F2¢4)\38
2F 2y NP) 2= F2cq\5545/12F ~2c4(A\F)2—1/24F ~2¢,

10

() (u {5, u-u})

4/3F5c5—4/3F AN NP +2F 23N +2/3F 43 (AF)? —
3/2F 4¢3 — AF 2 \P5NS — 5/3F 2 A\ (AF)?2 +
8/3F2caAP® — 2F 2¢q(A{5)? + caF AP (ATT)?
1/6F2c4(\SP)? 4+ 1/24F ~2¢y

11

(w5 ) (wu )

SE AN —2F 2 —8F 2 AP NS +2F 2 A\ (W) 2 —
4F—2€d<)\§8)2 + 2F_26d)\§s — 1/2F_26d()\§P)2 + 1/4F_20d

12x%

(9 (uauwutu”)

T R T AT VET i P L
1/2F~ 4¢3 + 1/3F 2 A8(\F)2 — 1/3F 2,058 +
1/12F2c,(\P)2 — 1/12F 2¢,

13

(Swuru”) {uy)

—8/3F75c5 + 8/3F NP+ AF GNP —
4/3F 4SNP+ Fied + 4/3F 2\ (\5F)?
4/3F2cg\}S  — 2F 2 MBS (NT)2 + 2F 2 0\58 —
8EF2cy(M55)2 + 5/6F2c4(AiF)? — 1/3F 2¢y
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14

( Suyu, ) (utu”)

—8F 0 + 8F 1A £ 16F 1A — AF 13 (\5F)2

+

2F A3 —8F 2 AN +AF 2 A (AF)2 —2F 208+

4F72Cd/\§s(/\§P)2 — 2F720d)\g's — 8F72Cd()\g's)2

15

4F75c5 + AF13)\S + 2S00 + P
AF 2 AN+ 2F 2\ (\5F)? F2cg\5S
4F2cq(A5)2 + 2F 2053 (\SP)2 — F=2¢ 058

16

i{upfu,S)

1/3NF~c} 1/3NF72c\}S — 2/3NF2c \55
1/12NF~2¢,

17

i ({5, uuuv}ﬂ:V)

—1/6NF~c3
1/24NF~2¢,

+ 1/6NF2c,05° + 1/3NF2¢,)05°
1 2

18

i )21, w)])

—1/3F % + 1/3F 2¢,\5° + 1/12F 3¢,
d 1

19

LCS) S )

—2/3F 43 + 2/3F 2¢,)\3° + 1/6F 3¢y
d 1

20

(f2{uu, VSt

1/3NF 3 — 1/3NF72c )\ 2/3NF~2cy)\5°
1/12NF~2¢,

21

(u)(SEVS)

2/3F 13 —2/3F 2¢,\3° — 1/6F 3¢,
d 1

22

(uuf2 ) (V.S

2/3F 4¢3 —2/3F2¢,\35 — 1/6F 3¢,
d 1

23

(S )

1/3NF~c; — 1/3NF2¢;\7° — 2/3NF~2¢\5°
1/12NF~2¢,

24

(S )

1/3F 4¢3 — 1/3F 2cg\}® — 1/12F 2,

25

(S{x+ u-u})

2NF=Sckc, — NFd,ANY + NE12c, AP

INF~ e, % + NF~42c,,(\F)? + 1/ANF~*cc,,

NFSAS 4+ 1/2NF~4 + 2NF2d,\$S\5P
NE2d, AS50\P — NF 2, A50SS5 — NF-2¢, 058

_l_
_l_

1/2NF=2c,085 + NF =2, A85(ASP)2 — 1/ANF 2,085 +

1/2NF2c AP NSF —1/8NF~2¢4+ 2N F~2¢,, \JS(ASF)?

1/2NF=2¢,, A58 — NF~2¢, ASS(ASP)2 4+ 1/8N F~2¢,,

26%

(u,Su” x4 )

—2NF~ e, NP5 + ANF4c2e,, \5° — 1/2NF~*c2¢,, +
INFAAENS — NE2d, \BNP + ANF2d, M350\ —

3/ANF2d, M 5P + 1/2NF2c,0\55 — ANF 2, \55)0\58
1 1 2 3

NF2¢,058% + 1/8NF~2¢; — NF2¢,\J5(\JF)2
4F 2N, M3 (AP)? — 3/4N F~2¢,, (AF)?

27

(Su-u)(xy)

4F8che,, — 2F 7, + 2F e, AP
2F e, A5 + 2F ke, (NSP)? + 2FAe3NSS
F=c + 3F72d, AN+ 2F 24,055\
3/AF2d NP — 2F 7 2c \PSNSP 3/2F " 2cg\}S
AF 28NS+ 1/2F2¢055 + F 2 AfPA5°

1/8F %¢cq + 3F2c, ,A\PP(AF)? + 2F 2, A5(\F)? —

F2c, 055 — 3/4F 2¢,,,(\J¥)? + 1/4F ¢,
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28

(Sx4 ) (u-u)

4F5che,, — 2F‘4dmcd)\sp Y e

2F 42, (AP + F42c,, + AF*ANSS + F4c3
F2d, 2 80P + 3/4F72d,, )5 — 2F 7 2c AP5\3S
1/2F*2ch§S — F7 2055+ 2F 205 (\5P)?
3/2F_2Cd)\§s + F_2Cd)\§P)\§P — 3/8F_2Cd

F2c, A0 — F~2¢,A38 + 3/4F %, (\5F)?
1/4F ¢,

1+ 1+

_|_

29

{

up ) (u {5, x+})

4F5cke,, + 2F%d,ANY  — AP~ cdcm)\ss —
2F42e, N5+ 2F ke, (NP — 1)2F e, —
FAc3 - F2d AN — F=2d,, ASSAF — 2F~2c, \SS NS5 +
1/2F*2ch§S — 2F*2ch§SA§S + 1/2F 24058 —
2F_2Cd)\§s()\%P)2—|—F_2Cd)\§s—F_2Cd)\§P)\§P—|—1/4F_2Cd—
F2e, A0 + F2¢,A3 — F 2,28 (\F)?
1/4F ¢,

30

(S ) (ux1)

8FCclc,, + 4Fd,ANY - 4AF- cdcm)\ss —
8E~4c2e, NS5+ 4P~ cdcm(/\sp) — F e, +
AFAENS —2F 43 —2F2d ASNP —2F 2, ASSASF —
4F*2ch§SA§S+F 2ea\38 —4F~ c)\SS)\SSJrF c)\SS
2F 2 NPASY + 1/2F‘20d - 2F—2cmA§S(A§P)2
2F2¢,, ASS(NSP)2 + 2F~2¢,, \55 — 1/2F 2¢,,

31

() (xru-u)

4F5cke, — 2F1d,ANF  — 2F e, )\ —
2F e NS5+ 2F4c2e,, (NP + Ficdke, +
QFAENS + F1ed — F2d, XA 4 3/4F2d,, \§" —
2F 2 AN 1 /2F 2 A8 — F 2055 —1/2F 2055+
F 2PN —3/8F ~2c— F 2, , APS (A2 F =2, \55+
3/4F 2c,,(NV)? + 1/4F 3¢,

32x%

i (x- {up, VST

SNFd,2\¥ + 3NF*Zc, — 3/2NF i -
NF2d, ASX\P —2NF~2d, A3NY — 3 /4N F~2d,, \SF +
3/2NF~2d,,(\F)? + 1/2NF72c 035 + NF 2 \35 +
SNF 2 \PNSE — 3/2NF~2¢4(A\F)? + 3/8NF~2¢cy —
NF2¢, A8 — 2NF~2¢,, 055 + 3/2NF~2c,,(\JF)?
3/ANF ¢,

33%

i Cupx - )(VHS)

—2F4d,,ANF —2F 1 cdcm + P2 — 2F2d, AN +
3/2F2d, NP —  F72d,(AJP)? 4+ F 2 \S —
2F—2ch§PA§P + F2cq(M7)? =3/4F 2cqg—2F ¢, \fS —
F2¢,(MP)2 + 3/2F 3¢,
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34

i (x- N uwaV'S)

6 d2NY + 6F ke, — 3F~4¢) — 2F 2d NPT —
AF2d NB8NP — 3/2F2d, M\ + 3F2d,,(\F)? +
Fﬁzcd)és +2F720d)\g's +6F720d/\§P/\§P — 3F720d(/\§P)2 +
3/4F 2y — 2F 2, AJS — 4F2¢,,\55 + 3F2¢,,,(\3P)? —
3/2F ¢y,

35x%

i(Xx-V"S){up)

—2F~d,,,AN¥ —2F ¢, + F~1c3 — 2F 2d, \PONF +
3/2F2d, NP —  F72d,(\P)} 4+ F 7208 —
2F 2\ ANSY + F2¢q(NfP)? = 3/4F 2¢4—2F 2, AP —
F2¢,(\NP)? + 3/2F2¢,,

36

(SX4x+)

—4ANFdpcqen )y — 2NF4d%cy — NF tcyc?, +
ANF~42c,,\$S + 2NF~4cke,, + ANF72d, \35\F +
2N F~2d, AP —~NF2cy\38—1/ANF~2c4— NF 2, A3+
ANF 2, M5(\)2 + 2N F =2, , \5PASP + 1 /4N F~2¢,,

37

(S xax+)

—AF A dpcgemNE — 2F2d? ¢y — F~cqc?, + 2F ~2c2c,, +
2F 2d, \5F — 1/4F 2cy — F~2c,, 055 + 2F 2, AP ASE +
1/4F2¢,,

38

(Sx4 ) (x+)

—8F 4 cqe N — AR AdPcy; — 2F ey, +
AF e, N8+ AF 42, + AP 2NN +
AF2d NP — F72¢08° — 1)2F2¢qg — F2¢, 25 —
F 20,085 + 4F 26, ASOSP? 4 4F 26, \PASP 4
1/2F ¢,

39

(Sx-x-)

8NF*4dmcdcm/\§’P — 6NF*4dmc§)\§P + 6NF*4cdcfn —
SNF~4ckc,, + 5/2NF~*c) + NFE2d,\SNP +
2N F2d, MM — 2N F=2d,, A3SASP +1 /4N F~2d,, \5F —
ANF2d,,(ASP)2ASF — 1/2NF2c )35 — NF72c )55 +
NF2¢,085 — 2NF 2 \PAF + NE72¢y(\F)?
1/8NF2cq + NF72c, A% 4+ 2NF2¢, A58
INF~2¢,035 — NF~2¢,,(\F)?2 + 1/ANF~2¢,

40

(S){x-x-)

4F*4dmcdcmz\§’P — 2F*4dmc§/\§P + 2F*4cdcfn —
2F 42, +1/2F 23+ F2d  NNF —2F 24, MNP —
1/4F2d,, N3P — 1/2F 7 2c4 A5 + F~2¢40\$5 + 1/8F ~%¢y +
F2e, A5 — 2F2¢,,0\5% — 1/4F ¢,

41

(Sx-){x-)

12F dcaem Y — S8Fd,cANY  + 8F 1cyc?, —
L0F4c2ep +3F 4¢3+ 2F~2d, ASSASP 4 2F =2, ASS\SP —
AF2d, AP — AF 2, (MP)AF — F2e08 —
F2e 058 4+ 2F 7 2¢4\55 — 2F 2, A5P A8 + F~2¢,(\F)? +
2F 7 2c, A3 4+ 2F 72, A58 — 4F 2,055 — F~2¢,, (\F)?
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42 i(Px_) —2NF2d, M3(\F)>  + ANF2d,MZ(\Y)?  +
NF2M2ca\¥ —2NF2MEc, A3¥ — 2N F~2caM2NSEY +
ANF=2¢,, M2N® — NF~2d,, M2(\;P)? — NF~2caM2NSF

43 i(P)(x-) —2F72d,, MA (NP )2 4+4F 2d,, ME(NT )2+ F 2 M2 cg\iF —
2F2M2e, NP — 2F 7 2c,M2NE + 4F2¢,, M2NST —
F=2d,, M2(\JP)? — F~2c,M2NSP

44 (V, Pu,ufu”) —1/3NF2 P, NP+ 2/BNF2XFPe P +
1/12N F~2¢\3F

45 | (uw-u{u,, VFPY) [2/3NF2XPc, 5P+ 2/3NF 2P AT -
NE2eg AN + 7/12NF2¢,0F — 1/2NF~2¢4(\3F)3

46 | (u ) (VAPu-u) | F2MFPe NP+ 2F 463N —  5/4F 2¢,\F +
F=2cq(A\P)3 — 2F 2, APPATP

AT | (u YV P {u,u’}) | 2F 1GNP F2\PPe AP 2F2AP e 25
2F_26d)\§s)\§P — 5/4F_20d)\§P —+ 2F_26d()\§P)3

48 | (wuu, Y (w'VEP) | —2F2APPe AP — AF 2 ASNE + 5/2F 2\ F

49 (uyu-u)(VFP) 21N+ F 2P AT 2F 2c AT
5/4F_26d)\§P + F_2Cd()\§P)3

50 (uw-u)(u,V*P) F 2P NP+ 2F 20 P N3P 2F2c NPT +
5/4F_26d)\§P — F_2Cd()\§P)3

51 ([P, uyu, | f*) —1/3NF~3c3\5P

52x (x4 {uu, VAP}) —NF*2c, ¥ + NEF2d, 7 + 2NF2d, M7 —
3/2NF~2d,,(\;F)? + 3/ANF~2d,, + NF2\Pe, \5F +
ONF2NEP e, AP — NF72c A58\ + 1/ANF 2 \5P +
3/ANF2¢, \}¥ —3/2NF~2¢,,(\jF)3

53 (uux+ ) (VFP) 2F e Y +2F 2d NP+ F2d,, (\F)2 =3 /2F ~2d,, +
2EINPe NP — 2F2¢ \35NF — 1/2F 2\
3/2F 2, \¥ + F~%c,,(\{F)?

54x (x4 ) (u,V*P) —2F e, NP+ 2F2d, NT + 4F2d M\
3F2d,(\T)? + 3/2F72d,, + 2F 2\Pc 2P +
AF 72N NSP — 2F 2 A50F + 1/2F 2\ P +
3/2F 2, \iF — 3F2¢,,,(\JF)?

55 (x:V*PY(u,) 2F 22 NP +2F 2d NP+ F2d,, (\F)2 =3 /2F 2d,,,+
2F2\PPe, NJP — 2F 2 A3 1/2F 7 2cg AP —
3/2F 2, A\F 4+ F~2c,,(\F)?

56 | i (P{x_,u-u}) —NF 4, N+ 6NF4d,A(\F)? —1/ANF~d,,c3+

ANF=42e, AP — 5/2NF~ 43N + NESAY +
2N F~2d,, \PP(A\JF)? 1/2NF~2d,,\IF -
NF2d,, AP (\5F)? OINF2d, \5(\P)? +
1/2NF~2d,,(N9)*+1/8NF~2d,,—1/2NF2\PPe N3P —
NFE2APe AP 4 2NEF2\Pe, AP 4+ NF20\PP e AP —
NFE2\Pe, AP —1/2NF 2 AP ey \SP - NF =2 APSNSF +
1/ANF 2 AP+ 6N F~2cy(ASF)2ASF —2 N F~2¢4(AF)% —
1/ANF2cg\5F — 2N F 2, APSAF + 1/2NF~2¢,,,(AJF)3
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YES

i (uy, Pux )

—2NF~4d,,A(N3)? — 2NF~12c, A3 + NF~ 43\ —

NF2d, PP(ANP)? + ANF2d, 5P (\5F)?
3/4NF~2d,,(\5")? + 1/2NF72)\PPc AP
NE2\PPe AP — NE2XDPe AP — AN F2\DP e A5
ANF2A\P e, ASP + 3/8NF~2c \5P

2N F~2cy(ASP)2ASP — 1/2NF~2cy(ASP)3
3/4NF~2¢,, AP

|+ +

o8

i Cuye ) (u { P, x-})

—2F 4, NP2 + 2F~1d,,2(\P)? + 1/2Fd,.c3
242 NP — 2F74SANE — F2d,A\PP(A\ST)?
F2d, 0P — F=2d, PP (ASP)?2 — 4F~2d,,\55(\5F)?
F72d, (NP — 1/4F72d,, + 1/2F2\Pe AfF
2F2APPe AP — F20\PPe, ASP — 2 2\PP e 2SP
F20Pe, A0P 4+ F2XEPe \5P + 2F 2 A005F
5/8F 2cg\iF — 2F2cq(AJP)2AST + 1/2F2¢4(\F)?
F2c 050 — 4F 2, ASSNF + F=2¢,, (A\F)3

- -

_|_

29

i Cup P ) (ulx )

— AP d NP2+ AR, ANY)? + Fd
4F A2, NP — 2F 43N — 2F 24, \PP(\SF)?
2F2d, 0P (A\P)2 4 2F2d,, 5T — 8F~2d,, \55(\5F)?
2F72d,,(\P)Y — 1/2F72d,, + F72A\PPe AF

AF72APPe NP — 2F2)PPe ASP + 2F2)\DP e AJF
4F 2P AP — 20720 0P ASP 4+ 2F2AEP e \ST
4F72Cd/\§s/\§P -+ 1/4F72Cd/\§P — F—2cd(/\§,P)3

8F2e,, A3SAF + 2F2¢,,,(\F)3

_|_

I

_|_

60

i{(Pu-u)(x-)

—2Fd NP2 + 10F4d,,,A(\F)? — 1/2Fd,,,c2
6F 42, NP — 3FAANT + 3F 2, AP (AF)?
2F2d, AP (ASP)? — F=2d, \5P — 4F~2d,, \38(\5F)?
3/4F2d,,(NSP)? 4+ F2d,(\P)* + 1/4F72d,,
1/2F2\PPe AP — 2F2X\PPe ASP + 3F2A0Pc, \SP
AF72NEPe NS + 2F20EPc, AP — F 2P \5P
2F 7 2e ABNIE + 1/8F2¢4\5F + 12F 2¢4(A\JF)2ASF

T/2F2c4(NP)? 4+ 1/2F 20 — AF 2, APSAF —

3/4F 2, AP 4+ F~2c,,(\F)?
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61 | i(P)(x u-u) | —2F*d, \"c% + 2F‘4dmc§(A§P)2 — 1/2F*d,,cA
2F*4c§cm/\§P + F*4cfl)\§P — F*Qdm)\fp()\?P)Q

+

F2d, AP — AF2d AP (AP)? + 3/4F 2d,, (AF)?
F2dy (M) + 1/4F2d,, + 3/2F A PeA)" —
2F 2N Pe A — F2APe, AP — F2AEPe NP +
2F 2cgAPNT — B/8F g\ + AF Pcy(AP)PASY —
3/2F (AP — 1/2F 2 AP — AF2¢, A\PATF +
3/4F e A" 4+ F 2,y (N7)?

62 | i (Px—)(u-u) | —2F *d NV cq + 2F *dpci(NY)? — 1/2F *dpc; —
2F*4c§cm/\§P + 2F*4cf’l/\§’P — F*Qdm)\fp(/\?)z —
F2d MNP — 4AF2d, AP (AP)? + 3/4F 2, (A7) +

F72d, (NP + 1/4F72d,, + 3/2F2\IPc A5
2FINPe A — PP NP 4+ 2B NP —
F—2)\:1;Pcd/\§,13 + QFizchf’S)\?P + 3/8F72Cd/\§P +
6 2cy(NSP)2ASE — 5/2F2¢4(AF)3 — 3/2F 2, \5F —
4F2e, NBENP + 3/4F~2¢, \F + F~2¢,,,(\JF)3

63 | i(P{x_,x+}) | ANFd,,cacru(NST)2 +3/2NF4d,,cacr, — NF~4d,, 2+
INF A2 cy\F 4+ 2NF g2 ¥ — 2NF~4c2e, N3P +
INEF~4c2e, AP + NF~2d,, AP 4+ 2N F~2d,, AP (\$P)? —
NF=2d, ¥ —2NF~2d,, \38(\P)2 +5N F~2d,, AP AP —
3/2NF~2d,, (A\SP)24+1/ANF~2d,,+1/2N F 2\ P, AP+
NF72\Pe N3P — NE72AEPe \SP + NF20\EPce, AP +
NE2e ABNE — 2NF~2¢, ASSAY + 5/8NF~2¢,, \JF +
SNE2¢,,(AF)2ASF — 5/2NF~2¢,,,(AiF)3 — NF~2¢,, \3F
64 | i (P)(x_x+) | —F Ydpncsc — 4F i NP + 2F 232, NP+
F2d, % — P20, 0% —  2F7%, P —
AF72d, A5 (NSP)2 + 2F2d APASE + F2A0Pe, AP —
2P, NP+ 2F 72 \SSASP — 1/2F 2\ +
F2c AP — AF 2, ASNF + 3/4F 2,05 +
4F 2, (AJP2ASF — F=2¢,,(\SP)3 — 2F ~2¢,, ASF

65 | i (Px.){x_) | 8F Ydncack(NT)? + 3F *dcacn — 2F*d,c5 +
AF AR NP 4+ AF g2 NP — 2F 42, AP+
F2d, AP — F2d, )PP 4+ 4F-2d,  \P(SP)?2 -
2F -2, PP — AF-2d, \S(ASP)2 + 6F 2, ASPASP —
F2d,(AP)2 4+ F2APPe, 2P — op—2\PPeasP
2 INEPe, NP+ 2F 72 \SSNSP — 1/2F 2\ +
F2c AP — AF 2, ASMNF + 3/4F 2, NP +

12F %, (AF)2 87 — 3F 20, (\7)? — 2F2¢,, A7
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66 | i (Px_)Y(xy) | —F Ydncac, — 4F a2 N3¥ + 4AF e, NP +
2F 24, AP — 2F 2 NP — AR 24, P2+
6F2d NPNY — 2F724,,(\P)? + 1/2F 2%, +

F72A\Pe, AJP 4 2F72)\0Pc AP — 2F—2)\PPc AP 4
2F2e g ASNSE — AP 2, ASSATY + 5/4F ¢, AP +
8F2¢,,(AP)2ASY — 3F~2¢,,, (\JP)® — 2F~2¢, AP

Table G.2: Operators with two resonances, scalars and pseudoscalars, and their
[-function coefficients.

1 ORRE yRE

1 (SS) NFAEME+ NF2MENP)2 + NF2M2ZME(\SF)?

2| (8) | F Myt FAMINT)?  F 2 MEME(NT)?

31 (SSu-u) | —4ANFA2\SM2 — ANFNS M2 —
2NF42MZ(ASF)? — NF~*c2 M3

ANFZAPME(NT)? +  12NF2ABME; +
NFZ2(A\S)PEME  +  2NFAASMIAT)?2 +
ANF2(AS5)2 MG+ 1/16NF2MZ— 2N F XSS ME(A\F)?
4| (u,Su”S) | —2NF1ENPME—ANF AN NS ME+3/2NF 12 MZ +
ANFZAPAPME -+ NFPAPMEAT)?
ANF 2N ME(AT)? — NF2X\$ M3 +
B/ANF2ME(ANF)? — 2N F 2\ ME(ASP)?

51 (uu)(u'SS) | —AF1ENSME — AF AP MZ — 4F 1 ME(ANF)? +
QFIME + AF2APSASME + 2F 2ASME(NT)? —
2F2ASME + 2F2(AS)?ME + 2F AP ME(AF)? +
F2\¥M5 — 1/8F M3

6 (uuS) | —AFENSME — AF NP ME — AF G ME(NT)? +
2F1AMZ + AF2APNSME + 2F AP ME(NT)? +
2F2(APP)2ME + 2F A5 ME(AF)? — 3F2A3SME +
AF2(N$%)°MZ + 1/8F Mg

T (S)(Su-u) | —8F*INSMZ — 8F *APMZ — 4AF 1AME(NT)? —
2FAAME + AF2APSASME — 2F 22\ ME(AP)? +
2F2(AS)2ME — 2F 2APME(AF)? + 3F2A\PME —
1/8F2ME — 2F AP MB(NT)? — 2F 2 A M (APF)?

8| (SS)u-u) | —2F1ANPMZ — 2F A M2(NY)? — 5/2F 42 M2 +
FXBMENT)? + 3/2F AP ME + F2(\P)2 M2 —
3/AF 2 ME(N")? +1/16F M3
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9 (SSxy) AN F=d,,caM2NY + NFYcyc,, M2 —ANF 12N\ M2 —
OINF~4EM2 + NF2\PSME — ANF2A\SME(A\P)? —
2NF2MZNSPASY — 2N 2035 ME(ASP)?

10 (SH(Sxs) 8E e M2ENE + 2F cye, M2 — AF3ANSM2Z —
AF~4EM2 + 2F2ASMZ — AF-DFMENT)? -
AF2MENEASY — 2F2A3S M2 (ASP)?

11 (SSYxy+) | 4F dpcaMEINT + Flcqe,,M2 — 2F'AMZ +
F2AS M2 — 2F2M2ASPASP

12 | (wyu,Suru’S) | 2/3ANF85 — 8/3NFScINS — 1/3NF1A32NP +
2/3NF~42(\5)? + 1/3NF~42N55 +
8/3N F~4c2(\55)2 - 1/6NF~42(ASF)2 -
1/24NF~4c2 — 1/12NF 2\ (AP)2 + 1/24NF 2\ +
1/6NF2(A$S)2(\F)?2  —  1/12NF2(\§%)2  +
1/6NF2)\58(A\F)2 — 1/3NF~2(\55)2 —

1/32NF~2(\jF)? 4+ 1/64NF 2

13 | (Su,Su,utu’) | —8/3NEF-ScANS + 2/3NF=%ch + ANF 12NN
2INFHENSOSF)? 4 2/3NF42A
NFEXS + 1/6NFEOSP)?2 — 1/6NF-42 +

2/3NF2APNS (M2 —  2/3NF2APNSS
L/6NE2AS(NF)? + 1/6NF 2055
14| (Su-uSu-u) | 2/3NF85 + ANF AN — 8/3NF-ScINS —

ANF NSNS +2NF NS (M) +2/3NF 43NS +
2/3NF*E(AP)? — NF AN + 8/3NF*c3(A5°)? —

1/12NF~2 - 2N F2APASS(\F)? —
1/12NF2A\3S(\JP)? - 1/16NF2)\}S +
13/6NF (AP (A7) —  1/2NF*(\P°)? -

NFE72(\35)% + NF2(\$5)2 + 1/96 N F~2(\JF)?

15 | (SSu,u,utu’) | 4/3NF85 — 2/3NF~5cINPS — 8/3NF~SciNy®
2/3NF-Sch(\F)? - 2/3NF~5c4
1/3NF42A\8(A5F)? + 1/6NF~4c2\5S
1/3SNF~4A(\%)2  —  4/3NF4ENS5(\P)?
NFENS + 4/3NF1AE(NP)? + 1/6NF13(AF)?
5/48NF~4c2 + 1/24NF72\)° — 1/12NF~2(\}5)?
L/6NEF2AS (NP2 +  2/3NF2(A55)2(\JF)?
1/3NF2(\$5)2 + 1/24NF2(\F)2 — 5/192N 2

L+ +
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16| (SSu-uu-u) [4/3NF85 + 10/3NF SN — 8/3NFSciN® +
2/3NF=SC(NP)2 + 4/3NF=5c) — ANFAGENSASS +
5/3NF~42\5(\5P)2 1 1/6NF~4c2\SS 1

1/3NFAE(\S)2 —  4/3NF AN (\5F)?

5/3NF7A2N\SS + 4/3NFAA2(M\®)? + T/48NF 42 —
2N F2APNSS(ASF)2 — 1/24NF~2)\$S +
2NF2(AP)2(NP)2 —  11/12NF2(\§5)? +

2/3NF2(\55)2(NP)2 + 1/3NF~2(\35)2 + 1/192N F~

17 | {u,Su” {S,u-u}) | —=8/3NFScANYS + ANF-ScAINS — 1/3NF4 +
6N F~4c2NSNSS — 2/3NF~42\5(\5P)2
11/6NF MBS 2N F NS (ANP)2 +3/2N F 42055 —
ANF~2A(A55)? — 1/3NF4E(\)? — 1/24NF~4c2 +
4/3NF2APNS (NP2 + 1/3NF2APBN55
3/ANF2)\$5(\5F)2 - INF-2(\§5)2)\55 -
NEZ2AS)?2(AP)?2 +  1BNF2F3N\P)?2 +
1/24NF2)55 — 2N F~2(\55)2(\5F)?2

18| (w,Sutu,Su”) |2/3NF=85 — 8/3NFOcINS — ANFIAAPNS +
2/3NF~4A2NPS + 2/3NF42(\J5)2 — 4/3NF4c2\58 +
20/3NF~2(A\$%)2 4+ 1/6NF~4c(\SP)2 + 1/8NF~4c% —
AINFAPAS(ASF)2 + 5/12NF2A$5(A5F)?

1/24NF~2)$S + 1/6NF~2(A35)2(AfF)? +
1/12NF~2(A]5)? — 5/3NF2A35(ATF)? +
AFANF2(AP)P2N)? + 1/BNF2(AP)? +
17/96NF2(A$P)? — 1/64N F—2

19 (uw,SSuu-u) |4/3NF 8 — 14/3NF ScIA® — 8/3NF 5ciN° +
2/3NF~Och(ANF)? + 1/3NF~5c) + SNF1AASASS —
1/3NF~A2A5(A5F)? - 1/6NF~42NS -

T/3NF7AA(A\S)?  —  4/3NFA2AS(AP)?
1/3NF NS +4/3NF 42 (A58)2—1/6 NF4c2(\5F)2—
3/IGNF~4c2 — ANF72\S(A58)2 + 1/8NF72)\$S +
1/ANF=2()\55)? - 1/6NF2\$5(AF)? +
2/3NF2(A$%)2(ASF)2 — 1 /24N F2(\§F)? —5/192N F—2
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20

() (u {55, u-uy)

1/24F 2 + 16/3F 8¢5 — 16/3F 5ciA}S — 8F5¢IN® +
8/3F5cA(A\T)2 + 1/3FSch + 14/3F 432NN —
11/6FA2NS + 4/3F1c2(\5)2 — 4F 12N (A2 +
1/3F~42NS + 8/3F4c2(\5®) + 1/3F4c(\F)? —
1/6F %2 — 1/3F2ASNS(ASP)2 — 1/3F2APNS —
2E2(AP)2AP — F2(AP)2(AF)? + 4/3F2(AP)? —
5?12}7z?giF(’;EP)QJrl/MF2/\§’S+4/3F2(/\§’S)2()\§P)2+
1/48F2()\%

21

(up) (! {u, Su”, S})

8/3F 8¢ —8F 0ciA}® —2/3F Oci+16/3F 13N\ \5° —
2F AP (W) + 4/3F NS 4 8/3F 13 (M5)* +
AF GNP (NT)? = 2F GNP + 4/3F1G(AP°)? —
1/2F4c5(ATF)? + 1/4F i — 2/3F2AAB(AF)? +
F—Q)\%S)\%S o 4F_2)\§S()\§S)2 + 1/3F_2)\§S()\§P)2 +
2/3F (M) (AFF)? + 1/6F 2AS5(AF)? — 1/4F 2058 —
2F 20852 (AP)? + F2(\85)?

22

(upS)(u {5, u-u})

—1/12F 24+ 16F 8¢ — 64/3F SciATS —80/3F SciAS® +
16/3F 53 (AIP)? + 8/3F 5¢i + 24F1cANSASS
4/3F AP (ATT)? — 14/3F 43P + 12F 15 (AF)?
SF N (NF)? — 8/3F*c3N® + 8F1c5()\3°)?
FAENP)? — 7/12F 12 + 2/3F2APAS(AF)?
BETANSAS — AF2AB(A35)? — 1/2F 2B (AF)?
1/24F 72055 — 6F2(A\]5)2A5° — 2/3F2(A75)2(ATF)?
2/3F2(AP%)? — 2F2(AJ5)F — 1/3F2A35(ATF)?
5/8F72NS 4+ 4/3F2(A\F)2(AF)? + F2(A55)?
1/24F2(A\F")?

L+

23

(u,Su”S)(uluy, )

16/3F 8¢5 — 16 FScANYS — 32/3F~0cANS® +4/3F ¢4 +
64/3F NSNS — AFAABP(NP)? + 2F 43NS +
16/3F3(APS)? — 4/3F*cINS5 + 8/3F1c3(A55)? —
FHAGAP)? — 2/3F~'ch + 4/3F2APAP(NY)? —
2F2APNSS — AF2(AP5)2AS8 + 4/3F2(A\P5)2(\FF)? +
2/3F 2N (NIP)? + 3/4F2A5° — 1/3F2(\")?

24

(u,SS)y(u'u-u)

3/1I6F 2 + 24F 8¢5 — 48F SciAY® — 24F SciA5® +
BFOch(AFF)? + 32F 1NN — 12F 1A (AF)? +
24F1A(NS)? — AF AN + FA(A)? -
1/2F~4E  + 2F2AAPAS(NF)?2 - F2ASAS
1/2F 2\ (NP)? 4+ 3/8F2AP8 — G6F2(AP)2A5° +
2F 2P P = 2P ()0 = 1/2F PO —
3/8F2\3°
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25

() (Su,uutu?)

1/48F % + 4F 8¢ — 16/3F ScjATS — 20/3F SciAs +
4/3FSANT)?2 — 4/3F Sk 4+ AFAANSNSS
4/3FHANPANT)?E 4+ 4/3F AN + 2FG(\S)? —
2F NPT+ BF'GNS - 1/8F ' +
2/3F AP (AF)? — 2/3F2APSASS +
L/3F 72 (A (XSF )2 1/3F—2(A) 24 1 /6 F XS (AF)? -
1/6F2\55 — 1/48F2(\}")?

26

(SH(Su-uu-u)

—1/96F 2 4+ AF S+ BBF SNE -
20/3FCcANSS  + 4/3FScH(\SP)? + 14/3F 54
8/3F*cNP (M) + 1/3F AP + 2F 43 (\F°)?
2FEAS(ANT)? — 6FANS 4+ FHa(A)?
1/8F 4¢3 + 2/3F2APSASS(A\F)? — 2/3F2APSASS
3/2F AP (AFP)? 4 1/8F 2\ — 5/3F2(\$%)2(\SF)?
1/6F2(A)? — 2F2(A\{5)% — 5/6F 2AJ5(AT")?
1/6F2)\55 — 1/48F2(\{")?

_|_

4+ 4+ +

27

(uy ) (u*Su - uS)

8/3F 8¢ —8F CciA;® +4/3F %) +16/3F ~*cGAT° A3°
2F NS (NP)? — 14/3F AP — 4/3F 4 (AP°)?
FEN® 4+ 16/3F 4¢3 (A5°)? — 1/2F*(AF)?

1/2F ¢y — 2/3F2AAS(AF)? + 2F2APAP —
1/6F AP (AF)? + 1/8F 2P — 2F2(Af5)2AF —
4/3F2(NFP(AP)? — 2F2(XF)* 4 2/3F2AF (AF)? —
3/8F2NSS — 2F 2(A3%)% + 2F 2(\{%)?

I+

+

28

( Su,uru” ) (u,S)

—5/24F 2+ 16F 3§ — 64/3F SciAT® —80/3F SciAS® +
16/3F5c3(AIF)? — 16/3F %¢j + 16F*cAAPAS —
16/3F AP (AFF)? + 16/3F4¢IATS + 8F 4¢3 (\)5)* +
4/3FNE + 16F (M52 — 2F ' (AF)? +
T/6F~4ch — 4/3F2ABAB(AF)? — BF AP (A®)? +
FAPS(N)? — 1/6F 2P 4 4/3F2(A5)2(A7)? —
4B 2NS P2 /3F A ()-8 /3P 2 OF P+
2F2(A35)? +1/12F 2(\]")?

29

(S [, un] )

3/64F~2 — 4FScINSS + F%4 + 6F 132(\5)? —
FHAGAP)? = 3/8F ¢ 4+ 1/2F2APAS  +
2PCNSOP) — PR~ AR08 +
12F 72X (AF)2 + 1/16F2A° — F2(\)? —
2F 2(\P°)? — 1/8F 2(\")?
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30

(S {up, un})?

3/64F 2 + 6F 8¢5 — SFOcIND — 14F AN\ +
2F7CANTY?E —  FSch + 10F NSNS
2E AN (NP2 + FHAENS  + 3FE(MS)?
BFAEASS(NP)? + 3/2F*c3A3S + 10F3(AS9)? —
1/16F ¢ + FAPASP(AT)? — 1/2F 228550
2P ASO)? = 20208 4 1/2F 2O (0F7)? =
1/AF72(M55)2 — 1/12F 20 (AF)? — 3/16F 235 +
2/3F2(A35)2(ASF)? = 2F 2(\5°)? + 1/96F2(\")?

31

(Su-u)?

3/32F 2 + 12F5¢§ — 16F Sc)A\}® — 12F 0¢iA5°
AF5A(NP)2 + 2F0ch + 16 F22ATINSS — F4c2\38
UF (AP — 2F AP (NF)? — 2F NS

3/8F ¢y + AFTIAPAS(AT)? — 2F 2NN

322N (AP + 1/8F 2N — 4F72(A15)2A5°
BF2OF) (N2 4+ 1/2F (0?2 — 2F2(AF)
2/3F 2N (NIP)? — 1/4F 2X3°5 + 4/3F2(A55)2(ATF)? —
2F 2(A\5%)? 4+ 13/48F2(\")?

L+ o+t

32

(SS)(uu uru”)

—1/96F 24+ 2F 85 —10/3F ScINS +2/3FScA(\F)2 —
4/3F 76k — FHASAS(NE)? 4+ 3/2F 1A +
FAEOAS)?2 — 1/6F AP + 11/48F 42 +
1/12F 2N (AE)2 —1/12F 2235 +1 /6 F~2(A$5)2(\3F)? —
1/6F72(\F5)2 + 1/96 F~2(A\JF)?

33

(SSYu-uu-u)

—T/192F 2 4+-4F 8¢5 —32/3F ScANS +4/3F 53 (\F) 2+
T/3F 7% — 2F'EAS(AF)? - 2FIENS +
SEAA(NP®)?2 + 2/3F 42 (W) + 1/12F %2 —
1/3F 72X (AIP)2 =5 /48 F 2 AP +1/3F 2 (AF)?(APF)? —
1/12F72(A\$5)2 — F=2(A\$9)3 4 7/48 F~2(\5F)?

34

(SSu,utu” ) (uy,)

5/48F 2 +16/3F 3¢5 —16/3F ScINTS — 16 F0cIASS +
8/3F~Sci(AF)? — 2/3F~Sc) + 20/3F~1ANSASS —
2F NS (ANP)? + 5/3F 1A + 4/3F 1A (A]S)?
AFENS(ATT)? + 1/3F A58 + 56/3F*c3(A5°)? —
1/6Fc(NF)? — 1/6F*c] + 2/3F AP (NF)? —
1/3F2APNSS  — 1/4F72\° — 2/3F2(\5)?? +
1/3F 72X (AF)2 = 1/12F X35 +4/3F 2(A5%)?(AfF)? —
8F2(A$%)? — 1/24F2(\3F)?
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35 | (SSuuu, ){(uru”) | —3/16F2+456/3F 8c5—24F5ciN® —112/3F SciA3°+
SEScANT)2 — 16/3F Sch + 80/3F4c2APSNSS
SEAEAS (A2 + 4F42NS + 20/3F4c2(\J5)? —
SEAEAS (A2 4 16 /3F42NS5 + 64/3F ~4c2(\55)2 +
FAENP)? + 22/24F 742 + 8/3F2APAB(AF)? —
SF2AP(AP)? + 2/3F (AP )2(AF)? — F2(AP)? —
1/3F 2SS (AP)2 +4/3F2(A38)2(\SF)2 — 2F 2 (\$5)2 +
14/48 F~2(\§F)?

36 | (SSu-u){u-u) | =3/32F2+4+28/3F 88 —12F5cAN\}S —32/3F 5cI\3S
4F5ANT)2 + 10/3F5¢5 + 40/3F42ANISNSS
2F NS+ 10/3F 1A (M\5)2 — 4F 22N (M) —
10/3F42N\58 + 8/3F*2(A3%)2 + 1/2F*2(A\JF)?
1/24F 42 + 4/3F2APNS(AF)2 — 4F2AP5(\55)2
3/2F 2N (ASP)? — 1/8F 208 — 5/3F2(AfS)2(A\F)?
B/2F2(NP)2 — 2F ()} — 2/3F2AP(\)?
2/3F2(A8%)2(AF)2 + F2(A5°)2 + 1/48 F2(\FF)?

37 | (uSuu-u)(S) | 1/12F 2 + 4F 785 — 40/3F5cINYS + 4/3F 6N +
4/3FSANT)?2 — 4/3F 64 4+ 12F4A2APSASS
4/3F1ENS(NP)?2 — 2/3F 712N + 6F12(M\5)? +
2F1EAS (NP2 4+ 3F2NS  — AF12(\P)?
FET)?2 — 1/8F 42 — 4/3F2A\SASS(\ST)?
2/3F2APINSS —AF2(NJ5)2AS5 + 1/3F2(A9)2(\F)? +
2/3F2(\$5)2 + 5/3F2AB(\T)2 + 1/12F2\55 —
2F72(\55)% — 13/48F ~2(\§F)?

38 | (u,Su’SY(u-u) | 8/3F 85 —  8F AN  +  8/3F 0N’
4/3F70ch — 4/3F1AAPNS — 2F 12N (\F)?
2F1E2NSS 4+ 20/3F 42 (A\3S)2 + AF 12N (ASF)?
13/3F~42N\S5 + 4/3F 42 (A\58)? — 1/2F 23 (\5F)?
1/3F~4c2 — 4/3F2APNS(AF)?2 — 4F2(\§9)2)\58
2/3F2(A$)2(NSF)2 + 4 /3F 2035 (NSP)2 + 1/4F 2058
7/24F2(\F)?

39 | (u,u,VPSVYS) | 2/3NF~5¢) — 4/3ANF12\5° + 1/3NF 1A (\F)? —
1/3NF~4c2 — 1/6NF72\S + 1/3NF-2()\}5)?
2/3NF2035(\JF)? + 4/3NF~2()\58)?
1/6NF2(\P)2 + 1/6 NF2(\JP)* + 5/48N F—2

40 | (u,u,VVSVHS) | 14/3NF=54 — ANFENS  — ANF12NP
23/3NF~42(\F)2 — 8/3NF~4c2 — 2N F 2\ (\JF)2
32NF720P + NF72()\J%)2 — 2NF2\55(\5F)?
ANF72(A\58)2 — 4/3NF2(\P)? + 7/6NF2(\F)4
23 /48N F~2

+ +

+ I+

I+ 1+ |

+
_l_
_l_
_l_
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41

(4, V"Su,V"S) + h.c.

NF=Sch  — 4/3NF~12NS  — ANF AN +
SNFA(NP)?2 — 2/3NF~*c2 + 8/3NF2APAS —
2/3NF 2N (NP)2 —2NF2\SS(AJP)2 +4/3NF~2\38 —
1/3NF72(\P)2 + 1/2NF2(\3P)*

42

(V,Su, V*Su”)

2/3NF~12\PS — 1/6NF~*c2 — 4/3NF2\PNS +
1/3NF 2SN+ 1/3NF205 — 1/12NF~2(\5F)?

43

(u-uV,SVHS)

2/3NF=°¢), — 2NFZNF + 4/3NF 2P
NFG(NT)? + 1/2NF~ ¢y — NF AP (A)?
5/6NEF2)\S — 1/3NF~2(\5)2 + 2/3NF2)55(\JF)? —
4/3NF2(AF)? + 1/ANF2(XF)? + 1/6NF>(AFF)* —
1/48NF~2

44

(u, ) (W'Y, 5V"S)

1/24F =2 + 4/3FSc4 — 8/3F*c2\P° + 4/3F~4c2\5° —
2F AP - FidE - 2FAINP(AR)E -
A/BF2APNSS 4+ 2/3F2AP(AT)? + 2F 2P —
2/3F2(A)? 4+ 2/3F2A3S(AF)? — 1/3F 72\ —
1/2F2(A\7)2 +1/3F 2 (\3")*

45

(uyu, )(VESVYS)

T/12F 72 + 4/3F5¢4 + 4/3F 1A\ + 2F 23 (\iF)? —
5/3F74c2 4+ 2/3F A\ - 4/3FDF +
4/3F2(AP)? =5/6F 2(AF")* + 1/3F 2(A\F)*

46

(u,V*S)(u,V'S)

T/12F 72 + 28 /3F 5c¢h — 20/3F ~c2A\P° — 12F~4c2N\5° +
UF AN — 14/3F742  +  AF2APBN5S
10/3F2A(NIP)? + 5/3F 2\ + 4/3F2(\5)? —
6F 2XSS (AT )2 4+3F A3 +4F 2(A55)2—=7/3F 2 (\f¥)?+
/32N

47

( u, V., 5 >2

—1/24F 24+ 4/3F 8¢+ 4/3F AN — 8/3F 12 \35 —
2F4A(NP)?2 —  F2 — 2F2P(O\R)? -
4/3F2ASNSS + 2/3F2A38(M\SP)? — 2/3F2(\55)? +
2/3F2AF (NP2 + T/3F 2P — 4/3F2(\P)?
1/2F2(A3F)? +1/3F2(A\F)*

48

(4, V, S (u'VFS)

T/12F 2 + 4/3F 7S¢} + 4/3F42\JS — 4/3F12\55 +
QFG(NY)? = 4/3F G+ A3F TSNS+
2/3F2AP(NF)? — 5/3F 2\ + 4/3F2(\]5)?
2/3F 72X (NF)? — 1/3F 72\ + 4/3F2(\5)?
2/3F2(A3")? + 1/3F 2 (\F")*

49

(1, {VHS, VY 5} ) ()

—T/12F 2 —8/3F 8¢} —8/3F 42\ + 4/3F 42055 —
AF4ENY)?2 + 3F '+ 83FAAPAP -
4/3F 2N (ANP)? + 4/3F2(AP®)? + 2/3F 255 (A\7)? —
4/3F2X5° + 3/2F2(\")? — 2/3F 2(\P")*
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20

(Vi S)(VHSu - u)

1/24F 2 + 4/3F ¢4 + 4/3F 12N\ — 8/3F ~c2\5° —
2FAA(NT)? + F 2F 2P (N2 —
4/3F AP 4+ 2/3F2AB(NF)? — 2/3F2(\®)? +
2/3F AP (NF)? — T/3F AP+ 1/2F (A7) +
3F 207!

o1

(VES {uy, un })(VVS)

—T/12F 2 —8/3F 5S¢} — 8/3FA2N\IS + 4 /3F 1c2)\5° —
AFAA(NP)? + 3F 12+ 8/3F AP —
4/3F 2N\ (AP)? + 4/3F2(\9)% 4 2/3F 203 (\F)? —
4/3F 72058 4+ 3/2F2(\§F)2 — 2/3F~2(\JP)4

D2

(u-u)(V,SVES)

—1/48F 2+ 2/3F5ck — 4/3F42\5 — F42(\FF)% +
2/3F "¢ F2ATP(AS)? + 1/3F2AP(NP)? —
7/6F 2\ 1/3F2(A\5)2 + 1/3F2(\f")? +
L/6F—2(\")"

23

i (u,u, SSfY) +hee.

1/3NF~5¢ — 1/6NF~*2\S 1/3NF~42N55
1/6NF~c3(AF)? —1/8NF~4ci+1/6NF 2B (AF)? —
1/12NF~2(\jF)? 4+ 1/24NF

o4

i (u,Su, S ) +hee.

—2/3NF23ANP + 1/6NF~ 42 + 2/3NF2APNS —
1/6NF72)\38

25

i (Suuu, S

—2/3NF XS + 1/3NF *E(\F)? + 1/ANF 13 —
L/12NF 72X +1/6NF72(AP)? = 1/3NF A (AF)? +
2/3NF2(A3%)? + 1/6NF (A7) — 7/96 N F >

26

i (uy, fu,SS)

—2/3NF5cj + 1/3NFIGNS + 4/3NFIEXF +
1/12NF72)\$S — 1/6NF2(\J5)2 — 2/3NF~2(\5%)? —
1/96 N F~2

57

i Cup ) SE 1SS, w)

2/3F 8¢k — FA2N\S — 1/3F42N\5 — 1/12F 42 +
1/3F2APAS + 1/6F2(A\{5)? — 1/6F 22X (A7) +
1/12F72)\58 +1/24F~2(\§F)% — 1/96 F 2

o8

i (upS) (1S w)

4/3F 8¢5 —4/3F 22N — 4/3F 22055 — 1/6F 12 +
1/6F 2\ + 1/3F2(Af5)2 + 1/3F2AF(\F)?
1/12F2(\3F)? + 1 /48 F 2

29

i (S)(u,S i u, ) + hee.

—2/3FSch+2/3F AN+ F12 N5 —1/3F2APAS —
1/6F2(\S)? — 1/12F2)\$5 4+ 1/96 F 2

60 i (SS)Y( M uyu,) 4/3F75ch — 2F 42N — 1/3F %2 + 1/6F 2\ +
1/3F2(A\J%)% + 1/48F 2

61 i (u fiu,S)(S) —4/3F5ch+4/3F AN +2F AN -2 /3F 2 AP A —
1/3F2(A\5)2 — 1/6F2)\58 + 1/48F 2

62 i (fi"V,SV,S) 1/3NF 22 +1/3NF2(\F)2 —1/6NF2

63 | (u,f""V,SS)+hc | —-1/2NF 5 + 1/3NF'A\® + 2/3NF132N\° +

1/3NF~4A(A\F)2 — 1/3NF2055(\5F)?
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64 | (u,V,SSf"™ ) +hec. | =5/6NF ) + 1/3NF12AP + 2NF 12N
1/3NF4E(A\T)?2 + 1/6NF20S — 1/3NF2(\{5)? +
1/3NF2\S(AP)2 —4/3NF~2()\58)2 — 1 /48N P2

65 | (u,SfV,S) +h.c. 4/3NF*;1C§S§S — 1/3NF~*c2 — 4/3NF2\PNS +
1/3NF2)\§

66 | (u,)(f{S,V,S}) | 1/48F 2 — 4/3F 5S¢} + 2F 2\ + 2/3F12\5° +
1/6F~4c2 — 2/3F2A\PNS  —  1/3F2(\J5)2 +
1/3F 2N (NF)2 — 1/6F 2055 — 1/12F2(\SF)?

67 | (u,S)(fV,S) | —1/24F72—8/3F%c3+8/3F1c2\® + 8/3F1c2\5° +
1/3F~4%  —  1/3F72\$  —  2/3F2(\}5)? -
2/3F 2\ (AIF)2 + 1/6 F~2(\5F)?

68 | (V.S)( M {S,u,}) | —1/48F =2 + 4/3F 5S¢} — 4/3F12\P° — 2F 12055 +
2/3F2ASASS 4+ 1/3F2(A39)2 4 1/6 F—2)\58

69 | (SY(f" {u,, V,S}) | 1/48F~2 — 4/3F~5¢) + 4/3F 130 + 2F 12\ —
2/3F2ASASS — 1/3F~2(\39)2 — 1/6F2)\58

70 (SfWwu,V,S) | —1/24F2—8/3F Sci+8/3F 12N +16/3F 12 \5° —
1/3F4c2—8/3F 2APSASS +1/3F 2035 —2/3F~2(\}8)2+
2§3F2)\§§F(’/\§’P)2 + 2/3F72\§5 — 8/3F2(\J5)?
1/6F2(\5P)

1] (SVS)Y u, ff7) | 1/24F 72 + 8/3F Ok — AF 12N\ — 2/3F 12 +
1/3F 7205 + 2/3F2(\}5)?

72 (SYSfiw) 1/12NF~22 +1/12NF2(\JF)? — 1/24NF 2

73 (SSFY frw) —1/12NF~*c2 — 1/12NF2(\*)? + 1 /24N F 2

74 (SfMSf_w) 2;3NF_;1CES)S\§S — 1/6NF~c2 — 2/3NF2\PN\F° +
1/6NF—2)\§

75 (SS™f ) —2/3NF=% + 1/3NF 22N\ + 4/3NF2\5 +
1;12NF2/\§S — 1/6NF72(\}%)2 — 2/3NF~2(\$%)? —
1/96 N F~

76 (SYSf ) 1/48F =2 — 4/3F~5¢4 + 4/3F42N\S + 2F1A2)N5° —
2/3F2ASASS — 1/3F~2(\35)2 — 1/6F2)38

77 (SfH)? —1/48F 2 — 4/3F 8¢} + 4/3F42NTS + 2F 22055 —
2/3F2ASASS —  1/3F2(\$5)2 + 1/6F 2\ —
2/3F2(\55)2

78 (SSY( ™ f_) —/1/96}72288— 2//3F26<038Sj2 F32NS + 1/6F 2 —
1/12F 72055 — 1/6F2()\§

79 (Sx+Su-u) ~NFS3c,, + 4ANF S5\ + NF S -~

ANF2dpmca PN — NF~4cien N3 + NEF4cqe,, \5S —
1/ANF =44, + 2NFAAENPNS + 2NF42NS -
ANFAEABENS — 2NF4ENSS + 2NF 42N (AP)? +
NF4ANS + 2NFAANPASE + ANF2APNS(AF)2 —
1/2NF2APNS 2N F2APNPASE — NEF72(A\59)2055 —
NF72(A)2—2NF2APNS(ASF)2 2N F2)\3S\FPASP +
NF72()\5%)2 — 1/16 N F~2)\§8
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80

(S5 {x+,u-u})

—2NF=5d,,3\Y — 1/2NF~%cc,, + 2NEF-CcINS®
NF=Sch — NE4d,cg \PSAE + 2NF~4d,,ca 55N
1/2NF~4ciep NS +1/2NF4ciepn \S° — 1/8NF~4cyc,n,
NF4AENBNS + 1/2NF2A3NS — 2NFAEA5N5S
NFENS + NF2ENS(NP)? + 3/ANF4E2NSS
L/ANF=42 + 2NF2APNS(AIF)2 — 12N F 205055
NF2APNENE — 1/8NF2\JS — 1/2NF~2(\]5)2
NF7ZASASS(AP)2 + 1 /8N F2)\58

L+

81

(uSu” {5, x+})

NF=4d,,cgA\SASY - AN F=d,,cg S AT
3/4NF~4d,,cy\;¥ + 1/2NF~4cien NS
NF ¢ XSS 4+ 1/8NF~*cyc,, — NF4ANPS
ANFTIENSAS + 2NFAENS — NFE2ASS
L/ANF=42 — 2NF2APABNS — 1/2NF2APSN58
NFZZASNS(AP)2 — 1/2NF72ABAPASP
ANF2ASSASS(A5P)? + 1/2NF72)\$5\58
ONF2ASSNPASE +1/8NF20\S5 —3 /AN F2)\55(\JF)?
3/8NEF2)\IPASP

I+

_|_

I+ + |

82

< UVSSUVX+ >

—ANF5ANS + aNFI2NPNS 4 SNFI2ASNSS +
1/8NF72XPS + 1/ANF2(AP%)? — ANF2(A55)2A55 —
3/64NF—2

83

() (u {55, x+})

3/64F 2% — 4F%d,,c3NY — F~°Cc, + 2F 54
BF 4 dyca\PSNTT +2F 4d,, cg NS — 3/4F 4 d,,c0\P
1/2F cqen\JS + 1/2F 4cien)3S + 1/4F cyepn,
2EAANS 4+ 2F NSNS - NS
2F NS (NT)? — 1/2F 4] — 2F2APAPASS
F7AAPAS(AT)?2 + F2APNS — 1/2F 2PN AP
1/AF72AP + 1/4F2(A\8)2 — F2A5SAP(A\)?
1/2F X505 — 1/4F 2055 — 3/8F 2A\PASF

N

84

(up ) (u"Sx4S)

—2F %3¢, + 8F5cANSS + 2F~0c) + 2F ~4d,,ca NP AT
3/2F*4dmcdz\§P + F*4cdcm/\§’s + F*4cdcm/\§’S
1/2F4¢cie,  — 4F*4c§/\§’8/\§s — 2F*4c§/\§’s
AFAGAPASS — 2F NS 4+ AF AP (A)?
3EANS  +  AFTIANTEANE + FAAPBASS
2EIATNS(APP)2 + 2F2APNSS — F2APSAIPASE —
2F2(A5)2ASS — 2F 2SS (NTF)2 — 2F 2ASSASPASE —
1/AF 7235 +1/8F 2X5° + 3/4F 2A\T"ASF

L+ +
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85

<UHS><UM {Sa X+}>

—3/32F % — 8F5d,,c3\}Y — 4F ¢, + 6F 5 +
AF AdpcgAS AT 4 8F4d,nca\SSASY + 2F *eqen \3S +
2F*4cdcm)\§s + F~cye, + 4F*4c§/\§’8/\§s — 4F*4c§/\§s +
AFAENSNSS — 6F4E2NSS + 4F1ANS(\SP)?

2F NS + AFAANTEASY — F=4c2 —4F2APSAPNSS +
F2APBNS — 2P 2N (AF)?2 — 2F2ABNPASE —
2F2(APS)2NSS + 1/2F2(A\5)2 — 2F2APNS(AF)2 +
SETINSASS  — 2F IASSAIEASE 4+ 3/4F 20\

AF 72552055 + F=2(A\58)2 — 1/8F2)\38

86

(uwSS ) utxy )

3/32F 2 — 8F 5d,,c3N}¥ — 4F%cic,, — 8F0cANS®
6F70ch 4+ SFdca\SNT + AF 4, ca AT
2F cqe, NS+ 2F tcgen )\ + Ftcgenm
12F74ANSASS — 6F42NS  + SF4A2A5NSS
4F*4c§)\§s + F*4c§)\§s + 4F*4c§/\§P/\§P — F*4c§ —
AF7DABASNS + F2APNSS — 2F2ASAPASP +
12F72085  — 2F2(A15)2A55  +  1/2F2(\}9)?
F2ASSNSS — 2F2\SNSPASY — 1/4F2)\55 — 3/8F—2)\38

|+ 4

87

(SIS {xg u-u})

—4F5d,,3NF — 2F %3¢, + AF5cINS + 3F ¢4 —
3F 4 dcg NSNS +AF 4, cg AN — 3 /4F 4d,,cq N3P —
1/2F 4 cacm NS+ F e A35—5 /8 F ~ccm+ F AN —
2NN — 3FANS + 2F NS (M) +
FAENS +2F4ENPNSP +3/4F 42 —1/2F 2A\PSN\5° —
F2ASSASS(ASP)2 4 3/2F2AFSNSPASY — F=2(A§9)2038 —
F72ABNS —  F235\PAF —  3/8F2)\5% +
3/AF IS (NT)2 + 1/16F 2038 + 3/8F2A\JPASF

88

(Sx4)(Su-u)

3/32F 7% — 8F5d,,c3\Y — 4F°clc,, + 6F 5S¢ —
AF e \SNE — Fiche,, + 12F74AENBSAS +
BFANSASS — 2F~12NS 4+ AF AP (AT)? +
FAENP + 4F GNP AY + F4c] — AR 2APAPASS —
FAASNSS + 6F2APAS(AP)? + 2F 2APAPAFT —
2F2(AP5)2A55 + 1/2F 2(A15)% 4+ AF 2APA5(AF)? —
BEANSAP + 2P AAPAFAF - 3/4F 2 -
2F 2(A°)? = 3/2F AP (AF)* + 1/8F 2\§°




Appendix G: g-function Coefficients 171

89

(S9) (xtu-u)

—3/64F % — 4F5d,,c3\}F — 2FCchc,, — AFScANSS +
3E0ch + AF g PNT — 3/2FAd e\ +
Fciem NS —3/4AF " cqen +6 F AN —3F 4225 +
3/2FAANS +2F AN NSE + F42 —1/2F 2APSN58 —
F7OAPNPASP — 3/8F 72\ — F20P)0S  +
1/AF72(A\J5)2 + 3/16 F 2055 + 3/4F 2\JP 5P

90

(S5u-u){xt)

—3/64F % — 4F5d,,c3\}Y — 2FCchc,, — AFScANSS +
3F70ch — 6F g \SNY + AF4d,cq\5BNTP
2F cqen NP5+ 2F tcien NS —  1/2F eqe,  +
2E7AANSASS  + 3FANS 4+ 8FTAAENSASS
AF AN +1/2F4ANS +2F 4NN +1/2F 42 +
1/2F72A80\8S 4 4F-2)8S)SPASP _ 1 /8288
F2(AP9)2N — 7/4F72(A\J5)2 — 2F2APNPASP —
AF2(AS5)2N58 + F2(A38)2 4+ 3/16 F~2)\5S

91 | (SSxWu-u) | =3/64F 2 — 4F5d,,cIN}* — 2F5c3c,, + 4FCcANS +
370+ AF g PNT — 3/2FAdca\T +
Fcqem NS —3/4F 2 cycp —2F 42N NSS 3 F 42 \35 +
AFASENS (A2 4+ 9/2F 23N + 2F4ENPASY +
F=c2  — 2F 2)FEASNP)?2 — 5/2F2\BNS  —
FIASNEASE — 3/8F 2\ —  F2(\J9)2\  +
1/AF2(A\$9)2 + 3/2F 208 (\P)? + 3/16F2)\§% +
3/4F 2\ ASP

92 | (u,Su’xy )(S) | 3/32F2 — 8F5ANS  +  2F4d,,ca\PSAP
SF 4 ca NS NY + 3/2F 4, cg\J¥ + Ftcaen\PS —
2Fcgem NSS4+ 1/4F cqe,, + AFTAAENPNS —
QF NS 4 12F12ASSASS 4+ 4F 42055 + F~1c2\SS —
12F~4c2  — 4AF72APNSNS — F2ABAPASP +
1/2F2(A\9)2 — F2A$05 + 4F2XA55N\PASP
2F2(\5)2 — 3/4F2AJPASE

93 | (u,SuS)( x4 ) | 2F 2 dpcg A —8F ~4d,,cy N3P MY + 3/2F ~4d,,cq\SF +

Fciem NS —  2Fcqe\3S  +  1/4Fcye,,  +
AFAGNSNSS — 2F 4GNS 4+ 4FANS — 2255 —
1/2F~ 42— 4F72ABAPAS — F2ASAP

FASNEASE 4+ F2ABNS 4+ 4F2APNPASP +
1/AF 72055 — 3/4F 2\JPASF
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94 (x+V#SV,.S) ONF~YdcgS¥ + 1/2NF~ %2 — NF2P(\P)?2 —
NF72\P + 1/ANF~2(\JF)?

95 | (xy W{(V.SVES) | 2F g\ + 1/2F 4¢3 — F2AEP(\NF)? — F2A9° +
L/AF (A7)’

96 | (x4 VSWVESY | 4F gt + FAch — 2P 20 P (A3P)2 — 2F 2055 +
1/2F2(\ST)?

97 | i (u,V*Sx_S) +hc. | —12NF~°d,c;\}* — 15NF%cc,, + ONF 5 +

OINF4dca SN+ 12NF4dc\55NF +
1/2N F~4d,,ca\S¥ +4N F~4ccy A58 + 14N F~4cyc,, A5S —
SNF~4cqen,(NP)2 + 3NF~cie, — 3NFAANS —
IONEFT1ENS + NF4ANS — BNF1ENPAST +
6NF4A(N\P)2 — 2NF2 + 2NF2AP)N55

AN F2APTNPASE — 2N F2ASSASS + 6N F2A3S\SPASP —
SNEF2AB(NE)2 + NF72ASS + 1/2NF2)\38(\F)? —
1/2NF2NPNSE —1 /8N F=2(A\$P)24+-3/2N F=2(A\$F)3A5F

98

i(u,V*SSx_)+h.c.

—12NF~%d,,c3\¥ — 13NF-Scc,, + SNF 5 +
ONE4dcg SN+ ANFd,ca )35\ +
3/2NF~4d,,ca ¥ + 6N F~4ciem NS + 10N F~4cgem NS5 —
ANF~4cqen(NF)? + 5/2NF~4cqe,, — 9/2NEFANS
TNFANS 4+ 2NFANS — 5NFAAENPAF
11/2NFA(\F)? — 15/8NF~4c2 — NF2)\J)\3S
SNF2AISASPASP — 3/2NF2)\38(\5F)?
1/2NF72)\3S + 1/2NF72(A\J5)2 — 2NF2XA3S\PASP
1/2NF2AS(AP)2 4+ 2NF2(\59)2 + NF2)\58(\5%)?
3/ANF2\$ + 1/ANF2NEASE — 3/8NF-2(A\JF)?
3/2NF2(NP)2ASF + 3/32NF—2

|+

+ |

99

i(u,x-V*SS) +h.c.

2NF %3¢, — NF 5 + 4NF*4dmcd)\§S/\§P
NF*4dmcd/\§’P + SNF*‘*cdcm/\%S — 2NFf4cdcm)\§S —
5/ANF~4cqc,, — 3/2NFAAENS + NF4ANS +
2N F4ENPASE — 1/2NF~4c3(\F)? +
5/8NF~4c2 + ANF2APNEAE — NF2APB(A\F)? —
INF-2AFAFP AP 4 1/2NF2AF (AP)2 - NF-2ATP AP +
1/ANF~2(\5)2
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100

i Cup ) (VIS S X 1)

6 Ccic, —AF5¢h + F2ciemAP® + 3F egem(AF)? —
13/4F 2che,, — F7AANS + FAANS — FANS —
BFA(ANT)? +5/2F ¢ + F2ABAS — F2APBAS —
BEAPATAY + 1/2F 2N (A\)? — 1/4F 7209
1/2F2(A9)? + 1/2F2A35(\fF)? — 3/4F2\35 —
1/2F2A5(NF)? 4 3/4F2M° + 5/4F X3P A5F
1/8F2(NP")2 — F2(Af")° A" — 3/32F 2

_|_

_|_

101

i (up {5, x-})(V"S)

6L Ccicy, — 4F75¢h + 3F 2cicm AP — 4F egen \5®
3F*4cdcm()\§P)2 — 11/4F cqc, — 2F*4c§/\§’s

BF NS — Fe3As® — 3F*(AY)? 4 9/4F ¢}
FOPNS — FOBAS — 3P 2APSAPAST

1/2F 72\ (NP)2 — 1/4F 720\ + 1/2F2(\(5)?
2P SNEAST + PSP~ 3/4F 28

1/2F2035(AT)2 + 3/4F2N55 + T/AF2APAT —
F2(A7)PAS — 3/32F 2

|+t

102

(VS ) {u0S)

8Fcic,, — AF5¢) + 2F*4cdcm/\§’s — 8F*4cdcm)\§s +
2Ftcge(NF)2 — 5)2F4cqe, + AFTAAENS —
2F NS + AF NN — 21 (AR)? + F e —
2F2APNS — 2FAAPAFASY 4+ PP (AF)?
F2AB + F2(A5)2 —4F 2ASAPASP + F2A55(AFF)? -
FAS(AT)? + 3/2F72X5% + 1/2F2APA5Y —
1/4F2(A\")? + 3/16F 2

103

i (S){x- {uu, V*S})

—8F5d,,c3NY  —  4F Scc, + 2F7%4
AF 4 dcg NSNS — F4d,cg\S¥ + 5F 4cye, APS
2F cgem NS — 3Ftcie,(NT)2 4+ 1/4F chen,
AFAAENS — FANS + 3F 43NS + 2F1ANPASY
FAA(NP)2 + 1/4F 742 + F2ASASS — P28
F2ABNPASE — 1/2F2A35(\5P)?2 4+ 1/4F72)8
12F72(\5)2 — 2F 2\ —  1/4F 2\
3/2F2A8(NP)2 — 3/4F 72058 — 1/4F2\PASP
1/4F~2(\$F)2 — 3/32F 2

A+t
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104

T(SVS ) (un_)

8FCc3c, —AF0ch — 2F ~cicy AP° + 2F ~2cqe, (ANF)? —
T/2Fcqc +2F 42N —2F 42 A\SS +4F 42 NP AP —
2F (NP + 3/2F 42— 2F 2SS

2E2APNSPASE 4 F2APS(ASP)2 — F2055 + F2(\39)2 —
F2AS(AP)2 4+ 3/2F 2055 — 1/2F2\5PASF + 3/16F 2

105

(5 {u, VST (x-)

—24F 5d,,c3N¥  — 20F %c,, + 10F %% +
12F 4 dcaAPSATE 4+ 16 F 4 d,,ca AT + F=4d,nca AP +
11F 4cqen A3 + 18F tcgen\5® — 3F 4ciem(NF)? +
11/4F *¢qey — TFANS — 9F 43NS + 3F 1355 —
HAFAENENSE + 5P 4E(AP)2 — F=4c2 + F2AP5)\58 —
FABASS + TF2IAPAPASY — 5/2F2A38(\F)?
1/AF72N  + 1/2F2(\f5)2 —  2F 2APN5S
6F 2ASPAFASY — 3/2F2A35(A\JF)2 — 1/4F2X5°
3/2F 2N (NF)? — 3/4F2X° + 1/4F2AFPA5P
1/8F~2(\5P)2 — 3/32F 2

+ o+

106

(S ) (4, V7S

—16F Cd, 5N —  20F Scie,, + 16F S¢)
S8E g \SSASY — 2F 4, ca\ST + 14F ~cge, NS
12F c4emA3° — 18F *cqcm(AY)? + T/2F *cqcm
12FENS —  16F 43NS+ 6F A
L6F NN+ 4R (NF)? — 4F
AFABAS — 2F2ABAS — 6F 2PN
FAB(AP)? 4+ F2AP + F2(AF9)? — 4F 2APN5S
BFTIAPAMTASY  — BFAAS(AT)? + 2F 2\
AF2(A5)? + BF AP — 32F AP —
T/2F2AEASE — 1/4F2(AFF)? + 6F2(AF)AASF
3/16F*

I

+

107

(SSX+x+)

ANF=S@ 2 — ANF e PNT — 2NF1d2 )5S
NF4cic, NS5 — 1/2NF~%cie,, + 2NF*ANS
INFAA(A58)?2 + 1/2NF~*2 + 1/8NF~*&,
NFEZ2ABNS — 1/ANF2A\S + 2NF2A8NPASP
L/ANF72A$ 4+ 2NF2(A$9)2(\P)2 + NF2(\5F)?

_l_
_l_

108

(SX+5x+)

—ANF 4, ca S5 NF AN F~2d,cgA\S¥ — N F~2cqen 5> —
1/2NF~cie,, + 2NF7AANS + 2NF4E(\F)?
1/ANF=c2 + 1/8NF~ 42— NF2\PNS
ANFAPAPAY + 2NF2(A5°)2(AF7)?

+
+

109

(S CSxx+)

SF S22 — 8F dcadPNT — S8F1d,ca\y¥ —
A2 NS — 2F cge A\SS — 2F Aeqe, + AF 12N +
3/2F 4k + 1/2F 742, — 2F2)\550\55 — 1/2F72)\55 +
AF AN AT + 2F2(A30)?
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110

<SX+>2

SF S22 — 8F dca)NF — 8F4d,ca)yt

4F*4dfn)\§s — 2F*4cdcm)\§s — 2F *¢cqe, + 4F*4c§)\§s
AFAA(NS)2 + 3/2F 42 + 1/2F 42, — 2F 2ABNS
1/2F72X3°% + AF2APAAST + 4F2(A5)2(APF)?

2F2(\SF)?

111

(55)(xex+ )

AF78d2 2 — AF 4d,cq\s¥ — 2F A2 035 — Fcqe,n,
3/AF 742 + 1/4F 742, — 1/AF 72\ + 1/4F 728

F_2()\§P)2

112

(SSx ) {x+)

SE S 2 — 8F 4d,cadPPNT — 8F4d,cg\5¥
AF A2 NS5 — 2F cqen A5 — 2F ~Aegey, + 4F~4E2ANSS
3/2F 42 + 1/2F 742, — 2F2A\PSASS — 1/2F 2\

AF2ASNPASY 4+ 1/2F 2058 + 2F2(\5F)?

113

(Sx-Sx-)

—12NF~%d,,,c2c, AP + 12NF~5d,,c3\5P

UNF-5A2  + 22NF 53¢, — B8NF 5

INF4dcgdBNE —  8NF4d,ca\35ASF
1/2NF~4d,,ca AP +  2NF e APBNP
ANF e, NSSNP + 12N F~4d,en NP

6N F~4cqen S — 12NF~4cyc,, A58 + 6N F~4cgen N8
ANF~cqe,(NSP)? — 3/2NF4cyc, + 3NFAEANS
ONE1ANS — ANFANS + 2NF1ANPATP
SNFAA(WP)? + 3/ANFc% + 2NF~ 42 )\S
ANF=A2 NS — NFE (AP)?2 + 1/2NF~4¢2,
NF7ZASAS + NEFAPAPASY + 2NF2A5N5 —
2NF2APNENSY + NF2ASS(AT)2 — 1/ANF 258

2N F-2)SS)SP \SP + 1/4NF=2)\SP\SP
2NF2(A7)2(A57)?

114

(SSx-x-)

—12NF %, e, N3Y + 12NF 54,00

I8NF~6c2c2  + 26NF 53¢, — O9NF %

6N F~4d,,cgA\JSAP AN F4d g A3SASP
4NF74dmCd/\§S)\§P — 1/2NF74dmCd/\§P
ANF e XPSATY + ANFden A35ATP
1/2NF~4d,,c,, NP - 10N F~*ciemA\PS

12N F~4cqenm NS+ 6N F~4cqe NP + AN F 4 cge (AF)? —
NFcic,, + 9/2NF71ENS  + 6NF42\SS
ANF=AANS + 2NFAAENENE — 3NEF13(0\F)?
1/2NF=c2 + 4ANFENS + 4ANFE NP
NF=3 (NP2 + 1/2NF~ 2, + NF72AP)AS
SNE2APAPASE + NF2APS(\SF)2 — 1/8NF~2)\8
L/ANF72(\39)2 + 2NF2APNPASP — NF72(\55)2
INE2ASSAIPASE — NE2ASS(ASP)2 4 1/4NF~2)58
NF72(A3%)2 4+ 1/ANF2AP AT —2NF2 (AP )2 (A5F)2 —

1/64NF~2

++ +

_l_

+
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115

1/32F—2 — 8F %d,2c,\}¥ + 8F 78,3\ —
16F~0c2c2 +20F Sc3c,, — 6FSch — AF~4d,,ca \PSASF +
F*4dmcd/\§’P + 4F*4dmcmA§S)\§P — F*4dmcm)\§P —
12F Acaen N — 8F 4cqen S + 12F tcqen )5S +
8E 4 cicm NP ASY +2F ~4c e+ 6 F 2 ANTS +3F ~4c2N55 —
SEAANS — AF1ANENSE — P4 + AP NP +
AR NS — F4c2, — F2APASS 4 272035058 +
2F2APSMPASY — 12F2(A)? + 2F 2PN +
AR — AF-DSNPAP  — 2F2(\S)?
1/2F 03P A7

116

(55)(x-x-)

—1/64F 2 — AF%cic2 + 4AF °cic, — F % —
AF egen NS+ AF e, \yS + 1/2F cqe,  +
3/2F74ANS — 2F AN — 1/4F 4% + 2F 12 N5 +
FABSNS + 1/8F72A\S — 1/4F2(A$5) — 1/4F 255 —
F—Q(/\§S)2

117

—1/32F% — 8F %d,2c, ¥ + 8F%d,cNP —
20F 522 +28FSc3c,, —10F~0ch —AF~4d,,ca \PSAF +
FAdncaS® + 4F e SN — F4de A5 —
12F cqen NS — 12Feqen\® + 12F eqen\S® +
16F 4cgcm NSEASE + 4F ey, (NP)2 + Feue,, +
6F AN +TF4ANS —8F 42055 — 12F 42 NPASF —
2FAA(NE)?E 4 AR NS 4 ARS8

2F 42 (ANJP)? — F4c2, — F2APSASS 4+ 2P 2095055 +
2F2APATPASY — 1/2F2(AP5)? + 2F 2APNS +
AFPT2APNPASY —  1/4F72\ - F2(0P)2 -
AF72ASSAIPASE — 2F2(085)2 + 1/2F2\FASF —
4R 22 (OF)?

118

(SSx-)(x-)

1/32F~2 — 24F%d,,2c, \3¥ + 24F7%d,c3N\Y —
32F 522 +44F Sc3c,, — 14F~0ch —8F ~4d,,cg \S AP —
12F ~4d,ca\SSNSE + AF~4d,,ca)SSNY — F4d,,cq\iF +
AF e \PAY + 8F4d, e ASSATY + F4d e NS —
20F ~4cqen AP — 20F 4cqen S + 16F 1cqen NS —
SFcqe \PASY + 4F tcie(NF)? — Ficien +
IF AN +8F AN —10F NS +12F 3 P AT —
4F*4c§(z\§’P)2 + 8F*4Cfn/\§s + 8F*4Cfn)\§s + F2, —
F2ABNS + 2F7 23N — 2F2ANPASP +
FABPAT)? — 12F2(\5)2 + 2F 2NN —
AFINSNTEASE + F2A58(A\P)? + 1/4F 72058
FAS(AT)?2 = 2F2(A5)? — 1/2F 2A\PA5P
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119 (PP) —ANF?MpMg(X?")?  +  NFMp(\")? +
ANF2Mg(A")? + NF > MZMp(AY)?

120 (P)? —AF 2 MEME (NP2 + F2ME(NTT )2+ 4F 2ME(NT)? +
F MM )?

121 | (w,Pu’P) |2NF*MZcI(NY)? —  ANF'GME(NT)? +
ANFZ2ATPARPME —  NE AP ME(A)?
ANFAPME(NT)2 —  ANF AP ME(AST)?
NF2\EP M3 + SNF 2N MZ(ASF)? +
S5/ANF2ME(NF)? = 3/2NF2ME(NP)? -
2NF2AEP ME(AP)?

122 (PPu-u) 2NFANY MEC — 2N FANY M2 —

2NFAMEANT)?2 + 24NFAAEMEIONT)? -

ANF2APPME(NPY? + 12NF2\PME +
SN EF2\PPAZ(ASF)2 +  NFE2(\PP2p2 -
ONF2AEPME(NSP)? —  ANF72APMEZOP)? +
ANFZ2(NP)? MR+ ANF2MEAS(AP)? +
1/16NF~2M3 - SNF 2\ MZ(ASF)? —
NF2MZ(\5F)? + 2N F2M2(AP) -

2NF2APP ME(ASP)?

123 | (w, ) (utPP) | AF NP M — AF ANV IMG — AF *Mpci(\')? +
8F A ME(NT)? + AF2ATPARP M —
2F 2APP MR (AP )2 —2F 2 APP MR —AF 2APP ME(ATP)? +
2F2(APP2ME — 2F2ABPME(AP)? + F2ASP MR —
AF2AEP ME(ANP)? + 8F 2MEAS (AFF)2 — 1/8F 2 M3 —
L6F A ME(NT)? + 2F 2ME(NTT)? + 4F 2ME(AP)*

124 (u,P)? AFANPMEE — AFANPEME — 4AFAMZA(NT)? +
SE~4c2ME(A\SF)? + 4F2\PPAPP AL —
2F2NPME(NT)E — AR TAIAPMEONT)?E 4
26 2(NPPY2 02 — 2F 2 AP M2 (ASP)? —

BF2NEPME — AF2AEPME(ASP)? + 4F2(AEP)2ME +

8F2MENS(ASF)? +1/8F 2 M3 — 16 F2AS M (ATF)? +

2F 2ME(NP)? + 4F 2ME(NT)!

125 | (P)(Pu-u) | AF NP MR — AF NP MG — 12F *MEG(A)? +
_l_

UFMAMENT)? AR AIPAPAR
GF2ATPME(AT)? +  4F 2APPMZ(AST)?
2F2(APPY2ME — 6F AP ME(ASP)? + 3F2\EP M2 +
AF 2N M2(ASP)? + 8F 2 MENSS(ASF)2 — 1/8F M3 —
16F2ASSM2(ASF)? — 2F 2 M2(NSP)? + 4F 2 M2(ASP)* —
2F AP MZ(P)? — 2F2ARP MZ(ASP)?
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126 | (PP)(u-u) |2F *N"Mpc; — 2F N[ ciMg — 2F*Mpci(\")?
AFIGMANT? —  FONPMRO? 4
3/2F2APP M2 — 2F2\PPALZ(ASP)2 + F2(ATP)2 M2 +
AF2MEXP (AF)? = 5/4F 2 ME(XF)? + 1/16F > M} —
SF2ASSMZ(ASP)2 + 1/2F 2 M2(AP)2 + 2F 2 M2 (ASP)*

127 (PPy.) —ANF1d,,M2cg ¥+ S8NF d,ciM2N]®  —
SNF~4*M?icie,,(AF)? +  16NFtcie,, ME(NF)?  +
NF2\P A2 — ANF2NPP MZ(ASP)? +
SNE2APMEZ(NT)?2 + ANF2MEAS(AP)? +
2N F2MENSPASP - NF2MZ(A\SP)? -
SNF2NSM2(ASP)2 — ANF2MEINEAST +
NF2MZ(\5F)? — 2N F2\EP MZ(ASP)? +
AN F~cqd, MZNSP

128 | (PY(Pxy) | —4F*d, M3ca)i¥ + 8 AdcgM2NTT —
SE 4 Mzcqen,(NF)?  +  16F fcqe, ME(ASY)2 +
2F2AEP M2 —4F 2 \EP M2 (ASP)2 -8 F2ASP M2 (\SP)2 +
SEZMZNS (NP2 +4F2M2NEASY —2F 2 M2 (A\F)2 —
16F*2)\§SM§(>\§’P)2—8F*2M§)\§’P)\§P+2F*2MS(A§P)
2F2AEP MZ(ASP)2 + AF A eqd,, M2NSY

120 | (PP){(xy) | F2ATPME + 4F2M2EAS(NT)? + 2F 2M2ASPAST —
F2M2E(AP)?2 — 8SFZASME(AT)? — AF2MENSEASE +
F2MEOST)?

130 | (u,PPu’u-u) —2/3NF‘6)\PP +2NF-0c(A5F)? +2NF—4A§PC§A§S—
1/3NF~*\Pe ()\SP) + 1/6NF‘4)\PP e +
1/3NF~ ()\PP) A — 4/3NFANPANP)?E -
2N F42 NS5 (A\5P)2 + 2/3NF~* (/\SP) +
NF*4C§()\§P)4 — 7T/ASNF~4c% + 4NF*2)\11°P)\§’P(>\§P)2 —
ANF2APP(AEPY2 — NF2APP(ASP)T + 1/8NF2)\TP 4
1/ANF~2(\PP)2 — 1/6NF2)\PP(AJF)2
2/3NF2NEP(NP) + 2/3NF2(AFP)2(ASF)?
1/2ANF72(ASP) 2 41 /12N F2(ASP) 441 /6 N F~2 (A7) —
5/192N F 2
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131 | (uwu, Puru’P) | 2/3NFAMNFPE(NF)2 —  4/3NFANPE(NP)?2 +
4/3NFA(OEP22 —  1/3NF*E(\P)?2 +
1/3NF~4A(\F)* — 1/24NF~4c2 _
1/12NF2)\PP(A5F)? + 1/24NF72\P +
BNF2(APP(N)? = LJ12NF2(\P)? 0+
1/6NF2)\PP(AJF)?2 1/3NF-2(\DP)2 _
1/32NF~2(A\P)% + 1 /64N F~2

132 | (Pu-uPu-u) | 40/3NFSA(\T)2  +  26/3NFATE(\T)?2 —
2NF4(\P)2c3 28/3NFINPAE(NF)2 +
4/3NF~4(\5F)2c3 10N F 42 \35(ASP)2 N
8/SNF~A(\P)?  +  37/3NF2(\P) -
IN F~2)\PP\PP(\SP)2 ANF2APPASS(ASP)2
L/I2NFZ2ATP(AP)2 4+ NF2AP(R) -
VIGNF2AY  +  13/6NF2OT)2(A)?  —
12NF2(AP)? — NF2(NP)P + NF2(M\P)? +
NF72X8(AP)2 + 1/96 NF2(\SP)2 — 1/4NF2(\$F)*

133 | { Pu,Pu,ufu?) | 4/3NF~ANTPALP 2 1BNF-NTEOSP)Z 1
4/3NF~A\P 2 (A\SF)? 1/3NF~4\5Pc2 +
2/3NF~4c2(A\3F)? 2/3NF~4A (A4 +
2/SNF2ATATP(AT)? = 2/BNF2APAT
1/BNFAT(A)? LBNFZAP(A) =
1/6NF AP (A2 41 /6N F AP —1/12N F2(AfF) 2+
1/12NF~2(\P)*

134 | ( PPuyu,utu’) | —2/3NFS\ ch + 2/3NF-Sc3(A\F)?
IBNFNTEA)? + 1/6NFAPE 4+
1/3NF4(\T)%3 A/3NF-INPPR(\SP)2
L/2NF~ ()2 + NE () +
1/I6NF~4c2 + 1/2ANF72\PP — 1/12NF2(\PP)2
L2NF720T (AF)? 2/SNF2P (A0 +
2/3NF2(ASP (NP2 —  1/3BNF2(MP)2 4
1/24NF2(AF)? = 1/6NF2(A)* + 1/6NF (A7)0 —
5/192N F 2
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135 | (PPu-uu-u) | —2/3NF\"c) - 40/3NF=5c4(\3F)? +
23 /3N F~4\PPc2(\JF)2 —  5/6NF\Pe2
5/3NF~4(\PF)2c2  —  28/3NF4\LPC2(\5P)2
R2NF4ENS(AE)? —  5/3NF1A(A\F)? +
IBNF AN 41 /48N F4A—2N F2APPAPP (ATP)2 -
4N F2)\PPATS(ASP)2 + NF72)\PP()\SP)4
1/24NF2)\PP + 2N F2(APP)Z(\JF)?2
1/12NF2(\PP)2 1 ANEF2DPASOP2 —
1/BNF2APP(AP)2 —  2/3NF20PP(\P) +
2/BNF2(AP2Z(NF)? 4+ 1/BNF2(MP)? -
ANF-AS(NP) + ANF 208202 4
1/12NEF2(\P) + 1/6NF2(0\3F)5 + 1/192NF 2

136 | (u,Pu’ {P,u-u}) | —6NF5c4(\5F)? — 2/3NF\TPAST —
16/3NF-4NPP2(ASF)2 + 28/3NF4NEPA(\SF)? +
1/6NF\Pc2 + 2N FA2NIS (A2 —
7/3NF~42(A\P)? + 4/3NF~4c2(\5P) +
14/3NF2APPAPP(ASP)2 4+ 1/3NF2APPARP 4
NF2APPASS(AP)2 —  7/6NF2APP(AP)?2 —
1/3NF2XPP(ASP)t — aNF2(APP)2NEP
ANF-2XPPASS(ASPY2 1 1/3NF20PP(ASP)2 4
NF2)\PP(\5P)4 + 1/24NF2)\PP —
ANF2(NPROSF)? + BANF2ASP)? 4+
1/24NF~2(\JF)? — 1/6 NF~2(\JP)*

137 | (u,Pu'u,Pu”) | 2/3NF~Sc(NF)? +  2/3NFINPANT)? -
16/3NFANEPR(ASP)2 + 4/3NFA(NP)22 +
NFANE)? + 1/3NFAANE)? + 1/24NF~4c% —
NE2APPAPP(AP)2 4+ 5/12NF2APP(\3P)2 —
1/24NF~2)\PP + 1/6NF2(APP)2(\§P)2 +
1/12NF~2(\FF)? - 5/3NF2\EP(A\SF)2 +
ANFZ2OBPRO5)2 4 1BNF2(P)? 4
17/96 N F~2(A$P)2 — 1/64N F~2

138 | (u,PP){(u'u-u) | 3/16F 2 —=8F SA Pl +8F Cch( A )2+ 4F I \PP TP 2+

AF NP AN + AFAAPAANS — 12F NP (AF)? +
AF 4 (AP)2c2 — AF NP (ANF)? — 8F 1A (ATT)? —
BFAGAP(ANT)? + FGORT)? 4+ 8F (W)t +
L0F2ATPARP (AFP)2— F2APPARP 4 P2 APPASS (ASP)2 +
AF2APPASS (A2 —  12F2P(AR)2 -
6F2ATP(ASP)Y + 3/8F2ATF — GF2(A[F)2AEF +
6F2(APP)2(ASP)2 — 2F2(WPP)P 4P~ 2ATPAS(AFF)? +
1/2F2NP (M) — AF2AP(AF)Y — 3/8F2A0F +
16F2ASASS(AFP)2 — 2F 2 AT (ATF)? —4F 2ATS (AF) ! —
FABOF)? — 4P 2SO + 1/2P2(F) +
2F2(\")°
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2/3F2NP(ATT)? — 3/8F2NY 4+ 2F2(AT)?
2F2(AJF)2 — 1/2F2AB(A\T)? + 2F2A55(AT)?
1/4F2(\3")*

139 [ (u, ) (W' {PPou-u}) | 1/24F 2 — 8J3F S\[Pci + 10/3F Sci(\P)? +
2F74)\PP 2)\SS 8/3F 4APP (/\SP) ]_/2F 4APP
2/3F~ ()\PP) & - 8/3F NP (A2
AF AP (A)? 12F A5 (A)? +
19/6F~4A(AF)?2 + 4/3FA3(P) + 1/8F 42 +
5/3F2ATPAP(AT)? —  1BFTAATALY 4
F2APAPS (ASF)? AF 2P AT (AT)? +
1/12F 2 AP (AT)? 1/3F 2P (A7) -
2F2(ATP)2ALF + 4/3F2(ATT)2 + 2F 2AP AT (AT)? +
4F—2)\2PP)\§S<)\§P>2 5/12F 2)\PP()\SP)2 _
2F 2ASP (N + 1/24F 2057 4+ 4/3F 2(A5F)2(AF)? +
BFZAPNSS (NP2 =3/AF 2N (NP2 —2F AP (AFF) 1 —
2F 2NN — 1/48F2(Af")? + 1/4F2(AP)* +
2/3F2(\")°

140 | (u,)(u* {u,Pu”, P}) | —=8/3F C¢ ()\SP) 4/3F NPT+
8/3F~ 4)\PP SN+ 2/3F AP +8/3F (APP)2c§+
) 2ASS(ASP) —2/3F ¢ ()\SP) —2/3F 13 (A7) +
4/3F 2 AP NPT (AP)? + F‘2>\1fPA§’P —AF AP (A% +
2F 2ATP NS (AT )2+ 1/3F AT (AFF )2 = F2ATP (AP) +
2/3F2(ATP)2(ASP)? BFIATPASS(AP)? —
1/3F2AP(AY)? + 2F2A0P(AP)Y — 1/4F 2\ —
2F (AP (ASP)2 + F2(AF)? o+ 3/2F 0S8 (XSF)?
1/4F2(AP7)*

141 (u,)(PutPu-u) |4/3F 5 (ASP) +4F‘4)\1fp)\§Pcfl—4/3F_4)\PP J(AP)?—
4/3F~ 4)\PP A2 — 4/3F NP — 4F (APP) i+
8/3F‘4()\2PP)2 ; — 20F AP (AF)? +
16/3F 4¢3 (AF)? - 14/3F 3 (AF)* -
2/3F2APATP(ATF)? + 2F2\TPADP +
2F2ATPAPS (A2 SFAATPAS (AT —
2/3F2AP(AP)? + F2AP(AP) + 1/8F 27 —
2F (APP)2ASP + 2/3F (AP )2(ASF)2 — 2P —2(\7P)8

I+
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142

(upP)(u {Pu-u})

—1/12F% — 16/3F°NVcy + 40/3F %ci(A}")* +
A3FANTPASPE = 16/3FIATPG(NY)E +
8/3F 4 (AP)2c3 +4F *ATPcAATS — 16 F 4 AEP 3 (AF)? —
1/3F XS el + 8/3F 4 (AJF)2c] — 8F 1A (ATY)? —
24F NS (ATF)?+4/3F A3 (MSF)2 428 /3F 43 (AP ) -
1/AF~4c3 + 20/3F2ATPASP(ASP)? + 3F2ATPALP —
AF AP (ATT)? + AF AP AT (ATF)? -
6F 2ATPASS(AT)? - 5/6F2ATF(ATT)?
8/3F2ATP(AIP)Y — 1/24F2A\TF — 6F2(ATT)2AY +
10/3F~2(APP)2(ASP)2 + 2/3F-2(APP)2 — 2F2(AP)? +
AFTNEPASS (A2 4+ AR 2AIPASS(ASP)?
T/6F2AST(AFF)? — 8/3F 2ATP(AF)* + 5/8F AT +
4/3F2(AFP)2(AP )2+ F 2 (A2 4 16F 2AFAF (AF)?
2F2AP(AT)2 — AF 2P (NP + 1/2F 225 (AF)? —
47—2A§?(g§24 — 1/24F2(NF)* + 2/3F2(\°)* +
4/3F (N

143

(u,Pu, P)(utu”)

—4/3F5ci(AF)? + 8FINTTAT ¢ —
8/3FINPE(ANF)? —  8/3FINPE(NT)? -
4/3FNTch + 8/3F1G(AY)? — 4/3F G (AY)! +
16/3F 2 ATV ALY (AF)? — 2F2ATPASY +
AF2ATPASS (AP )2 = 2F 2ATP (ASP) 1 —4F 2 (ATP)2A0P +
4/3F2(ATP)2(ASP)2 —1/3F 2AEP(ASP)2 + 3/4F -2\0P —
FSOP)? — 1/3F2(AP)? + 1/2F (A5

144x%

(P)(Puju,utu”)

1/48F 2 — 4/3FS\Pcd +  4/3F S (\F)?
4/3F~4NPPAPP 2 - 4/3F4\PP2(ASF)?
2/3F4(\PP)2e2 — 2F4\EP2(A\F)? 4+ F~4ABPe?
2/3F*c5(A)? + 4/3F (M) — 1/24F ¢
2/3F2ATPALT (ATF)? - 2/3F NPT
2/3F2ATP(MP)2 — 2/3F 2P\
1/3F2(ATP)2(A}7)? - 1/3F2(\7)?
5/6F2AEP(AJF)2 — 2/3F2AEP (APt — 1/6F2\EP
1/48F2(NJF)2 — 1/3F2(AJP)* + 1/3F~2(\JF)6

L+ +++ 1+ +
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145

(P)Y(Pu-uu-u)

—1/96F 2 — 4/3F CXJTci — 20/3F Scy(AF)?
8/3F NPT —  28/3F*ATT R (A)?
2/3F*(AN[T)2cq — 2F AP (NF)? — 2F*\0P¢]
24F NS (AT)? + 13/3F~*c3(A")?
40/3F 43 (NP) = 1/24F 4¢3+ 2/3F 2ATPATT (ATF)?
2/3F 2 AP ALY — 6F2ATPAPS (ATT)?
2/3F AP (ATP)?2 + 4/3F AP (AFP)* + 1/8F2ATP
LBE2ATP2NP)2 4 1/6F2(A[F)? — 2P 2(AP)3
AFAIPAS (A2 — 7/6F2AP(ATT)?
2/3F 2N (NIF)Y — 1/6F 25 + 1/2F 2AP(\F)? —
AF2NS(OSF)! 4 8F2(AF)2(XF)? — 1/48F ~2(\F)?
1/6F (A7) + 1/3F2(A\7)°

_|_

L+ + L+

+

146

( Puyuru” )(u,P)

—5/24F~2% — 16/3F S\l + 16/3F5c5(\3F)?
16/3F4\TPASPCE — 16/3F AP (NST)?
8/3F4(NP)2c2 + SFANPANSS + 2/3F*\PPC2
16/3F~4(\JF)2c2 — 14/3F~4c2(\JF)?
16/3F42(ASP)* 4 1/2F4¢2 + 8 /3F2\PP\PP(\SP)2 _
BE2AT (A))? + AP 2ATPAP(ATF)?
B/BF2ATP(A)2 = 8/3F TIPS
1/6F2\PP 4+ 4/3F2(A\PP)2(ASP)2 — 4/3F-2(\PP)2 —
16 F2APPASS (ASP)2 + 7/3F 2N (\P)? -
8/3F AT (A ) 1H16/3F 2(A; 7 )2 (A2 +2F (A5 2+
SETZAS(A)?2 + 1/12F72(\F)?2 — 4/3F2(\P)* +
4/3F2(A\JF)6

+ 1+

I+

147

(P [ty un] )?

3/64F 2+ 2F Sci(ATF )2+ 2F INJP 2SS — F AP 2 —
1/8F~4ch + 1/2F2ATPAST 4+ 2F 2ATP(AP)? —
F2(ATP2AEP — 1/4F2(ATF)? — 2F 2A5PASS(ATP)2 +
F2AP (NP2 — F2A0P(A) + 1/16F2\0F +
2F2(PR2(NF)? — F2(\P)2 — 2F(\F)F 4
1/2F =20 (AF)2 4 2F A8 (NF) —4F 2 (A2 (AFP)2 -
1/8F2(\F)? — 1/4F 2(A\f)*

148

(P {up, u})?

3/64F~2  —  2FS\EPeh 4+ 2F 0 (ATF)?
QETINPAIP 2 — 2 —A\PPR2(\TP)2 A (A\PF)22
2F NP NSS — BENPA(AY)? + 5/6F A\ S
4/3F*4()\5P)203 - 4F*4C§A§S(A§P)Z + 2F*403(A§P)4
5/48F 4% + 3F2APEASP(A\$P)2 — 1/2F2APPATP
2P Qe or TEDRORY - P aor: -
F2OA )27 + 1/2F 2 (A7) (A))? = 1/4F 2 (\7)° +
2F 2 )\PPASS(AJF)2 — 1/12F2\DP(AJF)?2
2F2APP(NSP) — 3/16 F—2A\0F 4 8/3F2(A\FT)2(ASF)2 —
2F72()\5P>3 o F72A§S()\§P)2 o 2F72)\§S<)\§P>4 +
4F2(A59)2(0P)2 + 1/96 F~2(\P)2 + 1/4F2(ASF)* +
1/2F 2(\F)°

4+ +
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149

3/32F72  —  AFS\PA 4+ 12F0AA(\F)?
AFNPE(NT)? 4 2F4(A\[P)2c] + 4F AT NS
2F NP (NT)? — T/3F NP ) — 4/3F4(A\JF)2c] —
4F NS (A — FAG(NP)? + 24F (A7)
T/24F 45 + SFANTPATP(AIF)? — 2F2APALP —
AFATPAP (N2 = 3/2F AP (M)’

2F AP (M) 4+ 1/8F AT — AF2(ATP)2A5F
TE2OP)Y(AF)? 4 1/2F2(APP)2 — 2F=2(\[P)?
AF2ATPASS(ATP)2 — 2/3F2A0F (AF)? — 1/4F2A5F
4/3P2OP2(NF)? — 2F2(ASF)? 4 2P 20 (ASF)?
AF2NSOST)E 4 8P 2(NS2(NF)? + 13/48F 2 (XF)? —
12F2(\7) + F2(A)°

I+

==

&
&

_|_

I+ 1+

150

(PP)(uyu,utu”)

—1/96F~2 — 2/3FSA\'Pcd + 2/3FSAN\T)? —
FANTPA(NR)? + 12F 2\ Ped + 1/3F4(ATP)%c; —
1/2F2A(\E)? + 2/3F*A(\P)* + 1/48F 42 +
5/12F 7 2APP(ASP)2 — 1/3F2APP(\SP)* — 1/12F2)\PF +
L/6F 2 (AP )2(\P)2 — 1/6F —2(\¥)? + 3/32F 2(X{F)? -
1/AF2(A)* +1/6F2(\F")°

151

(PP)(u-uu-u)

—7/192F=2 — 4/3F \PPcd 4+ 4/3F 54 (0\F)2 +
2FANTTENS — 2FAINPE(NT)? — FAAP +
2/3F NP )%h — AF GNP () + PG (\)? +
4/3F 4 (AY)F — 1/12F ¢ 4+ 2F 2ATPAP(AF)? —
1/6F2AP(ATY)? — 5/3F AT (AFP)* — 5/48F 2 A" +
T/BET2OPZ(NF)? — 1/12F2(\F)? — P2(\F)3 —
1/2F 72X (NP2 - 2F-2AP (ASP) 4P 2 (S2(NF)? +
1/16F 2(AF7)? + 1/4F 2(\7)* + 1/3F 2 (\P")°

152

( PPuyufu” )(uy,)

5/A8F 2 — 8/3F SA[T¢; + 16/3F Ccy(\i")? +
AFINTPANS — 8/3F*ATPA(NT)? + FANTPE +
4/3FHN\F)2ch - 8/3F NP G(NT)?

AF AN (AP)2 —4/3F 22 (NP2 +10/3F 43 (AP )* —
1/AF =4 + 2/3F2ATPASP(ATT)2 — 1/3F2ATP MDY +
1/3F2AP(AF)? — 1/3F2ATP(ATP)* — 1/4F20F —
2/3F2(NF)? 4+ 1/3F2AJP(A7)? — 4F AT (AT7)* —
1/12F2A57 + 28/3F2(AS7)2(AJF)? — 8F2(AF)? +
1/24F 2 (X8P)? — 1/4F2(A8")* + 2/3F2(\§F)°
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185

153

( PPuju, )(uru”)

—3/16F2 — S8FSX'Pcd 1+ 28/3F Sc3(\P)?
SEANTP 2SS — 28/3F~4\IP¢c 2(ASP)
2F—4)\PP02 + AF~ (/\PP)Q 2 16/3F 4)\PP 2(/\SP)2
8/3F~ (APP)22 16F ¢ )\SS()\SP) 8/3F 0%
28/3F*2(\SP)* 4+-5/12F~ 4c§+20/3F—2A§PA5P(A§P)2
8F_2)\113P()\5P)2 + 4F—2)\§’P)\§S()\SP)
2F—2)\{’P(/\§P)4 + 2/3F—2()\PP) (/\SP) o (/\PP)
8F~2)\PPASS(\SP)2 + 2/3F~ QAPP(/\SP)

2

4+ + + o+

|—|—|

8F 2N (AF) 428 /3F 2 (AJF)2(AT")2 — 2F 2(AF)? —

BF2AS(AP)? — 8F 283 (ASP)* + 16F~2(A$%)2(AF)>
7/24F2(ASP)2 + 1/2F2(\P)1 4 2 -2(\SP)S

154

(PPu-u)(u-u)

—3/32F72 — AFS\PPcl 4+ 20/3F 54 (A\SP)?
AF~I\PP2ASS — 38/3F‘4)\PP 2P — FPPE2
2F A (AP)22—32/3F 4\ P ()\SP) +4/3F~ (/\PP) -
28 F~4ANS (NP )2—4/3F ¢ (/\SP) +74/3F42(\F)4—

74k 16/3F- AP AR ()2 4y (AE
6F_2)\113P)\§S()\§P)2 + 2F_2)\113P()\§P)2 _ F_Q)\?P()\?pyl B

1/8F2APP + 1/3F-2(APP)2(ASF)? — 3/2F 2(\IP)?
2F—2(}\113P)3 + 4F—2/\5P)\§S(/\§P)2 _ 2/3F—2)\PP(/\SP)2
2F2ASP () + 2/3F2(F)2(AF)? + F2(A57)?
1/2F 2ABS(AF)2 —4F 22 (ASP) 1 +8F - ()\SS) (AFF)?
1/48F~2(\JP)? — 1/4F 2 ()\SP) + F2(\P)¢

_l_
_l_

155

{(u, Pu’u-u){ P)

1/12F~2  — 4/3FS)\IPcd +  4/3F5c(\5F)?
A/3FANTAPE — 43F AP E(AT)?
2/3F~4(AP)2cq + AF AP EINS + 2F AP G (AFF)?
AF 4 (AJP)%ch — 2/3F*G(NP)? + 4/3F*ci(\F)?

_l_
+
_l_

5/24F 42 + 8/3F 2APPADP (A2 — 2/3F2\PPAPP 4

QEATPAB (A2 1/6F AT (AT)?
8/3F2ATT (AFF)* — AF2(ATP)2A5P
TBE2OIPROF)? 4 2/3F (P
SFINIPATS(ATT)2 + 43F AP (AP)?
4/3F AP (NP) + 1/12F2A0F — 2F2(A5F)?
3/2F AP (NF)? — 13/48F2(A{F)? — 1/3F (A7)
1/3F2(\")S

+
+
_l_
_l_
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156

(u,Pu"P){u-u)

—8/3FSA(NT)2 — 43F I\PE(\T)?
8/3FANP 3 (AF)? + 4/3F~4N\P 3
AFHAENB(AT)? = 5/3Fc3(MF)? — 2/3F 43(A)*
A/3F2APATP(ATT)2 4+ 2F 2ATPATS(AT)?
L/2F AP (F)? — F22ATP (NP — AF—2(XF)05P 4
B/BET2OWPZOF)? —  BPTAPASOPR? 4
4/3F AP (NP)? 4+ 2F AP (AFP)Y 4+ 1/4F2M\F +
3/2F AP (NY)? = 7/24F 2(\")2 — 1/4F 2 (\P")*

|+ +

157

(V,Pu,V"Pu")

1/3NF~42(\3T)? — 4/3NF2APALY +
1/3NF2APP(ASP)2 + 1/3NF2)\EF — 1/12N F~2(\5F)2

158

(u,u, V*PV"P)

2/3NF~12(NF)? — 1/6NF2c2 — 1/6NF 2P +
1/3NF~2(\PP)2 - 2/3NF~2)\P(A\JF)?2 1
4/3NF2(ANP)? —1/6NF2(A\P)2 + 1/6NF2(\SF)* +
5/48N F~2

159

(u,u, VVPVHP)

2/3NFA(NT)? + 1/6NF %2 — 2NF AP (AFP)? +
3/2NFNT + NF2(A[Y)? — 2NF2AP(AT)? +
ANF2(AP)2 — 4/3NF2(AP)? + T/6NF2(\fP)* +
23 /48N F~2

160

(u,V*Pu,V'P) + h.c.

1/3NF~42(\3F)? + 8/3NF 2\ AT —
2/3NF2A\PP(\IP)2 2N F2A\PP(NSP)24+4 /3N F—2)\0P —
1/3NF72(NF)2 + 1/2NF2(\3F)*

161

(u-uV,PVFP)

—2NFAN\PPeE 4 9 /3NFAE(W\T)2 — 5/6 NF2\P —
1/3NF2(\P)? + 2/3NF~2\PP(\JF)2 -
4/3NF72(AP)2 — NF2A55(\SP)2 + 1/4NF2(A3P)2 +
1/6NF2(\§P)4 — 1 /48N F~2

162

(u, )(uV,PVYP)

1/24F 2 —4F A\ P24 2 F =42 (0\P)2 —4/3F AP AP +
2/3F2APP(Z\P)2 + 2R 2\PP — 2/3F2(\PP)2 4
2/3F2AP(ARP)? — 1/3F2A° — 2F 2AS(A\Y)? —
1/2F72(\3P)2 + 1/3F2(\P)*

163

(uuu, )(VFPVYP)

T12F 2 3 2F TGOF) + o3F ATV -
A/3F2N\PP 4 4/3F2(€\PPY2 5 /6F2(A\SP)2 4
1/3F2(\)"

164

(uu {V"P,VYP})(u,)

—T/12F 2 + 83F PNTAT — 43F AT (N +
4/3F2(ATP)? + 2/3F2ASP(MF)? — 4/3F AP +
3/2F (\")? — 2/3F *(\{")*

165

(u,NV*P)(u,V'P)

7/12F2 4+ 2F AP + AR ADIPAT -
10/3F2APP(ASP)2 4 5/3F2\PP 1 4/3F~2(\IP)2 —
6EZALP (NP2 + 3FIAP 4 4R 2(AT)2
T/3F2(N)? 4+ 7/3F (AT
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166

(u.V,P)?

—1/24F72 — 4F 4P 4+ 2F A2 —
4/3F NPT 4+ 2/3F2A\P(AF)? — 2/3F2(A7)? +
2/3F2NP(NT)? + T/3F AP — 4/3F (M) —
2F 2P (AT")2 — 1/2F 2 (\F7)? + 1/3F 2 (\")*

167

(u,V'P)(u,V"P)

T/12F72 + 2FAA(NT)? + 43P IPAT 4
2/3F NPT — 5/3F AT+ 4/3FP(NT)? -
2/3F2AEP(ASP)2 — 1/3F2\P 4+ 4/3F2(\P)? —
2/3F2(\")? + 1/3F 2 (\?")*

168

(V,P)Y(VFPu-u)

1/24F 2 —4F AN P24 2 F~4c2(A\F)2—4/3F AP AP +
2/3F2APP(ASP)2 — 2/3F—2(A\PP)2 +2/3F2A5P (\F)? —
T/3F2NY — 2FAAPS(AT)E 4+ 1/2F (M) +
1/3F 2\

169

(VP {uy, u,} ) (VVP)

—7/12F 2 + 8[3F2NTAT — A/BFEATT(NT)? +
43PN+ 2/3F AP (M) — 4/3F AT 4
3/2F*(NI")? — 2/3F (A7)

170

(u-u)(V,PVFP)

—1/48F~2  — 2F PP 4 PA2(NP)? 4+
1/3F72)\PP(\SPY2 . 7/6F—2)\PP _ 1/3F~2(\PP)2 _
PSS + 1/3F2(A) + 1/6F2(\F)!

171

i(u,uu, PPfY) +h.c.

—1/6NF X2 1 1/6NF42(\P)? — 1/24NF~1c2 —
1/6NF—2\FP(AJP)2 — 1/12NF~2(\5F)? +
1/12NF2(\jF)* 4+ 1/24NF 2

172

i (u,Pu,Pf") +h.c.

—1/3NF12(\F)? + 2/3NF2)\PPADP
1/3NF2PP(AP)2 — 1/6 NF2XEP + 1/12N F~2(\§F)2

173

i Puyu, P

1/3NFA(NE)? + 1/12NF~ 42 — 1/12NF 2\ +
1/6NF2(\T)? - 1/3NF2AP (M) +
2/3NF~2(\0P)2 +1/6 NF~2(\}F)2 — 7/96 N F 2

174

i{up i u, PP)

1/3NF=A\PPe2 2 /3NF22(NF)2 + 1/12NF 20\ —
1/6NF2(\P)? + 2/3NF2\PP(\JF)2
2/3NF2(\SF)2 — 1/6NF2(\P)* — 1 /96 NF 2

175

i (up ) [PPw])

—1/3F NP + 1/3F (A7) + 1/3F 2ATPALY —
1/3F 2P (AFP)2+ 1/6F2(ATP)2 — 1/6 F2ALP (AFP)? +
L/12F2A0P —1/24F 2(A\P )2 +1/6 F2(\3P) 1 —1/96 F 2

176

(uaP )7 [P w])

~2/3F AP 1 2/3F ()2 — 2/3F AP (N T
1/6F_2)\§)P + 1/3F_2()\§)P)2 o 1/3F—2)\2PP<)\§P>2 o
1/12F 2(A7)? +1/3F 2 (\3°)" + 1/48F 2

177

i (P)(uyu, PfiY) + hec.

—1/3F 2\ + 1/3F 22 (M\)? + 1/3F2\IPALP —
1/3F AP (AP +1/6F2(\[F)2 = 1/3F A5 (AFF)? +
1/12F2X8F + 1/6 F2(\5P)* — 1/96 F 2
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178

(PP ([ )

—2/3F NG+ 2/3F TSP = 2/3F AT ()P +
1/6F20PP 4 1/3F2(\PP)2 — 1/6F2(\SP)2 +
1/3F2(\}F)* + 1/48F 2

179

i(uufﬁtuP><P>

2/3F*NTcq — 2/3F*c3(NF)? — 2/3F2NTAY +
2/3F AP (ATT)2 —1/3F2(ATP)2 +2/3F 2A0F (AFF)? —
1/6F2\P — 1/3F~2(\§P)* 4- 1/48F 2

180

i(f°N,PV,P)

1/3NF2(\F)2 —1/6NF~2

181

(u,f""V,PP) +h.c.

1/3NF-A)\PPc2 — 1/3NF~42(\5F)? 1
1/3NF 2P (AP)2 — 1/6 NF2(A\F)4

182

(u,V,PPf" ) +h.c.

I/3NFA"cy — 2/3NF i (X)? + I/6NF AT =
1/BNF2(AP)? + NF2AP(AF)? —4/3NF2(A57)? —
1/6NF2(\SP)4 — 1 /48N F—2

183

(u,Pf*"V,P) +h.c.

1/3NF~12(A\F)? — 4/3NF2\PPATP +
2/3NF2APP(NSF)2 4 1/3NF20P — 1 /6 NF~2(\5F)?

184

(w ) (2P, V., PY)

1/48F~2 + 2/3F NP2 — 2/3F42(\F)?  —
2/3F2APPANY 4+ 2/3F2)\PP(ASP)2 — 1/3F2(A\PP)2 4
1/3F2APP(0SP)2 — 1/6F20\F + 1/12F2(\P)? —
1/3F (A7)

185

(u,P)(f*"V,P)

—1/24F7% + 4/3F*X\Pc3 — 4/3F 1032
4/3F NP (AP)? — 1/3F2M\Y — 2/3F2(A[T)?
2/3F NP (A")2 +1/6F2(\)")? — 2/3F 2 (\")*

186

(VuP)(SEAP u})

—1/48F~%2 — 2/3F AP + 2/3F12Z(\T)? +
2/3F2NPALY — 2/3F2ATP(A)? + 1/3F2(A\F)? —
2/3F AP (0NP)2 4+ 1/6F 200 + 1/3F2(\P)*

187

(P2 {u, VL PY)

1/48F~2 + 2/3F NP2 — 2/3F 12 (\F)?
2/3F2APPARP 4 2/3F2\PP(AP)2 — 1/3F2(A\PP)2 +
2/3F2A\PP(A\P)2 — 1/6 F2A\0F — 1/3F2(\5F)*

188

(P w N P)

1/24F=2 — 4/3FNFP2 + 4/3F*A(NP)? +
8/3F2APPARP — 4/3F2A\PP(ASP)? — 1/3F2A\PP 4
2/3F2(A[T)? — 2F2APP(AP)? — 2/3F 2T +
8/3F2(A37)* + 1/6F2(Af")? 4 2/3F *(A")!

189

(PVuP)(u, f27)

1/24F~2 — 4/3F\P32 + 4/3F*A(\P)? —
4/3F AP (AP)? 4+ 1/3F2ATY + 2/3F2(\[7)? —
1/3F2(XT")2 + 2/3F 2(\7")*

190

(PIEP )

1/12NF2(\;P)? — 1 /24N F~2

191«

(PPI [ )

—1/12NF2(\F)2 + 1 /24N F 2

192

(PfYPf )

1/3NF~12(A\F)? - 2/3NF2)\PP)AIP +
1/3NF2APP(OASP)2 4 1/6 NF2\5F — 1 /12N F~2(\§F)2
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193 | (PPf*™f ) | 1/3NFA\TFE —2/3aNF 22 (AF)2 + 1/12NF20\PF —
1/6NF2(\F)? + 2/3NF2\PP(\F)2
2/3NF~2(\PP)2 —1/6 NF~2(\5P)* — 1/96 N2

194 (P )2 —1/48F~%2 + 2/3F AP — 2/3F 12 (\T)?2 —
2/3F2)\PPADP 4 2/3F—2)\PP(\F)2 — 1/3F~2(\PP)2 +
2/3F2\EP(A\P)2 + 1/6F2\0F — 2/3F2(\0P)2 —
1/3F~2(\;F)*

195 | (PY(Pf™f ) | 1/48F~2 + 2/3F2\EFc2 — 2/3F42(\F)2 —
2/3F2APPADE 1 2/3F2\PP(A\JP)2 — 1/3F~2(\PP)2 +
2/3F 2P (NJP)2 — 1/6 F~2)\5F — 1/3F2(\JP)*

196 | (PPY(f"™f ) | —1/96F—2 + 1/3F NP2 — 1/3F'c3(\NF)? +
1/3F2APP(NTP)2 — 1/12F20PF — 1/6F2(\F)? +
1/12F2(\3F)2 — 1/6 F2(A\JF)4

197 | (Px Pu-u) | 10NF5d,c\;F + 20N F~8c3c,, (A5F)? -

ANFAd AP )P —  12NF4d, AP P —
4NF74dmCd)\§S/\§P — 3/2NF74dmCd)\§P +
20N F~4d,,cq(AST)3 — 2N F4NPAPP 2 —
I6NEF N\ Pche,,(AJF)2 +  12NFANPE (NP2 —
SN F~4cqe, A\ (NTF)? —  3NFcie, (NP +
28NFcge, (M) —  1ONF2ENS(NP)?2 —
6N F~4c2\SPASP + 1/2NF~4c2(\5P)? +
ANF2APPAPPONSP)2 — 1/2NF72APPAPP
ANF7IAPPASS(ASE)2 —  2NF-2APPAPASE 4

NF2AP(A3P)?2 — NF2(APP)2AEP — NF2(AFF)2
ANF2APATP(ATT)2 + 2NFAAIPAPASR -
NF2AP (AP 24+ NF2(AEP)2—aNF2ALPAPS (AP )2 +
NFZ2XP(AP) = 1/16NF2XEF + AN F2APAPASY —
NFZ2AB(AF)? + NF2AP(AF)? = NF2(AFP)2A5F +
1/ANF~2(\JP)*
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198 | (PP {x4,u-u}) | SNF~OdyciA7" i LONFScie,, (A7)’ -

6N F~4d,, AL cg\5P - 2N F~4d,,ca\PS AT

NF 4 dpycg)® + INF 4 dpcq( A7) — NFAATPAY ¢ —
1/2NF~4\Pc2 — SNF 4\ P cqen (ASF)? +
6N F~4\EP2(ATF)? + 1/ANF4N\P 2 —
ANFcgen NS (NF)?2 —  3/2NF~tcien(NF)? +
14NF*4cdcm(/\§’P)4 — 6NF*4C§)\§S (/\f’P)2 —
SNF4ENPASP + 1/2NF~4c2(\5P)? +
2N F=2)\PPAPP()\JP)2 - 1/2NF2\PP )PP -
2N F2)PPASS(A\SF)2 — NE2)\PP)SPASE

I+

1/2NF2APP(ASP)2 —1/8NF2ATF — 1 /2N F~2(A}F)?
NFEZAPNP (AR 4+ 2NF2APAP (AT —
ANFASPATSONP)? + 12NF 2N (A7)
1/8NF 2P + ANF2ABAS (AFP)2 — NF2AS5(AF)?

_|_

199 | (w,PPu’xy) [ANF ' T X¥ = 2NF 'dncd(NF)P +
2NFAP NS — INF4cIAS5(ATF)? +
1/2NF(AF)? + 1/8NF AP + 1/4ANF2(A[F)? +
ANFZAPAPP(ASP)2 — ANF2(EP)2NP -

NF-2)\EP(\SPY4 _ 3 /64N F—2

200 | {u, Pu” {P,x+}) | —2NF%d,,c; ¥ —4NF=c3c,, (AP )2 = NF~*d,,ca\it +

INFd,cq(NT)? —  2NF A Peue, (AF)2 +
4NF*4/\5Pcdcm(/\§’P)2 — 2NF*4)\§PC§(/\§P)2 —
3/2NF~4cqc,n(NST)? + 2N F~4c e, (ASP)* +
2NF1AS (AFF)? + NF4ENPASP —
12NFAAF)2 —  2NF2APARPAP -
12NF2PAP 4+ NE2APAPS (T2 +
1I2NF2APATPASE —  1/ANF2P(AFP)? +
ANFASPASP (NP2 + 12NF2APNY —
ANFZ2AEPASS(AP)? —  2NF2APPAPASP 4
NFZ2AP(A$P)?2 + 1/8NF2AEF — NF2APP(AFP)? +

B/ANF2AS(NSP)2 4+ 3/8NF2)\P)SP
3/16N F~2(\SP)?
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201

() (u" {PP,x1})

3/64F 2 + 2F 1 AT cghiT — AF dpcgAP AT +
3/2F A dca ST — AF dca(AT)? — 2F AP ALP ¢S —
2F*4)\fpcd0m(A§P)2 + 2F*4)\fpc§)\§s — F*4/\fpc§ +
2F NP (AT )2+ 1/2F NP g —8F ~eqenm N3P (ATY)? +
5/2F 4cycm (AF)? — 2F 4eqe, (NSP) —
LEEAPOF)? — PN 4 FtaOg)
2F2ATPADPALE 4+ F2ATPALY 4+ F2ATPASS(ATP)? +
1/2F2APATPASY — 1/4F 20T (ATF)? + 1/4F 2ATY +
1/AF2(ATF)?2 + F2ASPAEP (AP)2 — 1/2F 2AP ALY +
2F2ATPAS(ATT)2 = AFTAMRAP (AT 4
L/AF 2SR (A)? — 1/4F2N5F 4+ 8F2APAP(NF)? —
B/AF AP (NF)? — 2F2AP (M) + 3/8F AT AP —
3/16F 2(AT")?

202

() (uPx 1 P)

—AF 4 d, Ny e A" — 8F g AP A" +
2F " d,cqATT — AFTINPALP 2 — AF A\ P ey, (ATF)? +
4FANEP 2 (N5P)2 - 16F ~4cqcmASS(AST)? +
5E A ciem(AF)?2 — 4F che,, (NF)F — 2F NP ASE +
F_2)\§)P)\2PP + 2F_2)\§)P)\§P + 2F—2)\{’P)\§S()\§P)2 +
F2APPAPASE — 1/2F2APP(A$F)2 — 2F 2 (APP)2ALF —
2F72)\5P/\§P(A§P)2 + 2F72/\5P)\§P)\§P o F72/\5P()\§P)2 o
1/AF2M\P — 8F2XEPASS(AFF)? — 1/2F 2 A5P (A7)? +
2F2NEP(ASP) + 1/8F2AP 4+ SF2APAPAST -
2F‘2)\§S()\§P)2 — 1/2F‘2)\§S(A§P)2 — 3/4F_2)\§P)\§P +
Z%/ESI*"_2()\§P)2 — 2F‘2(A§P)3)\§P + 1/2F‘2()\§P)4

203

<uuP><uM{P7X+}>

—3/32F 2 + 4F %d,ci)}" + 8F °cien,(A)? —
2F dy N7 e \Y —8F dycg AP NS —1/2F 4 dycqATY —
2F*4dmcd()\§P)3 — 4F*4/\113Pcdcm(/\§’P)2 —
4F*4)\2PP/\§PC§ — 8F*4)\2PPcdcm()\§P)2 + 4F*4/\5Pc§/\§s —
2F‘4)\2PPC§ + 4F‘4)\§Pc§()\§13)2 — 16F‘4cdcm)\§s()\§P)2 —
Fcqen(NP)2 + 4F cqe,, (ASF) — 8F AN (NF)? —
AFNPASP 4 2F43(ASF)?2 — 4F-2)\PPAPPAPP |
F*Q/\fp)\gp + 2F*2)\1fP/\§P()\§P)2 + 4F*2)\1fP/\§S(/\§’P)2 +
QF-2\PPASPASP _ F-2)PP(\SP)2 _ 9p—2(\PP)2\PP 4
1/2F2(ATT)? + 2F2A0P AP (ASP)? + 3F2APAY +
4F—2)\2PP)\§S<)\§P>2 + 2F—2)\5P)\§P)\§P _ F—2)\2PP<)\§P)2 +
3/4F‘2)\2PP — 4F‘2()\2PP)2)\§P + F‘2()\2PP)2
RF2APPASS(ASP)2 — 1/8F—2AEP 4 16 F2ASSASS (ASP)2 +
SF-2ASSASPASP — 9 —2\SS(ASP)2 — 2F2ASS(ASP)2
AF NS (NP = 2F 2(AF7)3ASY + 1/2F 2(A\F)*
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204

(unPP)(utxy )

3/32F 2 + AF d MTcghyT — 4F 'ducd(NT)? +
AFPTATPENS  — 2P O\PPR2 o PR
SEAAAS(NT)2 — AFHAENENSE + 2F 42 (\F)2 —
AF2APPARPALY 4 F2\PPARP 4 4F—2APP ALY (ASP)?
4F—2)\§’P)\§S()\§P)2 + 2F—2)\113P)\§P)\§P _ F—2)\113P()\§P>2
12F7200P — 2F2(\P)20EP 4 1/2F2(A\PF)?
4F72/\5P/\3}:’P(}\§P)2 _ F72)\§P/\3}:’P +4F72)\5P/\§S(A§P)2
2F2AEPASPAST — F2AP(ASP)2 — 1/4F2ALP
2F 2N (ATP)Y — 3/8F AT + 16F AN (AFF)?
SF2ASSATEAST — 2P 2055 (\P)2 — 2F2ASS(AF)?
AFAS O — 2F2(AFP)3ASP + 1/2F2(\FP)*

I R s

205

(PP {xq,u-u})

—2F 5, 3N —12F Cchc, (A7) —8F 2d, AT ea AT +
2F‘4dm)\5Pcd)\§P —4F‘4dmcd)\§s)\§P +3/2F‘4dmcd)\§P +
6F*4dmcd(/\§P)3 — 10F*4)\fpcd0m(A§P)2
2F’4/\5P/\§Pc§ — F’4/\§Pc§ + 2F’4/\§Pcfl()\§P)2 —
S8E4caem AP (AF)? + 5/2F *cgcm(AF)? +
10F ~cgen(ASP) = 12F 4N (ASF)2 = TF A2 AP ASY +
3F‘403(A§P)2 — 1/2F‘2)\fp)\2pp — 3F‘2)\1fPA§S()\§P)2 —
3/2F‘2/\fp)\§P)\§P+3/4F_2/\§)P()\§P)2 —F‘Q(/\fP)Q/\gP—
F’Q/\gp)\gp + 2F’2)\2PP/\§S()\§P)2 + F*2)\2PP/\§’P/\§’P —
1/2F2A\5P(AJ)? — 3/8F 2ALP — AF2M\PATS(ATY)? +
1/2F‘2)\§P()\§P)2 + F‘Q)\gp()\ﬁjp)‘1 + 1/16F‘2)\§P +
8F—2)\§S)\§S()\§P)2 + 4F—2)\§S)\§P)\§P _ F—Q)\%S()\?P)Q +
1/4F‘2)\§S()\§P)2 — 2F‘2)\§S(A§P)4 — 3/8F‘2)\§P)\§P +
3/16F2(05")2 = F2(PPASP + 1/4F 208"

206

(Pxs+)(Pu-u)

3/32F% + 12F %d,ci\}" + 8F °cien, (A7) —
6F *d, AT cgA]" + AF A d, AP cg\S” —
8F ~4d,yca \PSATT +3/2F 4 d g NS +18 F ~4d,yca (AT )3 —
AF N cqem(AST)2 — AFANTPALP 3 + AF T ATP NS —
2F NP+ 20 F AP (AT )2 =16 F eqen AP (AFF)? +
F44m (A7) 436 F eqcn (A7) =24 F 353 (AF)? —
12F 4NN + 6F 43 (AF)? — AF2ATPASPASY —
F2ATPALP +10F2ATPALP (AFP)2—4F 2 AP ASS (AF)2 —
2F2ATPATPASY + F2ATP(ARP)? — 2F2(ATP)2A5F +
1/2F72(ATT)? + 8F2ATPALP(AFP)2 — BF2ATPALY —
AF2ATPAS(ATT)? — 2F 2APATPASY + F2A0P (AF)2 —
B/AF2NTT — 2F2(AJF)2 — SF2APATS(AT)?
3/2F 2 NEP(AT")2 4+ 1/8F 2AEY + 16 F AP NS (AT)? +
SFIAPNPASY — 2F2AB(NIF)? 4+ 2F2A5(AF)? —
AF NS (M) — 2F2(A3P)3ASF + 1/2F 2 (\F)*
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207

(PP)(xtu-u)

—3/64F % + 2F dy, A\ e} — 2F Adpcq( A7)’
2F*4)\fpc§)\§s — F*4)\fpc§ + 1/2F*4/\§Pc§
AFASENS ()2 — 2F4AENEPASY + P23 (\5P)2
QF-2\PPAPP(ASP)2 _ {/gp-2\PPAPP
2F2APPASS(ADF)2 + F2\PPASPASE
L/2F2APP(\F)?2 — 3/8F2\FF — F=2(APP)2)\EP
I/AF=2(AF 4 1/2F NP2 — F2AP(shs
3/16F2A\EF + SF2ASASS(NST)2 + AF2APNFP S
FoXSO) — 1/2F- (802 — 2 2XS ()¢
3/AF2AENSE + 3/8F2(NJF)?2 — F2(\JP)3ASP
1/4F (A7)

L+ o+

+

208

(PPu-u)(xs)

—3/64F 2 — 8F Td AP NP — 12F 1, AP AP —
3/2F ~4d,,cq\SP + 20F ~4d,,cq(ASF)? —
SEN ey, (NT)2 + 2F4NTPEENSS — p4)PPe2
16F 4\ P e (AS)2 41 /2F NP 2 —2F e, (AST) 2+
24F 4 ccm(ANP) =24 F 42 NS (AP)2—12F 12 \P AP +
2F(NP)? + 1/2F 2APPALP — SF2APPASS(AFP)? —
AFZ2APPASPASE 4+ 2F20PP(M$P)2 — 1/8F2APF
F2(AP)2AEP — 7/4F-2(AP)2 + AF20PARP (ASP)? +
4F72)\5P/\§S(/\§P)2 + 2F72/\5P)\§P)\§P _ F72/\5P()\§P)2 o
AP0+ F2O0T? — PP 4
3/16F AP + SF2APSASS(AP)? + 4F2APAPASP —
F—2)\§S<)\§P>2 + F—2)\§S<)\§P>2 _ 2F_2)\§S()\§P)4 _
F2O)ST + 1/4F 2 (AP

209

(PPx:)(u-u)

—3/64F 2 — 4F4d NP N3P — AF4d MNP e )\ —
8 cg NSNS — 3/2F 4d,cg\3Y + 8F 4 dcq(ANF)3 —
AFANPPAPP 2 12 P =4N\PP e (ASP)2 42 F~4NPP 2SS
F=A\PPeE — S =42\PP i, (AF)2 + AF4AEP2(ASF)? +
1/2F NP2 — 16 F ey A5 (AFY)2 = 3F ~cgem (AFF)2 +
20F ~4caen(NSF)F — 4F AN (AF)2 — 2F 12N ASF +
FAENP)?2 — 5/2F2APPAPP - o =2APPASS(ASF)? +
F2APPASPASE — 1 2P 2)0PP(AP)2 — 3/8F2\PP —
F2APPY2N\PP 4 1/4F72(\FP)2 — 8F—2)\PPATS(ASF)? +
2 2NPP(ASP)2 4+ 2P (AP 4+ 3/16F2ALF +
8F—2)\§S)\§S(}\§P)2 + 4F—2)\§S)\§P)\§P _ F_2)\§S()\§P)2 _
1/2F 208 (NP)?2 — 2F 2035 (A\P)4 — 3/4F 207 A5F +
3/8F2(AP)2 — F2(\F)PASP + 1/4F2(\§)"
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210

(w, PuP){(x+)

2F dy AT cgAT —AF A d AT gAY —1/2F dpcgNiT +
2F dpycq(NF)? + AF NS (ANF)? + 2F 1A AST —
FHAAMP)? — AF2APARPALT — F2APPARP 4
2F2ATPALP (AR 4+ 2P AATPASS(ATY)Y 4
F2ATPAPNSE — 1/2F2ATP(AFP)2 + F2ADPALY —
8FINTPASS(ATT)2 —4F 2 ATPATP AP 42 F 2 A0P (AP )2 +
1/AF72AP — 1/2F 2A5P (AFP)? 4 3/2F 2AP(AF)? +
3/4F 2XTPASY — 3/8F 2 (\F)?

211

(u Pu?x 1 ){(P)

3/32F72 + 2F4d NPeq NP+ 1/2F4dcq\iP —
2F Adycg( NP2 + AF NPT 4+ 2F42)\PASP —
4F72)\11:’P)\5P )\gP 4 2F72)\113P )\gP()\§P)2 4
2F2APPASS(ATF)? + F2\PPASPASP —
1/2F 2P (ASP) 241 /2 F 2( AP )24 P2 AEPARP (ASF)2 —
F2DPNPP — SF20PPASS(ATP)2 — 4F2AEPAPPASE +
2F2AP(NTR)2 — 2F2(A7)% + 1/2F2AEP(AP)? —
2F2AEP(ASP)* + 3/2F 2APB (AIF)? 4 3/4F AP ASY —
3/8F2(Ai")?

212

(LY, PVP)

—NF 2N - NF PO + 1/4aNF ()

213

(x4 )(V,PV"P)

—F 2T — F AP (N2 + 1/4F 2 (\7)?

214

(X V. P)(V'P)

—2F 2\T —2F AP (AT +1/2F 2(\F)?

215

i(u,V*Px_P)+h.c.

SNF~4d A5 cq\F 1 1/ANF~4d,,cq\F

4N F~4d,cq(ASF)? + SNF N\ Pcqc,
ANF=4NPcE — ONF e, (AF)2 — NEFAENEASY
3/2NF~1c2(\F)? + 2N F2\PPADP
2NF2APPASPASE — NEF2APP(ASP)2 — 2N F=2)\0P\PP
LON F2AEPATPASP - ANF72\EP(ASP)?
NF2\P 4+ 12NF20EP(A\SP)2 + 5/2NF205P 5P

|+

216

i(u,V*PPx_)+h.c.

T/8NF=2(AP)2—15/2NF-2(ASP)3 NP +9/4ANF-2(\SP)*
ANF~2d AP \5P + 5/4NF~*d,,cg ¥ -
AN F~4d,,cq( NP2 +3NF~4\Peye,, —3/2NF~4N\P 2 —
2N F~4cqen(NSF)2 + 5/ANF~4che,, — NETAANPASE +
3/2NF~42(\P)2 — 5/8NF~4c2 — NF72\PPAPP 4
SN EF2)\PPASPASP - 2N F=2)\PP()\P)? +
1/2NF2\PP 1 1/2NF-2(\PP)2 + 6N F2AEPASPASY —
5/2NF2\SP(ASP)2 2N F-2(\DP) 2 NF=2\PP(AJF)2 —
3/ANF2NEP 4+ T/ANF2\PASP — 3/ANF2(\iP)? —
13/2NF2(AP)3ASF + 2N F=2(\5P)* + 3/32 N F—2
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217 | i (uyx_V#PP) +hec. | ANFd, M cq\¥ — NFd,ca ¥ +3NF 1\ P eye,, —
3/2NF4\Pc2 5/ANF~*cic,, + 5/8NF™*c% +
AN F-2)\PPASPASP - NF2A\PP(\SF)2 -
2N F2)\DPASEASE + 1/2NF~2) PP (\5P)2
NF72AENSE + 1/ANF2(AP)2 + NF2(\P)2AF —
1/ANF~2(\JF)4

218 | i (u, )(VFP{P x_}) | —=1/2F *d,cg);F 2F*\Teacn, + FANTE +
2F4ANIPASP FAA(A\P)?2 + F2PNP
F2APPALT 1 3P 20PPAPPASE — F20PP(AJP)2
1/AF72)\PP 4 12F2(APP)2 4 1 2F20PP(\JP)2 —
3/4F2\EF 1/2F2XEP(NSP)? + 3/4F2A\EF —
13/4F2M\PASP + 5/4F2(\P)? 4+ 3F2(AJP)3ASP —
F2(\P)4 —3/32F 2

219 | i (u, {P,x_})(V*P) | =1/2F *d,,cg);¥ 2F*\SPchc,, + FAINTYE +
2F4ANIPASP FAAN\P)?2 + F2PNP
F2APPALT 1 3F2XAPPAPPASE — F2XPP(AJP)2 —
1/AF2ATP + 1/2F2(A[F)2 — 2F2A0PATPAST +
F22AP(NT)? = 3/4F2NF — 1/2F2AP(AFF)? +
B/AF 2N — 11/4F2NPASF + 9/8F2(AF)* +
BF2(AP)AASP — F2(\§P)* — 3/32F 2

220 | i (x_V*P){(u,P) —F et — AP\ Pec, + 2FINFE -
2F2\PPAPP 4 o p=2)\PPASPASP _ p=2)\PP 4 p=2(\PP)2
4F72)\5P/\§P/\§P + F72/\5P()\§P)2 o F72)\:1;P(/\§P)2 +
3/2F 2N 5/2F 2NN+ 1/2F (M) +
AF 2PN = F2 (A7) + 3/16F 2

221 | i (P)(x—{u,, VFP}) | 1/2F *dpcg\3" 2F*\cqcn, + FINTE +
AF 4 cqe, (AIF)? 2F4A(A\P)2 + F 2PN —
F—Q)\{’P)\:I;P + F—2)\113P)\§P)\§P o F—Q)\{’P()\?P)Q +
1/AF=2)PP + 12F72(\PP)2 — 2 2)\PPAPP 4
4FZNDPASEASE F2PPON\P)2 — 1/4F 20\ +

F=23 /2057 (A")?
L/8F2(ATF)?
3/32F 2

— 3/AF 2P 4 5/4F2)\SP)\SP

— 2F2(ATTPAST 4+ 1/2F2(ARR)
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222

TPV P) ()

—F e — AP M\ Pec, + 2FINPE -
2F2APPAEY 1 2F2APPASPASE — F=200P - F=2(APP)2 —
F2AP(NP)? + 3/2F 2P — 7/2F2M\PAY +
B/AF 2(A")? +4F 2 (AP)PASY — P2 (\P") + 3/16F 2

223

i (P {u, VIPY)(Xx-)

8F 1 dm AT ca\yT +8F 4dy AJ¥ e AT +1/2F ~dpycq AT —
S8F4dca( M) + 6F 4\ Peye,, — 3F NP
SENFeic, — AFINFE — 4F e, (NF)?
2F*(NT)? +  FAAPAST — F2AIPALP
IF 2ATPAPASY — BF2ATP(ATT)2 + 1/4F2A[F
1/2F2(ATF)? — 2F2A0P AT 4+ 10F2A5PATPASF
5/2F 2A5P(ASP)? — 1/4F2M\5Y + 3/2F 2X{P(A')? —
BAF 2N+ T/AF2NPAY — 1/4F2(A)?
L0F2(AT7)PASY + 5/2F 2(A\7)* — 3/32F 2

4+ 4+ 4+ +

224

(P {0,V P)

F et — 4F N Pcic,, + 2N
LN il
AFINPP(NTP)2 4 F20\PP 4 P=2(APP)2 4 p—2)\DP ALY
1I6F2ADPASEASE — 9F2APP(\SP)2 + 2p2)\IP
AF2(NDP)2 + 3E2P(AT)?2 — 3/2F NP
11/2F2XPA5F — 5/2F2(A\3F)2 — 10F2(AJF)3A5F
AF2(\P)1 4+ 3/16F 2

e e B

225

(Px+Pxy)

SNF=5d,,c2c,, \i¥ + 2N F~5d2 c2 + SN F~5c2c2 (\F)?
6NF4d \Pe, NP —  12NF~*d, \Pc, AT
ANFAd AP A5P —  ANFd,cg 5050
INF~4d,,cqgASP — 3/2NF~4d,cn AP +
22N F~4d, e (NSF)? — 2N F~4@2 \PP — AN F~4d2 \PP +
TNFAd2 (NP)2 —1/2NF~4d?, — AN F~4\PPc2 (AJF)? —
SNF=ANEPCE (AJF)?2 + 8SNEF A\ Pcic,, (AF)?

I+

SNF4cqen \S5(NP)2 —  ANFcie NEASE
NF~c2 (M) + 16NF 2 (A7) — NF AP —
ANFZAEPASS(AP)? —  2NF2APARPASP 4

VPR NPT
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226

(PPX1X+)

SN F~5d,,c2c,, \}¥ + 2N F~5d2 c2 + SN F5c2c2 (\JF)? —
6NF~4d N Pec, \N¥ —  12NF~4d,, M Tc, \5P
ANFAd AP )50 — AN F4d,cg) 505

2N F~4d,,cq\5T - 3/2NF~4d,,cy AP

22N F~4dcn(NSP)? — ANFAd2 \PP — AN F=4q2 \PP
INF4d% (NF)? —12NF~4d2, —4NF~4\Pc2 (A\JF)% —
SNF~ANEPC2 (NP2 + SNEF A\ Pcuc, (AF)?
8NF*4cdcm)\§S (A?P)Q — 4NF*4cdcm)\§P)\§P
NF=4c2 (ASP)2 4 16NF 42 (A\P)* — NF2APPALP
1/ANF—2)\F — ANF2AEPAS (AFF)? —
INF2AEPATPASY + NE2AEP(ASP)2 4 1/ANF20EP +
INFZ2FPR(NP)??  ANF ()P (AF)?
NF72XPASE + 1/ANF2(AP)2 + NF2(A5F)?

I+

-

227

(P)(Pxixy)

—8F %, e, AP — 16F5c2c2, (A3F)? —
12F~4d, AP e, AP —8F~4d,,ca \SSASE +2F ~4d,,cg ASF —
AF4dca\SE + 3F4de NP + 12F~4d e, (NSP)? —
AFARNE — AP NEY 8P (NP2 +
Fd%, — 8F~A\PPE2 (NSP)?2 — 16F che,n A5 (A\F)? —
S8F cqenm NEANSE + 4F e, (NF)? + 2F 42 (\SF)? +
8F~42 (M)t — 2F2NPAY — 1/2F2\F —
8F2ALPASS (TP )2 —4F 2APATPASP 422 AEP (AP)2 +
8F—2)\§S)\§P)\§P _ 2F_2)\§S()\§P)2 + 8F—2<)\§S)2<)\§P)2 _
2F2N\IPNSE 1 1/2F~2(\5P)2 + 2F2(A3F)?2

228

8FCd, e Y + AFSd2 5 — 12F 4, NP e, AP +
SE4d AP g AT — 8F~4d,,ca \SSNSE + 2F ~4d,,cg\JT —
4F 4, gAY + 3F e AT + 20F 4d,cn (VSF)? —
AF AR NE — A2 NP+ 10F a2, (AF)?

FAd2, — 8F4\P2 (ASF)? + 16F AP cye,, (AF)?
16 F " 4cgcm A3S(ASF)? — 8F~*c e NPT ASE

AF 4 eaem(ASP)2 + 2F 42 (ASP)2 4 16F4¢2 (ASP)* —
2F2\PPAPP — 1 2F20PP — 8 2)\PPASS(ASF)?

AF 2P ASPASP 4 2F =2 AP (AFP)2 4 4F 2 (ADP)2(AST)?
SETZASSATEASY — 2F~2X\SS(AF)2 4 8 F~2(AF5)2(AJF)2
2F2NIENSE - 1/2F~2(\5P)2 + 2F2(A3F)2

I+

+

I+
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229 | {PP)(xsxy) | —2F 42 NP+ 2P 42, (NP)?2 — 1/4F2\F  +
1/AF2NEP 4+ AF2ASMPAT — F2AP(Y)? +
AF2OSPNT? = F2APAP + 1/4F2(0F)? +
Ff2()\§P)2

230 | (PPx ) {(xy) | —12F2d, AP, , NP —  24F~2d, A Pc, \JP

8E 4 3SNY — 4F4dcg Y — 3F4den ST+
36F4d,cn(AST)2 — SET2 NP — SF@2 AP+
16F~4d2,(\5P)? — F~4d@?, — SF~\PPE2 (\JP)2 —
I6F~4NEP2 (AIF)2 —  16F cqen \°(\P)2 —
SEge AIEASY — 28742 (AJ)2 + 24F 42 (\5P)* —
2F2NPPAPP /o 2)\PP g2 EPASS(AT)2 —
AF2APPASPASE 1 2F2)PP(ASP)2 4+ 1/2F20\EF 4
SETZASAEASE — 2F 2055 (NP2 4 8F2(AJ5)2(A§P)2 —
2F2NPASE + 1/2F~2(\JP)2 + 2F~2(\5F)2

231 (PPx_x_) | =ANF*d,\MTPc,Af¥ + ANF1d,\Pc A\
8NF74dmCd(/\§P)2/\§’P + 4NF74dmCd(/\§P)3
NF4dcg\S¥ — NF e, ¥ — 1/SNF~4d?,
6NF N\ Peie,, + 5 2NFINPE + aNF=ANTP2
ANF=4\Pcqe,, — 2NF7ANP 2 — ANF e, NP ASE +
6N F~4cicm(AF)? - ANF~4ANFASP —
5/2NF~4c2(A\F)? — 2N F4c2(\SF)? -
ANF=4c2 (NP)2 + NF2\PPAPP — 5 NF=2)\PPASPASP 4
3/2NF2APP(\SP)2 —1/8NF2\PP — 1 /AN F-2(\PP)2 —
6N EZAPASPASE + 2N EF—2APP(AP)2 — NEF-2(ALP)2 +
6N E2AEPASPASY — 2N F2APP(ASP)2 4 1 /AN F20SF —
NEZ2(A\PP2—1/ANF2A P NP 18N F2(A3F)2(ASF) 2+
1/8NF 2\ 13N F2(AP)2ASF —9 /AN F~2(\JF)* —
1/64N F~2

_|_
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232

(Px-Px-)

—ANF A, Pc)T —  SNF4dca(ASP)2AST +
ANF~4dpcq(NP)? + NF~4dcq ¥ — NF~4d,,ca\JT —
1/8NF~4d2, — ANF~*MPcic,, + 2NFN\Pc3
ANF~ciem T ASY + ANF~cq0,,(N5T)? +
ANFENENE — 2NF1c3(MP)? — 2NF A (ASF)? —
ANF =12 (AP)?2 — NF2APPARP — 3NF2APPATPASE +
NFZ2XP(NP)2+ 2N F2AEPNET — 6N F 2 AP ATPASY +
ANF2AP (NP2 = 1/ANF2ASP 4 6N F 2 AP AT AST —
2NF2NEP (ASF)? - 3/ANF 2P ASY
UNFZ2OA)?(AP)? + 14ANF2(N)? +
LINF2(AFP)3ASF — 2N F2(\FF)?

233

(P Px-x-)

1/32F 2+ F 4 dcg A" +2F 1 dycg )y —4F d e A} —
1/2F~*d2, — AF AP cqcm + FNP G + AF NP el +
8F cacim NP AT 4 8F ~cqcn, (ATT)? — AF GNP AT —
FHENP)? — 12F ¢ (M) — F2APADP 4
2F2APALT — 6F2ATPATPASY + 2F2ATP(AT7)? —
1/2F2(AT7)? + 2F2A0PAST — AF2ASPATPASY
F2XTP(AT)? + 1/4F 200 + 12F 2ALPATPASY
AFAEP(NP)2 — 2F2(ALP)2 + 1/2F2A5PA5F —
L6F2(ATF)2(AS7)? = 1/4F (M) + 10F 2 (A7 )3 A5F —
3/2F2(\)*

I+

234

—1/32F 2 + F dpcdit + 2F Mdpcdyt -
AFAd e AT —1/2F4d2, —4F~*\SPcqc,, + F~4NSP 2+
AFANIP2 4 8Fie  \EASY + 8F e, (NF)? —
2FHANP)? — AF (AP — 12F 2 (AF)?
F2ATPADP 4 2MPALT — 6F2ATPAPASY 4
2F 2PN — 1/2F2(ATF)? + 2F 2A0PALY —
SF2ASPATPASY + B3F2AP(AP)? — 1/4F200F —
F72(A5P)? 4+ 12F2AEPATPASE — 4F20[P(AF)? —
2F2(AEP)? — 1/2F 72X AP — 20F 2(APP)?(A5F)? +
1/AF2(A7)? + 14F 2 (NP2 A5F — 5/2F 2 (\F")*




200

Appendix G: g-function Coefficients

235

—1/64F2 + Fd,cg\i¥ — 2F e NP —
1/4F~*d2, — 2F*XPcuc,, + 1/2F*4)\fpc§
QNP2+ 6F Acie,,(AF)2 — 3/2F4A2(A\F)?
6F 42 (AT)2 + F2APPAP - o p=2)\PPASPASP
1/2F2)PP(ASP)? + 1/8F2APP — 1/4F2(A\[T)?
AFR2AEPASPASE — F2APP(AP)2 — 1/4F20\EF
F2(ASP)2 4+ 1/2F 20PN — 4F2(\P)2 (A7) —
1/8F2(AT")2 4+ 2F 2 (AP AP — 1/4F2(\7)*

+

|+ +

236

(PPx_)(x-)

1/32F72 — 4F 2, \Pc\P — 4F1d, AT c AP +
A4, AP g AP+ F=4d, e \ST — 16 F ~4d,cg(AST)2ASE +
8F4dcg(NT)? + 2F4d,ca\3¥ — AF*d,c, AT —
1/2F~*d2, — 8F *\[Pcqcp, + 3F NP A4+ 4F NP2, —
AF NPy +2F AN P 24 A F =4\ P cye,, —2F 4N 2 —
S8E4cicm ASEASE + 16 F e e, (ASF)2 + AF 42 NPASE —
5EAANT)?2 — 12F 42, (WP — F2APALP 4
2F2APPART — 10F2APPASPASP - 3F2APP(ASP)2 —
1/2F72(\PP)2 4 2F72)\BPAPP — gE—2)\DPAPASY
2F2APP(ASP)2 4+ 1/4F2A0F + 16 F2ALPASPASY
SEENF(NY)? — 2F2(NF)° 4+ 1/2F2AP°AF —
32F2(NTP)2(ASF)2 = 1/4F 2(AJ)2 4+ 22F 2 (AP )3 A5F —
7/2F ()

I+

237

(P {u,, V¥S})

—3NFIMZANT + 6NE1c2M2ZNSP
NE-2)\PPALZNSP + INF2APP M2 ASP
NFE2MEANP + INF2MEASASP
1/2NF2 M2\ — 5/2NF-2M3(A\SP)?
INF AP MZNP — ANF2ASMZN® —
3/2NF2M2NP +3NF2MZ(NSP)? — NF2M2(A\5P)3 +
ANF~42MZNY

|+t

238

(uuP)(VES)

2F*;1]\143112§c§/\2§PSP— 4F*4c§M§/\zz S+P 2F*2/\1f12°M12%/\§PP +
F2ME(ATT)? — AF2APSMENT 4+ 3F2MENT
2F2M2(ASP)3

239

(P)(u, V*S)

—6F TMRENT 1 12F "GMINT + 2F DATPAMEAT 1
QE2MANSNY AR MEASN® + 2F2MRAST —
BEZMA(NT)? — 4R 2ASMENT — 8F 2SS M2ENT —
BEAMENT + 6F2ME(NT) — 2F2MZONP)? +
AF A MENT
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240 | (PV,S)(ut) [ 2FAMEAENT — AF2AM2NT + 2F2ATPM2ZATY +
QF2MENSSASY — F2MENT — F2ME(NP)3
AFINSSMENE + 3F2M2NSY — 2F 2 M2 (\5P)3

241 | (S{u,, VFPY) | =NFA2M2ZNF - NFEZAPMZNT -
2N F2\PP M2ZASP + NE2AS MNP 1
2NF22A§S<J\§)A3§P—NF2M§A§P+3/2NF2M§(A§P)3+
NF2MZ()S

242 | (u,SY(VHP) | —6FEMZNT — 2F2ATPMZATY + 2F 2ATSM2ATP +
AF2ASM2NSY + F2M2ASY — F2M2(A\SP)3

243 | (u, )(VHPS) | —6FEM2ZNT — 2F2ATPMZATY + 2F 2ATSM2ATP +
2F2M2NSY — F2M2(A\SP)3

244 | (SY(u,VFP) | —2F M2 — 2F2ATPM2NTY — AF2AP M2 +
QF2APSMZASY — F2M2NY + 3F2M2(A\P)% +
2P 2ME(AP)?

245 | i(x_{S,P}) | “ANFd,,caMi( NP>  + 1/2NF'd,ciMi +
ANF~*M2icge NP — SNF~4MEANT —
L1ON F~*cyc,, M2ENSE + SNEF 42 M2NY -
2NF 42 MENT - 1/2NF2APP M2ZASP -
NF2)\PM2ZAP + NF72)\PM2ENP +
1/2NF2MEASSAP - NFE72MENSIP —
NF2MZASNP + 1/8NF2M2ZNF —
2NEF2ME(ASP)2ASP —  NE2\SM2NSP -
2N F2)\3S M2ASP + ONF2AS MENY —
3/8NF~2M2N\SF — ANF2MZ(ASP)2ASF +
5/2NF~2M2(A\F)3 NF72PME(AP)2 +
1/2NF2M2()\5P)3 NF2XPME(NE)? +

OINFAEMEINTE — 2NF e, cqMENE
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246

FAdcaM? + AF " Micge NP — 2FAMEANTE —
AF 4 eae MENSE + AFAAMENT — AF4AMENT —
F2APPMENT — 2F2AEPMZASY + 2F2AP MZASP +
F2MENSNE — 2F2MEASNY — 1/4F2MENE —
QF2APSMZNSY + AF2ASSM2NY + 1/4F2MENSP —
8F2ME(ATT)2 AT + 3F2ME(AT)? + F2MB(AT)? —
2F2A\SP M2 (AST)?

247

FAdcaM? + 8F*Micge NP — 6FAMEANTE —
12F 4cqe, MENSE + 10F4AMENT — F2APP MNP +
2F2NEPMENSE + F2MEASAT + 2F2MENSAT —
2F 2MENSNTY + 1/4F 2 MENSE —AF 2 ME(ATT)2A5F —
2F NS MEINT — AF2APMINE + AF AP M —
1/AF2MZNT + AF2ME(AP)2A5° + F2ME(AP)? —
2F AP ME(AY)? +ANF A MEN® — AF Y cac, MENS®

248

i (SP){(x-)

—8F " 4d,cg M2(AF)? + F~4d,,cqM? +
AF A M2 caemNF — 2F A MECANSY — 12F ~4cqe,, MENSE +
6FAAM2ENT — F2APPARATY + 2P 2\PP MNP +
F2MZASAY — 2F2M2ZASNY — 1/4F2MANE —
QEINPSMENY + AF2APMENTE + 3/4F2M2ENE —
12F2ME(ATY)° A" + 3F > ME(AP)?

249

(uyu-uVHSP) +h.c.

NESENT +1/3NFANPENT —4 /3N FINP AP +
1/3NF~4ENSASP + T/12NF~42\SF +
1/3NF~*c3(A")? —  2NF7AATPADPARP +
1/AN F=2)\PPASP + NE72)\PP()\SP)3 +
2BNFENPABPNY + 1BNF2AP(N)? -
1/12NF2AP5)\EF + 1/6NF2)\35\F
1/3NF 2N (NP3 +1/2ANF2\F —1 /24N F~2(\5P)? —
1/6NF~2(\$F)5

250

(u,V*Su-uP) +h.c.

TNFS5NP — 2/3NF~I\PP2\SP
10/3NEFAA\P AP - TNEFAENSNP -
6N F4AENBNE —37/12NF NP+ 12N F~42(AF)3 —
7/6F2NATPAPSASE  — 5/3NF2\PPASSASP
23/24NF2NPPATP 4+ B/3NF2ATP(ASF)3
NE2OPPYASP L NF2APPASSASP 45 /AN F2)\PPASP —
NF2APP(AF)? + 37/24N F2\FS AP -
5/2NF2)\35(\5F)3 + 2N F2(\5)2)\5P —
1T/12NF2XA3SN\3F — 1/96 NF2)\5F — 5 /12N F~2(\5F)3 +
1/2NF~2(\$F)5
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251 | (w,V*SPu-u)+h.c. | 20/3NF~ScINY + 1/3NF=ANPPE2NPF
8/3NF~4XFPC2\SP - SN F4ENISNSP
6N F4ENBNE —31 /12N F AN+ 1IN F~42(AF)3 —
NE72)\PPASS)\IP — 2N F2)\PP)ASS)\SP -
7/6N F2\PPATP + 3/2NF2)\PP(A\P)3 +
2N F2)\PPASS AP + 1/6NF-2\FPASF -
2/3NF2)\EP(A\$P)3 + ANF7ZABSASALY -
NF2AB(NP) — NE2ASS(AP)3 + 3/16 NF2)\5P —
1/12NF2(A\P)% + 1/3NF2(\{F)?

252 | (P {uu,u,V*Su’}) | —1/3NF5cNF + 2/3NF-INP2)\5P +
2/3NFASEAFNT 4+ 1/6NF2APPASSASP
1/3NF-2\PPASSASP — 1/8NF-2)\PPASP +
1/6NF2APP(AP) 4+ 1/3NF2ADPATSAP —
1/ANF=2)\EPASP 1 1/24NF2\P\F —
1/6NF2)\55(A\F)3 - 1/12NF2)\55\5F +
5/96 N F2)\JF + 1/24NF~2(\JF)3

253 | (P{V,S,uu'u’}) | 1/3NF-ScIN + 1/3NFA\PP2)SP -
1/3NF4ENISNSP - 1/ANF~42NF -
1/3NF~2(A\F)3 — 1/12NF2)\PP)SP -
2/3NF2 AP ASSASP — 1/6NF2\EPASP +
1/3NF-2\LP(\JF)3 + 1/12NF2\PS\SF
1/6NF2\SNP+1/3NF- 2/\SS(ASP) +1/12NF QASP+
1/8NF2(\F)3 — 1/6 NF~2(A\F)?

254 | (u,Pu” {u,, V*S}t) | —8/3NF 5N — 4/3NFINPP2NSP +
8/3NF NP 2NSF + NFAZASNFP +
4/3NFA2ASSNF - 5/12NF~4c2\5F +
1/2NEF-2)\PPASS)\SP + NF2)\PPASS)\SP +
11/24NF20PPAP —  5/6NF2APP(\JP)3 —
T/3NF72AEPAPINSE —  ANF2APASSASP —
5/4N F2\EP 5P + SNE2APP(ASP)3 +
7/2AN F2\P5N\5P + 1/6NF2\38(A\F)3 +
11/12NF2ABNF + 23/96 NF2\5P — 5/8N F~2(\jF)3




204 Appendix G: (-function Coefficients

255 | (w,u-uVHPS) +hc. | —4/3NF5cIA + 2/3NF~A\IP 2N +
4/3NF~4ANPNP + 4/3NF2ANSNF +
T/12N F~4c2\SF — 2/3NF~432(\F)? +
L/I2NF72APPASP 2/ NF20DPASSASP 4
1/6NF=2\EPASF - 2N F2APABNFP -
1 ;4NF—22\§S§;+ 2/3NF2AB (NP2 +1/8NF2)\3F —
1/24NF~2()\§

256 | (u,V*Pu-uS)+h.c. | =2/3NF 5N - NF-A\PANP +
4/3NF~4ANPNF - 2/3NF~4A2ABNF +
1/6NF AN — NF4 2 (AP +7/6NF2APPAFS AP —
NF72)\PPASS\SP — 1/24N F=2)\PP)SP +
5/3NF2AEPAPATY 4+ 1/12NF2AEPAF +
35/24N F2)\$5)\5P - 7/6NEF2)\5(\F)3 -
NF2(APS)2AP — 5/ANF2ABNT + NF2A38(AP)3 +
1/96NEF2)\F — 1/12NF~2(\5F)3

257 | (uw,V*PSu-u)+h.c. | =2/3NF5cINF + 2N F~ANSP2 NP +
2/3NF~42ANPBNP + 2/3NF~4AN\BNP —
1/2NFAENTE —1/3NF A (AP - NF2APPASS )P 4
2N F2)\PPASS AP — 2N F=2)\EPASSASP +
7T/6NEF2)\3S\P — 3/2NF2)\3S(\5F)3 +
1/6NF2ASNP + 1/3NF2A35(\JP)% — 1 /48N F—2)\5F

258 | (S {uu,u, VFPu'}) | 1/3NFANTENT — 1/12NF~ 1225 —
T/6NF2APPASSAE —  1/3NF2APPASNT -
1/8NF2)\PP)SF + 1/3NF2APATSASP +
1/12NF=2)\DP 5P — 1/24NF2)\3S\5F +
L/ANF2AS5NP — 5/96 NF~2\5F — 1/24NF~2(\5P)3

259 | (S{V,.Puutu’}) | —2/3NFINTFANP — 1/12NF 22 \° —
1/1I2NEF72APPASP 1 2/3NF2APPASSAP
1/6NF2)\PPASP - 1/12NF2)\58\5P —
L/6NF72ASNP 4 1/12NF2)\5F + 1/24N F2(\$P)3

260 | (u,Su” {u,, VFP}) | —4/3NF5cIAF — 1/3NFANPPE 0P +
2/3NF~4ANPNF + 2/3NF~4A2NSNF +
5/12N F~4c2\SF — 1/2NF2)\PPASS )PP +
T/SNF2APPASSASE — 11/24NF2APPAP
NF72)\EPPASSASP + AN F=2)\EPASS AP —
11/12NF=2\EP AP — 7/24NF2)\35\P

I+

2/3NF2\P5(\F)? + 5/4NF2)\$5)\5F
SNF2AS(AF)? —23/96 N F 2\ + 5/8NF~2(A\JF)3
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261

(u,u, VFSP)(u”) +h.c.

2F0ANTY + FANPENTT — 8/3FI\PENTT +
1/3FHEAPNT — 3/4F 4N + 1/3F (M) +
1/6F2ATPATSATY - 1/3F 2 AP ASSNY -
17/24F 2)\PPAPP + 1/6F2APP(A\F)3 +
1/3F20\PPAPSASP + 2/3F2\DPASSASP +
1/12F20EP AP 4 8/3F2ADP (AJP)? — 4F—2(ADP)2\SF —
1/24F2APNF — 1/6 F2AF5(\JF)? — 1/12F 7 2A3S\SF —
11/96 F2X\3F + 1/12F2(\JF)? — 1/2F2(A\JF)°

262

(uu{Pu-u})(VHS)

—17/3F i\t — 2F ANV AENY + 4/3F AP\ —
11/3F 4NN +59/12F 43\ —14/3F 4¢3 (A\F)? —
2F2ATPASPASY — 2F 2ATPAPSATY + 2F 2ATPARY 4
1/3F2APP(AFF )3 — F2(APP)2A5F +4/3F 2 AEPAPS AP —
1/6F2A0PASP + 2/3F2AEP (AFP)3 — 3/2F 2PN +
1/3F2AP(AT)? 4+ 2F2(AP)2ATF — 7/48F2A" +
1/6F2(\")? = 1/3F2(\F)°

263

(u, V" Su,P)(u”) + h.c.

—F e\t — 14/3F NP AN + 8/3F ANV —
FAEANPNT — 10F gAY + 29/12F AN —
2F AP ATPATT + 1/3F2APATSAYY +
4/3F2APPASSATP + 17/12F 72\PPASP —
1/3F 2 NP (AP )3 4+4/3F 2 AT AP AT +1/6 F 2 AP ATY —
F2ATP(AP)? + AF2APASAT — 5/12F AP —
FAPA)? + 11/3F2APNY — aF 2B (\F)? —
13/48F 2\ — 2/3F2(\)? + F2(\")°

264

(P)(VF'Su,utu?)

2/3FANT AN —2/3F AP N +4/3F AP N +
1/6F AT — 2/3F4G(AT7) + 1/3F2ATPAPNY —
2/3F 2 AP ASSATT — 5/12F 2 AP ATF +
1/3F 2N (AP )3 45 /12F 2APNF —1/3F 2P (W) —
5/6F 2PN + 2/3F2A(A\T)P — 5/48F 2T +
1/2F2(\7)? — 1/3F 2 (\7)°

265

(P){u-ufu, VIS})

—4F 5N — 16/3F AN g\t — 2P AT —
20/3F 1NN — 8/3F12NSMNY + 7/6F~1c2AF +
22/3F 4¢3 (AF)? + 1/3F2ATPATSAY +
4/3F2ATPASSATT + 7/12F2NTPATF +
L/BF2AP(AP)S — F2(FPAF — F2APPARP
AF2APAPN +11/12F AN —10/3F 2085 (A7) +
2F2(AP5)2AY — 1/3F 22BN — 4/3F2A55(ATF)3 —
1/24F72XN5F + 2/3F2(A\5F)°




206

Appendix G: g-function Coefficients

266

() (VIS {P, u-u})

—S5F A — 5/3F NN + 4/3F NN —
AFASENSNY + AFANE — 5P AT —
L3/6F2ATPAPAT  + 1BFAPASAT +
37/24F 2\ AP + 1/6F 2P (A)?

F2ATP)?2ATP + F2ARPATSATY — 2/3F2AFPASSASP —
3/AF 2NN +2/3F2AEP (AFP)? — 35 /24 F 2 AP +
L2FE72AP(MT)3 + 2F2(A9)2AFF + 1/12F 2A$NY —
31/96F 2\ +5/12F 2(\J")% — 1/2F 2 (\7)°

267

(u,u, PV*S)(u”) + h.c.

—F AN — 7/3FANYENY 4+ 4/3FANTANTT —
4/3FAAENBNT — 6F1AABPNE + 5/2F 42N —
7/3F74cA(AP)3 + 1/2F 2 APPASSASP - F=2)\PPASS\SP 4
37/24F 2 \PP)\SP — 5/6F2A\PP(ASP)3 —
1/3F2APPASSASP 12 P2 \PPASSASP 1 /12 F—2\DP AP —
1/3F72AEP (NP2 +3/8F2APSASY +1/6 F 205 (\5F)2 —
3/AF2ASNY — AF2AB(NP)? + SF2(\55)2N\F —
7/32F20F — 1/4F2(\5P)2 + 1/2F2(\F)°

268

(u,PY(VFSu-u)

2FINPAENT — 4/3FINFAENT + 2F 12PN
11/6F A — 2F(AY)? — AF2ATPATPARP
F2APPABATE + 1/4F 20PN + 3P 2P (ASF)3
2F2(ATT)2A + 2/3F2AFPAPIATT
4/3F AP AN 45 /6 F2AEP NI +2/3F 2 A\5F (AFF)? —
AT/12F AN + F2AB(AP)3 4+ 4F2(AF)2\F —
1/3F2ABANT 4+ 11/48F2AF" + 1/3F2(\7)?
F—2()\§P)5

+ 1+ +

269

(P ) (VS {ut, u})

8F OciAT” — 2F AP eaATT — 28/3F AT eaAT”
2FEASAT — 16F1ANSNT — 19/6F1c3AF
6F*c3(ATF)? — 2F2ATPALPATE + F2ATPATSASP
2F2NTPASNTY + 1/4F2APATY — F2ATP(AF)?
2/3F AP APSATT +  4/3FAAIPAPNP
T/3F2AEPAYY 4+ 2/3F2AFP (AFF)3 + AF 2AP AN
1/12F2APNP — F2APS(AP) + 19/6F2A3NF —
SF2AS(ATT)? + 8F2(AF%)2AT — 19/48F2)\F —
2/3F (")’ + F2(F")°

+ 4+
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270 (PVHS ) (uyu-u) 2NN+ 2F 12NN+ 12PN —
2F74C§(A§P)3 + F72/\1{’P/\§S)\§P o 3/4F72/\113’P)\§P +
BF NP (ATT)® — 2F2(AP)2ATY — 15/4F 2APSATP +
FAPSAT)? + AR 2P — 1/16F 2\ +
L2F 2O — P00y

271 ( Pu,uru” )(V,S) 10/3F7CcANTT + 2FANTPE2NP — 8/3F~I\EP2NTY +
A/3F AN — 4/3F AN — 2/3F 13 (AP) +
F2XTPASNY — 3/4F2ATPAY + 1/3F AP (AF)3 —
14/3F 2 AJPAPSATT + 17/6F 2 A5P A -
4/3F2AEP(ASP)3 4 3/4F AN + 1/3F 22 (AF)? —
31/48F 2XJ" 4 2/3F 2(A}")? — 1/3F 2(\")°

272 ( Pu,V*Su”)(u,) 2F7CANT + 4/3FANTANTT — 4/3FANPANTE +
2F AN — 5/6F 1N + 4/3FIATPATAY —
2/3F2ATPASSATY —5 /6 F2ATP AT +2/3 F2ATP (AFF)? —
14/3F2AFPAPAF 419 /6 F2APP AT —2F ~2MDP (A3P)3+
5/6F 2PN+ 1/6F2APNT — 7/12F 2T +
1/3F2(\")?

273 | (P {uy, u,} )(uVYS) | 2F NP GNT 4+ 4/3F NN — 2F AAPAY +
AFHENSPNT + 1/6F 3\ — 2F4G(\F)3
2F2ATPALPATE 4 F2ATPAPSATY — B/4F2ATPATY +
F2APP(AP)? + 4/3F2AEPAPSNY — 7/6F 2AEPATF +
10/3F2A0P (AT )3 —4F 2 (AJT )2 AP +4F 2 AP ASENTT —
/12F 2NN — F2AP(AY)? — 32PN +
2F 2NN+ 17/48F 2\ + 2/3F2(\JF)?
Ff2()\§P)5

274 | (P {u,, VASH) (u-u) | —TFAINPANTE — 14 /3F NP ENE — TF 12NN —

2F NS — 13/12F AN + 11 (\Y)? —
2F AP ADPASP + 1/2F72APPATS AP +
F2APPASATT — 1/8F2ATPASP 4+ 1/2F 2ATP(AJF)? —
F2AP)2AE + 1/3F2ASP AN 4+ T/12F 2 AP AFY +
1/3F2ASP (AP )2+ AF 2APSASATY 425 /24 F 2 APNF —
T/2F AP (ATT)? + 2F2(AFS)2AF — 3/4F2ASNT —
FPASAF)? + 1/96F2AF + 1/6F2(A\F)* +
1/2F2(A\T7)°
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275

(P {uy, VSt (utu”)

2F AN\ + 8/3F AN AN — 2F AN +
AFASENSNE — T/6F 4N — 2F42(\F)3
2F2ATPARPATY + F2APPATSAYY — 5/4F2APPAY +
F2ATP(AP)? 4 2/3F2AP AN — 4/3F AP AT +
8/3F 2AEF(ATF)3 + AF 2APAAY + 1/12F 2APNF —
F—2)\§S()\§P)3 _ 3F—2)\§S)\§P + 2F—2)\§S()\§P)3 +
31/48F 2\" +5/6F 2(\[") — F2(\IP)°

276

(Pu-u){u,V*S)

16F SN + 2F IATFAENF — 8/3F IAJFANT —
22F4EAPNT — 20F4GAPNY — 41/6F e\ +
38F 3 (AfF)? — BF2ATPAPATY — 6F AP AT —
9/AF2ATPATY + TE2ATP(AF)? — 2F2(ATP)2AF —
8/3F 2ASPATATE —4F2AEPASSATY — 11 /3F 2APPAP +
10/3F2AEF(AFF)? + 8F2ATSASSATP +
AT/12F2AMNY — TE2AS(ATR)? + AF 2(AP)2ATF +
B3/2F2APANT — 2F2AP(AT)? 4+ 47/48F 2T —
11/6F (A7) + F2(\7)°

277

(up ) (VP {S,u-u})

A/3FCci Y + FANTENT + 16/3F AP —
8/3F~4ANSSNSY — 5 /6 F 42N\ 4+ 13 /6 F2APPAPSNSF —
F2APPASSASP — 1724 F20\PPASP — 1 /3 F2\EPAPSASP 4
2/3F2\EPASSNTP - 1/12F2\FF AP —
49/24 F72APBNE + 4/3F 22 (AF)3 — F2(\J5)2N\F +
3/AF2ASSNT — 2/3F2A5(\SP)3 — 17/96 F 2\ +
1/12F72(\§P)3

278

(u,u, VFPS)(u”) + h.c.

—8/3F SN + 1/3F NPT — 4/3F2A2AFNT +
20/3F 4NN + 7/6FAANY — 4/3F4A(ASP)? —
1/6F—2\PPASASP - 1/3F2\PPASSASP +
5/24F 2P AP + 1/3F2APPATINGP —
2/3F2\PPASSATP + 1/12F2\EP\SP 1
13/24F 2APSNSP — 1 /12F 2ASS AP +4/3F 2055 (AJF)3 —
AF2(AS5)2N5P — 37/96 F2\5P — 1/12F~2(\JF)3

279

(up{S,u-u})(V'P)

A/3FCci Y + 4/3F AT INT + 16 /3F 1 GAP AT —
8/3F 1GNP — 1/3F AT + 2F2ATPATSAYY —
4/3F2ATEPASSASP 4+ 1/6 F 2ATP AP — 2F2APSASSATP —
5/3F2ABATE + 4/3F2AS(AP)S — F2(A9)2AF +
1/2F 72285\ + 11/48F2)\F — 1/6 F~2(\jF)3
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280 (uyu-u)(VFPS) 2F NP + AFPAENNE — FAAPAPAY +
3/AF2APPNSY — 1/4F2APNF — 2P 2(\J5)2\F —
15/16 F2A\F + 1/2F2(\F)3

281 | (u,u, SVAP Y (u”) +hec. | =8/3FScANT — 1/3FANP2NT + 4FANPE2NP +

12 d”*'1 1 ~d”'1 2 ~d”'1
AFASENSNE + 2F42ASNE + 1/6F42NP —
2/3F4c2(\F)3 — 1/2F72APPASSASP +
1/3F72APPASSASP —13 /24 F2)\PPASP — =2)\PPASS AP —
2F2APPASSASE - 3/4F2ADP AP — 11/8 F2APS\9F +
2/3F 2N (AP +1/12F2X\55NSP +1/3F 2055 (\5F)% —
9/32F 20\P + 1/4F2(\SF)3

282 | (u,V*Pu,S){(u”) +hc. | =8/3FScINT + 2FINPPE2ATY + 16/3F 42 ASAT —

12 d”*'1 1 ~d”'1 a1l '
2/3FAAENSNY 4+ 5/3F 42N — 2F 42 (WP —
1/3F=2)\PPASSASP — 4/3F2APPASSASP +
5/12F 2\PPASP — 4 /3 F=2)\PPASSASP — 2 /3 F—2)\DP AP —
2E 2NN —17/12F 2\ +4/3F 2058 (A\P)3 +
5/6F 2NN+ F2AS(APP)3 4+ 13/48F2\FF —
1/3F2(\P)?

283 (u,SY(VFPu - w) 2EINPENTE  + AFAENPNT 4+ FAENT
F2APPASSAP —2 /3 F2APPASSASE 411 /12 F 2APP )P —
4/3F2AEPASSASY + 1/3F2\DP AP — 4 F—2)\SASNSP +
3/AF2ASNT — 2F2(A\P9)20A5F — 5/6F AN +
4/3F2ASS(NSP)? — 11 /48 F2\F + 1/6 F2(\F)?

284 [ (u, SYV,P{ut,u’}t)y | =8F0cINY + 2P INFANY + 4FINPENT +
AFTAENSAE 0 12F1E2APNT 4 212N —
4FAA(NP)3 — F2\PPASSASP — 2/3 F=2)\PPASSASP —
1/12F2APPASP 2 =2 )\DPASSASP —4 /3 P2 \DPASSASP —
1/6F2ADPASP — 2F2X\PSASSASP — 1/4F2APS\5F 4
2F 2N (M) — 10/3F2ASNF + 4/3F 2055 (AJF)3 +
19/48 F2\5F + 1/6F~2(\5F)3

285 (S)Y(V, Pu,utu”) 2/3F~ANTP2NSF — 4/3F~ANSP NP —
1/3F 2 ATPAPSATP — 1/12F2ATP AP +
2/3F2XPAPIATY + 1/6F2A5P AT + 1/12F 2APSMY —
1/16F—2)\5P

286 | (S)(u-ufu,, VFP}) | —4FSANTE + 2/3FINTPENT + 8/3F NPT +

AFASENSNE + 2PN — 2F42(A\JF)3
1/3F‘2)\fp)\§s)\§P + 5/12F‘2)\113P)\§P
A/3F2AFPAPNIT +2/3F 2 AT AT —11/12F AP +
F—2)\§S()\§P)3 _ F—2()\§S)2)\§P + F—Q)\%S)\?P +
1/8F72\F — 1/2F~2(\P)?
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287 | (Su,utu’ )(VEP) | —=8/3FScINT — 2/3F~AINPP2NY — 8/3F 22NN +
28/3FAANSNIE — 1/3F~42NP — F2APPAPSATY +
14/3F2\PPASSASP — 13/12F2)\PP)SF 1
13/12F2X\55\F — 2/3F2A\3S(ASP)3 — 7/2F 2APNSP +
2F 2SS (AP)3 + 23 /48 F2)\F — 1/6 F~2(\jF)3

288 | (Su,VFPu’)(u,) | —8/3F CcINIT —8/3F 1NN +28/3F 12NN —
1/3F42NP —4/3F 2 APPATSASP 4114 /3 F2\PPASSASP —
5/6F2\PPASP -2 /3 F—2)\PPASSASP — 1 /6 F2ADPASP +-
5/6F2ASATY — 2/3F2ATS(AJF)3 — 19/6 F2ANF +
2 INSS(AE)3 + 7/12F205F — 1/3F2(\5F)?

289 | (S {uu, u,} Y(u'VHP) [ 2FINTPAENE  + AF1EAPNT — 2P 12NF —
F2APPASSATP — 4/3F2APPASSATY + 1/12F 7 2APP )PP —
QE2APINSNY 4 5/4F2AFSNIP 1 13/6 F2A3SASP +
2;317—23:&513)3 — AF72(A\S9)2ASP — 17/48F2\5P —
1/6F2()\%

290 | (S{uu, VAP (u-u) | —4F5NY  + FAINPENY + 2P INPENE +
GF AN+ 12712\ — 2F 12 (A\P)% —

—2)PP 1SS \SP _ —2)PPSS\SP

1/2F2)\PPAS A 1/3F2APPASSAS +
11/24F2)\PPASP — F=2)\DPPASSAIP 4 3/4F2A\EP 5P —
QE2APNSNT + 5/8FZAPSAST 4 P28 (ASP)3 —
F2OAP)20P — 7/12F 255050 + 2/3F2A55(\5F)% +
47/96 F2\SP — 2/3F~2(\5F)3

201 | (S{u, V,P})(uu”) | 2FINTAENY  + AF 1PN — 3P 1ANY
F2APPASSASP — 2 /32 \PPASSASP 1 /12 F 2 )\PPASP —
QE2APNSNY - 5/4F2APNE 4 1/3F 2NN —
2/3F2AF(NF)? + 17/48F 2\ + 1/6F 2(\}")?

292 (Su-u)(u,V*P) —8FCcANT + 2FINPENT 4 A INTENT +

AFAENSNT 4+ BF AN — AF1G(A\T)? +
BFEIATPATSATF + 8/3F 2ATPAFIATT
11/12F 2 ATPAY + 6 F AP AN - 4F2APPASATY —
3/2F2NEPAY 4+ 5/AF AT — AF AP —
2F2(AF5)2AY + 11 /3F2A58AT — 10/3F 235 (A\FF)3 —
AT/48F2X3F +4/3F 2(A\7)?
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1/24NF72APPAP 13N F2APPATSASFP
1/12NF~2)\EP AP - 1/24NF-2)\$5)\5P
1/6NF2A\$5(A\SP)3 — 1/12NF=2)\58)5P
1/96NEF72\F + 1/24NF-2(\F)?

293 | i (u,fY"PV,S) +he. | 1/6NF1ANTE + 1/6NF 2PN — 1/3NF2ANF +
1/2ANF720\F + 1/12NF-2(\F)3

294 | i (u,fY"V,SP) +hc. | =1/3NF~1c3\3P - 1/6NF2\PP)SF
1/3NF2APNSE + 1/8NF2\5F + 1 /6 NF2(\JF)?

295 | i ( Pu,V,Sf" ) +he. | =1/6NF~1cIAP + 1/6NEF2APP AP +
1/3NF2APNE —1 /6 NF2APNE +1/3NF2X\55N\5P —
1/12NF72)0F — 1/12NF~2(\5P)3

296 | i (u, fI"V,PS)+hc. |1 /3NF*4§§AS§1;P +1/6NEF2ABNE — 1/3NF 22PN +
1/24NF~2)\

207 | i (u, fi"SV,P) +hec. | —1/6NF12N\F — 1/6NF2\PPASF
1/3NF72ALPNSE + 1/8NF2)\F + 1/12NF~2(\5F)3

208 | i (Su,V,Pf") +he. | 1/6NF2ANTF —1/6 NF2ATPASF —1/3NF 2P AP +
1/6NE2APNT — 1/3NF2ASASP 4 1/12NF2)\5F +
1/12NF~2(\jF)3

299 | i (u, )( f}” [v S, P]) | —1/3F722NT — 1/3F2APPASY + 1/6F2(\JF)3

300 <VMS)( IPu]) | 1/3F72ANT +1/12F2\F — 1/6 F2(\3F)3

301 [ i (P)( [ [uu, V,S]Y [ 1/3F2APPAIE — 1/3F2ANF + 2/3F2A5\F +
1/12F72)\5F — 1/3F2(\§F)3

302 | i (u, )(fA7[S,V,P]) | —=1/3F2ANT — 1/3F 2ATPAF + 1/6 F2(\3F)3

303 | i (V. PY fIV[S,u,]) | —=1/3F2ANT + 1/3F2APATY — 1/3F2APNT +
2/3F2NSSNSP + 1/12F20\5F — 1/6 F~2(\5P)?

304 | i (S)Y( Y [uu, VL, P)) | 1/12F2N5F

305 <uuu,,PSf’_“') +he | =2/3NFNPENY  + 0 13NFAENPANYE —
1/6NF~42\5F + 1/3NF~42(A\5P)3 +
2/3NF2APASSASY  —  1/12NF2ASAP 4
1/6NE2ABNE — 1/3NF2AS5(ASP)? — 1/48NF—2)\5P

306 | (u,u,SPf™ ) +hec. | —2/3NF5cINF + 2/3NF~AINTP2\5P +
2/3NF~4ANBNF + 1/ANF~42N5F -
1/3NF~2(A\F)3 + 1/12NF2)\PP)SP -
2/3NF2\FPASATP + 1/6NEF2\EP AP +
1/3NF2AS5(A\F)2 — 1/16NF2\F — 1/12NF~2(A\JF)3

307 (" u, [S, P]) —2/3ANFINPENY  + 1/3NFE(NP)? +
2/3NF2NPPASSAE — 1/3NF2X\5S(AJF)3

308 | (u,Pu,Sf ) +he. | —1/3NFINFANT + 1/12NF~*32N\P —
T/6NF2APPASSASE 1 1/3NF2APPASNE
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309 | (u,Pf"™u,S)+hc | —=13NFNTANT  —  2/3NF1AAPNT +
1/ANF~42\SF — 1/6NF2)\PPASSASP 1
L/BNF7ANPPASSASE + 1/24NF 2PN+
1/3NE=2\EPASSASP L/I2NF 2PN
1/24NF2APNF 1/6NF2AIS(AP)3 —
1/12NF2ABNP — 1/96 NF2\F + 1/24NF~2(\5F)3

310 | (Su,u, Pf*) +he. | —2/3NF-SANF — 1/3NF=I\P2)\P +
4/3NFA2NSSNF L/6NF2APPAPSASY
1/3NF2)\PPASSATP 1/2ANF2PAPP 4
1/3NF2\EPASSASP 1/ANF2)\DPASF 1
1/8NF2\P5N\FP - 1/6NF 2\ (A\F)3
1/ANF72ASSNSP + 1/32NF2)\3F + 1/8NF2(A\JF)3

311 | (u, ) {(u,SPf™) + hee. | —2/3F12APNP + 2/3F AN —
1/3F\PEASP — 1/12F 42N\ 4+ 1/3F 12 (\5F)3 —
1/6 F2APPASS AP + 1/3F2APPASS AP +
1/24F2\PPASP + 1/3F2\DPASSASP
2/3F2ADENSSASP +1/12F2AFP NP +1/24 F2)\350\5P —
1§6F22\§Sg£\§:)3 + 1/12F72$NF — 1/96 F2)\5F —
1/24F~2(\3

312 | (u, ){(Su, Pf™) + hee. | +2/3F12APNE — 2/3F 12N NF

313 | (w, )(u, PS™ ) +he. | 1/3FINFENT + 1/12F1ANE — 1/3F 1A (NF)3 +
1/6 F72ATPASS AP — 1/3F2ATPASSASP —
1/24F2)\PPASF 1/3F2APPAPINSF +
2/3F2APPASSASE —1/12F2A0PASP —1/24 F—2)\S\5F +
1§6F2é§igé§:)3 — 1/12F 208N + 1/96F2\F +
1/24F~2()\S

314 | (P)(uuu, S ) +hee. | 1/3F21AENPNEY — 2/3F1ENPAE + 1/6 F2APATY —
1 ?61};2?523;; + 1/3F2ABNE + 1/24F 2\

6L (A7

315 | (S)(uuu, Pf2) +h.c. —/4/3F260§P)\§P + FAENPNT + 1/6F 43N +
1/24F72)%

316x | (f"{V,P,V,S}) 1/3NFAENE —1/6NF2(A\F)?

317 (V,P)(f'"V,S) 2/3F4ANE — 1/3F2(\3F)3

318 (V,.S)( 'V, P) —2/3F AN + 1/3F2(\5F)3

319 | i (SfYPf_,.) +he | 1/12NEF2ATPASY + 1/6NF2\EP ALY

/12N F72ASNP 4 1/6NF2ABNP — 1 /24N F2\5F —
1/12NF~2(\3P)3
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320

(. PS) +he

1/6NF AN +1/12NF 2 P AP +1 /6 NF2ASP AP —
1/1I6NEF2)\F — 1/12NF~2(\jF)3

321

i( fYfWSP)+he.

—1/6NF~*2\P — /12N F2\SAF +
1/6NF2\5NP — 1 /48N F—2)\5P

322

i (PY ™ f_wS) + hc.

L/6F2AAYY — 1/6F AN + 1/3F AN +
1/24F72X5P — 1/6 F2(A\JF)3

323

HSHPUE, fwl)

1/24F2\5F

324

(uux+V*SP) +h.c.

ANFd, AP cq + 1/2NF AN + 1/ANF2ATPATY —
ANEF2ATPNEPAY + NF2AEP(ASP)? + 1/16NF2A\P"

325

(u,V*Sx+P ) +h.c.

3NF=5d,,c3 + 6NF%cc, ¥ — NF4d,\Pc; —
4NF74dm/\5PCd — NF74dmCd/\§S — 2NF74dmCd)\§S
SN F~4d,,cq(\F)? — 3/2NF~*d,cq
INF=N\Peic AP —  ANF X\ Pcue, AT
SNE=INEP2ASP — 2N F~ e ASASP

AN F~4cqem S\ — 2N F~*cie N3P

12N F~4cqe, (N5T)3 — AN F4ENSSNSP
1/2NF2NP — NFAENP — NF2APPAPPASP
1/2NF2\PPASP 11 2N F=2 AP ASP - N =20\ EPAS\SF —
AN F2)EPASSASP — 1/2NEF-2\EPASP +
3/2NEF2APP(ASP 342N F2APASS AP — NF2ASSASP 4
INF2ABNE + 3/2NF2ABNF — 2N F2)055(\JF)3 —
1/2NEF2(AJP)2ASF + 1/ANF-2(A\JF)3

I+

I+ I +

326

(u,V*SPx; ) +h.c.

3NF~%,,c; + 6NF*6cf’lcm)\§P — 2NF~4d, \¥cqy —

ANF~4d MNP cy — NFdpcg\SS — 2NF~4d,,cq)S® +
9NF74dmCd(/\§P)2 — 5/4NF74dmCd —
AN EF4\PPeie, A3 — ANF~4\ P ey, AP +
SNEFNEP2ASP — 2N F~4cie ASASP —
AN F e AP AP — ANF~cqem\” +
12N F~4cqe, (N5T)3 — ONFA4ENSSNSP —
2NFANE — 1/2NF2APAY — NF2APAPATT —
2N F=2)\EPPASS AP — 3/ANF2\EP AP +
3/2NF2AEP (AP )2 —1/2NF 2 XA + NF2APASP +

ANFAPASENY — NF2AP(AF)? — 1/8NF 2\ —
NF2(A8P)2AP + 1/2NF2(A7)% + 3/ANF2)\5P
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327

(uux+V*PS) +h.c.

INF NN —1/ANF 23PN 2NF DFAPAT +
3/16NF2)5F

328

(u,V*Px4S) +h.c.

—2NF4d, NP cq+2NF~d,,cq(AST)? =3 /2N F~d,,cq+
1/ANF~4cien ¥ — NEFAENSAY — 12N F42AP +
NFEAPPASSASP 1 o N F=2 NP ASSASP 42N =2 \DPASP —
NF2ASASNP 1 1/2NF2APNP —1/2NF2)\55\SF +
NFE7ASNE —3/2NF 2N (AP —1/2NF2(ASF)2A5F

329

(u,V*PSx;)+h.c.

—4NF~*d,\Pey + NEdcq(AF)? -
1/ANF~4cqen ¥ — NFTASEASAE — 1/2NF4A2NF +
NFE7APPASSASP 4+ NF2APPASP L o N2 APPASS AP +
1/2NF2A$S)\5P - 3/4N F2\$SASP
3/2NF2ASS(ASP)2 — NF2(ASP)2ASP + 3/4ANF—2\5F

330

<uu><V”S{P,X+}>

—2F %5 — 4F5Sc, NP+ Fda APy —
2F’4dmcd/\§’s — 3F’4dmcd()\§P)2 + 7/4F’4dmcd —
2FEANPEATY — AF e e NN + 3F eqen NP —
AF Heaen(AP)? 4+ 2F*EASAY + FA5P
FATPASPATY + 1/4F2ATPAP — 2F 72AFPATSATY
5/AF2NEPATY + 2F 2APSASSAY — 1/2F 2APATP
FABNE  — 32F 22BN+ FAASS(A)?
1/16F 2" + 1/2F2(AJ7)2A57 — 1/4F2(A7)3
3/4F 25

++ +

331

X+ VES ) (uP)

2F_4dm)\lfpcd -+ 4F_4dm)\5PCd — 2F‘4dmcd()\§P)2 —
1/2F dpeq  +  AFEAPEAY  + 2F 4N

2F2APPARPASP  1/2F 2APPASP — 4R —2ABPARPASP
FAPATY 4+ 1/2F 25PN+ 2F 2P (AF)3
AFTIAPASAE — FAPMT 4+ 2P 2FNF

BEASAY + 2P AP 4+ 3/8F AT+
F2(A8P)2A5F — 1/2F2(\8P)3 — 3/2F 2\5P

I+ + |

332

(P)(x+ {up, VST

—8FCchc NY — 3F4d, MNFcy + 3F4d,ca(NF)?
5/4F 4dycqg — AF*MNPPeie NP+ Ftcgen N3P
4F cqe,(NJP)3 — 6FAANSNY + 2F 12N —
BFHENT  — FATPAPATY 4 1/4F2ATPART
FAPATY — 1/4F 20PN+ F2AfP(AT)3
2F2APAPATT — 1/2F2ABNT + FAAPSASP
AF72ASSASSATP — PSSP 4 2F2ASSASP
3/2F2ASAP — 3F2ASS (AP — 3/16F2\5F
3/2F2(ASP)2ASE + 3/4F"2(\P)3 + 3/4F2\5F

-

|+t




Appendix G: g-function Coefficients

215

3/2F72(\5P)3 + 3/2F2)\5F

333 | (PVAS)Yuuxy) | 2F 2 M Peq — 2F d,ca(NF)? + 1/2F *dcq +
AFTAEASNE + 2F12\5F 2F2\PPAPPASP 4
1/2F72APPAP — 1/2F720EPAF + 2P 2)\PP(\JP)3 +
AF2ASASAE — P 2APNE 4 2P 2APAE —
SF2ASSASE + 2P 2SO+ 1/8F 2N\ +
F2(A3P)2N5F — 1/2F2(\$P)3 — 3/2F 2\5F

334 | (P {u,, VFSH)(x+) | =3F A\ eqa — 6F1d MV cq + 11Fd,,ca(NF)? —
5/4F 4d,cqg — AF M Peie, NP — 8F~4\EPeie, \JF —
Fcqen NP+ 12F cge,,(AF)3 — 6F4ENSSAP —
SFTAANT  — F2)\PP)APPASP 3/A4F2APPASP
2F2AEPAEPASE 1 1 /2 F=2)\PP AP o+ 1/4F20EP 5P +
F2DEPIP)3 4 2F " 2ABASNIE — 12 22PN +
FOABAE 4 AR 2ASSAPSAFP F72585\F +
2FIASSASE 4+ 3/2F2ASSATF SETIAS(AE) —
1/16F2\5F — 3/2F2(\SP)2ASF + 3/4F2(\JF)3 +
3/4F72)\5P

335 (Px4)(u,V*S) 12F8d,,c3 + 8F 5c3c, \iP 6F4d, \NPcy —
AF g — 8F *dycg)s® + 18F *dycq(A')? —
1/2Fd,ncqg — SE A Peie AP 4+ 12F PN —
8E 4cqem A\PSASY — 16 F2cgepm NS AT — AF ~4ce,, \5F +
32F 4cqe,, (NP2 — 12F2EASNE + AF42NE —
6F AN — 2F2APALPASY 4 1/2F2ATPAPP
2F2\DPASP — 4F2)\PPASSASP — g2 )\PPASSAP
T/2F2AEPASY 1 SF2ASP(ATP)S 4 4F2APSASSASP —
F2APBNE 4 2P 2\PSNF 4 SF2APASNT —
2F2ASSNSE 4+ AF ISP+ 3FTAASAE -
6F2ASS(AF)? — 3/8F2ATF BF2(A)2AT +
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336 | (u, {P,x4+}){(VS) | —2F°%d,,c; — 4F %cic, ¥ + F 1, Ve +
2F74dm/\5PCd — 2F’4dmcd)\§s — 3F’4dmcd()\§P)2 +
5/4F Adcqg — 2FANPENE — AF e e MPNT +
3E2cgem AT — 4F cqe,,(NJF)? + 2F4A2NSNT +
FAAENE — F2APPAPPASP 1 1/4F2)\PP)P —
2F2APPAPPASP - 12 20PPASP — 2 F—2)\PPATSASE +
T/AF2AEPASE 4+ 2F2APSASSATY — 1/2F2A5N5P +
FASAE — 3/2F 25N\ + F2A35(\5P)% +
3/16FE20F + 1/2F2(A\P)2ASF — 1/4F2(\F)? —
3/4F2\5F

337 | (uu ) (VFP{S,x+}) | 2F ', N Pcq — Fdmca(NP)? + 3/2F Ydcq —
1/2F " 4cge,NSP + AFAENSNY + AN +
2F2APPASSASE + F2APPASE — pr2) PSSP —
1/AF2ASSAY — 7/4F72)35)\F + F2\55(\5P)3 —
3/16F20F + 1/2F~2(\JP)2A5P — 3/4F2)\5P

338 | (u, {S,x: } ) (VFP) | 2F 1, M Pcy — Fdnca(NP)? + 3/2F *dcq —
1/2F4cge, NSP + AF2AENSNE + AN +
2F2APENSSASE + P2APPASP — pr2) AP —
1/AF2APSNE — 2F2)55ASSNSP — 1220 —
5/4F2NSANP + F2A5(A\P)3 4+ 3/16F2\F +
1/2F72(\SP)205F — 3/4F2)\5F

339 (uux+ ) (VFPS) —4F4d MNPy — 2Fdnca(NY)? + 3F tdpcq —
Fcaen 5P+ AFP2ENSAE + 2F1A2N° +
QEINPPASE — 2 2APASSATY — 1/2F 20PN —
1/2F 22BN -3 /8 F2\P+ F=2(\SP)2A\SP —3 /2 F—2\5P

340 | (xo VAP ) (u,S) | —4F*d, MNTcq — 2F Ydca(NF)? + 3F Ydca —
Fcie, NP+ AF NS + 0 2F132NF +
2F2APPASE — 2P 2APSASSASE — 1/2F2)APSA\P —
AFRTDABEASNT — FDSNT 4 128208\ +
3/8F2NIF + F2(\P)2ASF — 3/2F2)\5F

341 | (S) (x4 {uw, VAP}) | —2F 4, N cq — AFd NPy + 3F1d,ca(NF)? —

3/2F 4dycqg + 1/2F tcie AT+ 2F4E2ASAP —
FAEN + F 2PN 2P 2 AP NS — P2 AP35 AF —
L/AFAPANT 4+ F2APAY — 1/4F 2SN
3/16 F2\F — 3/2F2(\SP)2A5F + 3/4F—2)\5P
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342

(5 {u, VEPY) (x4)

—2F d MTeqg — AF *dp X cq + 3F *dpca(A')? —
3/2F *dpmeq + 1/2F tcqen i + 2FENSAY —
FAENP + F2ATPASE 4 2F 2APPASP — F2ATSASATY +
BAF NS — 2F 2APAPATT — 1/2F 72BN +
1/AF2X550\F + 3/16F2)\5F — 3/2F2(\SP)2A5F +
3/4F2N\5F

343

(x4 ) (w,VHP)

—AF *d \Teqg — 8F *dp X cq + 6F *dpca(A7)* —
3E 4 dpmcg+ F 4 cge NJ¥ —2F 742N +4F 2 APPASSATP +-
2F2NTPASY 4+ BFTINIPASSAY 4+ 4F2AIPASP
2FAPAPATT — 12F 72BN 4+ 2F 2SN+
5/2F AN — 6F2AP(AF)? — 3/8F A
BE2(APT)PAST 4 3/2F 2\

344

i ({5, P} upx—u")

ANF O, A\i7 — NE ScINY — NF *d,cq( A7) —
NENEPENP AN FANEPENSP — NF e 0, APSASP
2N F~4cie AP ASE - 5/4ANF~4cqe, AP
1/2NF 4NN + NFAEASNE + 5/8N F42 NP
2N FAE(AF)2ASE + 1/2NF~4c2(\JF)3
NF2ATPASATF — ANF2ASP AN
ONF2AS(AP)?2AP —  1/2NF2X35(AF)3
NE2(AP)2ASP + 1/ANF2(\P)?

I+ + 1 + |

345

i(Su-ux_P)+h.c.

—1/2NF=%d,,c5 — 2NF~5c3c,, A} + 2NF 5N
ANF2dpmcgABS(NSP)?2 —  1/2NF4d,,cq)\SS
1/2NF~4d,cq)5® — 1/8NF~4d,,cq + NFANT AN
SN F~4cqe A\SAT + 2N F~4cqe NS AT
1/2NF4cqen 5P — 2N FAENSNE 4+ NFENSASE —
INFAANBAE +3NFAE(NP)2AP — NF42 ()3 +
3/4ANF~4c2\5F + 1/2NF2APPASSASE +
NFZ2XEPAPAT — NF2APPASSASY — N2 AEP AP AP +
3/8NF2)\ISAF + SNEF2ATS(ATP)2A5F -
5/2NF XS (A7)3 — 1/2NF2NPASP
SNE2ASS(AT)2ASE + NF2ASS(AP)2 + 1/8NF—2\5F

4+ 4+ +




218

Appendi

x G: f-function Coefficients

346

i(Su-uPx_)+h.c.

—12NF~%d,,,c3(\7)?
19NF=Sc3c, AP +
6N F~4dcgA\JS(ASF)?
AN F~4d,,cg 55 (N5T)?
1/2NF~4d,,cq(\F)?
SNF4\PPeye, AP
NF4)\PP2)\SP

— 1/2NF~%d,,c3
LINFSANPT + 2NF-ScAN3P
—  1/2NF~4d,,cy\$S
+  1/2NF4d,,cq)\5S
1/8NF_4dmCd
+  5/2NFAPPE2)SP
+ AN F4 N\ P e NP

|+ + +

INF AP AN —NE AP AN+ TN F g NSNS+

6N F~4cqe \SAST
ANF~4cqe,(ASF)?
NFANPNP — 5N
SNEANPNP
NF4A2(A\F)2A5F

1/2NF~42\5P 1

NF2)\PPAFSASP
NF2)\PPASS)\SP
2N F2APP(A\SP)2A5P
3/2NF2\PPAPS\SF
1/8NF2)\DPASF
A
NP2\ (P
1 1 2

+ 5/4NF~*cycm AT
13/2N F~4AAPNF
FAEABNE — 2N FH2ASSASP
— 11/8NEF~42NF
+ 11/2NF~4c2(\5F)3
1/ANF=2)\PPASSASP
3/2NF2)\PPASSASF
3/16 N F2)\PP )P
— 1/ANF2APPASP
NF72)\PPASSASP
—  NFZARPOR)AT
+ NF2)\PPASSASP
+ 9/16 N F2\J5\5P
11/ANF2AP5(AJF)3

4+ 1+

4+ 4+ 4+ +

I+

L/ANF2ASNE + NF2(A9)2A5F — 1 /8N F2A\3S\5P —
NFZASAP)2AT + 12NF2AS(AR)? +
1/2NEF20$5 (NP3 +1 /64N F2\SP —1/16 N F~2(\5F)3 +-
1/2NF2(A$P)ANSP — 1/16 N F—2)\5P
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347 | i (Sx_u-uP) +hc. | —12NF~5d,,c3(\}F)? — 19N F=Sc3c,, AP -
12N F=6cA\5P 1 2N F~4d,,cq )35 (AF)? 1
4NF74dmCd)\§S()\§P)2 + 3/2NF74dmCd(/\§P)2 —
SNF~4\Peuc,, AP + 2N F=4\PP2ASP —
NF\PE2)SP + ANEF= AP cae,n NSY -
SNF=AEP2ASP + SN F~4cc ASASP +
AN F~4cqem ASSASP + 9/4NF~*cacmAF
SN F~4cqenm(ASF)3 — 13/2N F4A2APNF
SNFAENSNE + 3NF4ANSNE — 13/8SNEF 42N —
OINF~4Z(AP2AY + 13/2NF~12(\P) +
1/ANF=4ANF - 1/2NF2\PPATSATP -
NF2APPASSNSY 4 NF2APPASSASY —1 /8 N F—2APPATP 4
2N F2)\PP(A$P)2\SP — 1/2NF72)PPASP
NF2)\PPASSASP — NE2XEP(ASP)2)ASF 1
ONF2APSASSASP —  2NF2ABS(OP)2AP —
1/2NF258(AFP +1/16NF 2N\ + NEF2(\JP)2A5F —
1/ANF2(ASP)3 + 1/2NF2(ASP)ANSE + 1/8NF—2)\5P

348 | i{u,Su{P,x_}) | —2NF %, \3¥ + NFScANY + 1/2NF~4d,,ca)}® +

8NF_4dmCd)\§S()\§P)2 — NF_4dmCd/\§S —
NF4dcg(NSP)24+1/8NF~4d,cq—1 /2N F AP 2 N3P 4
2N FANPP2)\SP 1 2N F~4cqen NS AE 1
SN EF~4cqem A ASF — 3/ANF~4cqe, AP

ONFAAAISASE — 6N FA2ASNY + AN F42ASAP +
3/ANF AN — NF2AP — 1/ANF2APPATSASE +
B/2NF2NPASNY  —  2NF2APAPAY —
3/IGNF2APPNSE  — 1 2NF2APASSAP 4
2NF 2P ASSATT — 3/8NF2AFPATY +
L/2NF20EPATSASE —  2NF2APPASSAP 4
3/8NF2\P AP - 1/1I6NF2\$SA3F -
ANF2AP(AT)PASY 4+ 3MANF AP+

I/SNF2ASNY + 16NF 255 (A\)2A5P
SNE2ASS(NE)? 4+ 1/2NF 2NN — 3/64NF2\5F —
5/2NF~2(NF)2A5F + 13 /16 N F2(\jF)3
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349 i (u, Pu’ {S,x_}) ANF=5c3c,\Y — BNFScNY + NF~4d,,ca(NF)? +
2NF~4N\PP e, N3P - 3/2NF~4\PP2\5P -
6N F~ 4\ P cqe, N5P + ANF=ANPP2)\5P —
NEciepn A\SASP — 2N F~4ciem ASSAST +
SNF4cqen i — NFcie,(NSF)3 + NEFAEAPNE +
OINFAENSNE — NFAANSPNE — 7T/ANFAENE —
2N FAE(ATF)2ASF + NF432(\F)? +
L/ANF72APPASSASE 1 1/2NF2)APPASSASP
L2NF7AAPPASSASE + 1/16NF2APAP
NEZXPPOSE2ASE — 12N F2APPAPSAF —
2N F2\PPAPS\SP — 2N F2\EPASSATP +
2N F2)\EPASSATP - 3/8NEF2\EP AP +
AN F2XEP(AJF)205P + 1/2NF=2)\DPASF +
3/16 N F2)\JSA\5P 1 NE2AF(AP)2ASF —
1/ANF2AP5(\JF)3 + 3/8NF 2\
3/8NFIASNF + 3/64NF2\F — 3/16 N F~2(\F)?

350 | i (u,)(u'Sxy_P)+he. | =F%d,c; — 4F °ce, Y+  AFSANT +
1/2F 4 dpcg)Ps + 1/2F Adpcgs® + 1/4F4dcq +
2F NP, NP — FANPP2NSE — o= )\PPR2)SP 4
3E e ABSASY + 6 F 4y ASSASY — 5/4F ~2cge ASF +
Fcqen,(NJP)3 — AFASENSAE — 5F42NSAE —
2EAEASNY 4+ FHEASNY + 2P ANE +
AFAANPENE — 2F42(\P)? — 3/2F42NSF +

1/2F 2APPAPSATP — 2F 2APPAPSASP
1/2F2APPASAP +1/4F 2 PATP — F200P (AFP)2A5P +
F2APPASE — FR2AEPAPANPY — 1/4F2M0PAFF
F2ATP (TP )2ASE +1/2F 2 ASP AT AT+ F 2 AFPASS AT —
3/8F2AEPATE + 2P 2APASAY — 3/4F AN —
F2AB PN+ F2APBAE — 4F 2255\ 55A8F +
B/AF AN =5 F 2 ASS (AFP)2ASF +1/2F 255 (AT)3 +
B/BEANAT 4+ F2AP(AT)E — 1/32F 2\
PPN+ 18P + PP+
1/8F2\5F
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351

i(u,)(ux_PS)+h.c.

—F 5,3 — 4F5Gc, P+ AFSANT
1/2F 4dpcg)Ts + 1/2F4dca\3S + 1/4F4d,,cq
1/2F~4\PPE2ASP - 2 F—4)\PPR2ASP o 9 —4)\DP 2 )\5P
37 aem NSASY 4 2F 4cie ASSASY + Ftcie AP
1/2F AN — AFAEAPNE — 2712 \$SASP
1/8FANY + 4F 42 (\P)2ASE — 3/2F 12 (\F)% —
1/4F72)\PP S \SP 1 1/2F2APPASS PP —
2E2APPASSASE —3/16 F2APPATY —1 /2 F2APPAPSASF —
F2APPASSATY + 3/8F2ADP AP + 1/2F 2AEPAPSAP
3/8F2APP AT — 9/16 F2APS AP — 2F2)A95(ASP)2A5F +
3/AF 2B (AT + F2APNE + 1/8F AP —
F255NE2AE +1/2F 205 (\F)2 — 1/2F 2A8N5F —
3/64F2\F + 3/4F2(A\JP)2ASE — 3/16F2(A\F)? —
1/4F2)\5P

|+

352

i(u, )(utx_SP)+h.c.

2F AT cqem AT = 3/2F NN — 2F NPT +
2F NP cqenn AT — 2F*NSPEANT + AFAINIPANST —
2F e NS NSE +12F ~4eqen NP ATY —9/4F ey, AF —
Fcqen(NP)? + 1/2FAAEAPNY — 9F 42NN\ +
FEAPNT 4+ 15/8F 1\ 4+ 1/2F (A7) +
1/2F 4 AT +1/4F 2ATPAPSAY +1/2F 2 ATP AT —
1/2F 2APPASSAP + 1/16F 2 AP AP
F2ATP(AT)PASE 4+ F2ATPASY + 1/2F AP AN —
2F2ATPAPSASY + F2ADPASSATY 4+ 1/8F TP A —
F2APP(NP2ASE — 1/2F2A0PASF + 3/16 F2APSASF +
F2AB(AP)2ASP — 1/4F 72X (AFF)3 — 3/8F2AFATF —
AR OSD)A — P2 OF)T 4 4208920 —
B/SFAPAY — 5/64F 2\ + 1/4F2(AJ7)°A5F —
1/16F (A7) + F2(AT7)*ASF — 1/4F 2\
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353

i (upx—)(u{S, P})

—2F %5 — 8F Scic, AP+ 4AFTSANE 4+
FApmeg)s  + Fdeg)s®  + 1/2F *dpgeq +
2F N\ Peacn AT — FNTPEATY + 4F AP ASE +
2F N Peac, AT — 2FINPANT + AFAEP AN —
2F NP RN + AF 2 ie NPSNSE + 12F ~4eqen NS ATY —
2Fcge(ASF)3 — BFAANSAY — 6F1ANSNE +
2EAANSNE —1/4AF AN+ A (NP )P+ F 42N +
1/2F2ATPAPSASY —2F 2 ATPAPSNSE —2 P2 ATPASS AT —
FAPPASAY — 1/8F2ATPAY + F2ALPAPSATY —
2F2APPATSASE — F20PPASSATP — 1/2F2MPASP +
F2AEPAPSASP 4+ Fo2AEPASSASP 4+ 2F 2APASSATP +
1/8F2APIATY — 1/2F 2APS(ATT)? — 4F 2AFAPNT —
L/AF2APAY — 172F 22BN + F2A5(A7)8 +
3/32F 2N + 1/8F2(\{")? — 3/8F2)\5P

354

i Cup P ) (u {5, x-})

—2F 8,5 — 12F7%c, AF + SF SN +
FApmeg)s  + Fdeg)s®  + 1/2F *dpgeq +
AP NP caen AP — BFINPAENT + AF PSP +
6F AP cac, AIP — 6FINEPENT — 2F APPSR +
4F ~4cqem ASSATE 420 F ~eqem NS ASE +1/2F ~4ee ASE —
AF eqenm (A7) — BF4ANPAY — 16F AN +
2EAENSNE — 3/AFAANE + AFAA(MT)2AE +
BFAA(ANT)? + 1/2F 2APPAPAF — 2F2APPATSASP +
F2APPASSASP — 2F2APPASSASE — F2APPASSATY +
1/8F2ATP AT — 2F2ATP (AP )2A5P + F2 AP APSATY —
2F2ASPATINSY 4 2F 2 AP NSNS — AF 2 APPASASY —
F2XTPASSASY — 2F 2 A0P (AP )2A5F + 5/2F 2ADPASE +
FXEPASSASE 4 F2ADPASSATY 4+ 2F 2APSASSAY +
1/8F2ABATY — 1/2F2AB(AFF)3 — 4AF2ASSASSASP +
1/2F2ABNE — 8F2ASS(AFF)2ASF — F2A35(AP)3 +
L2F2A35NF 4+ AF 292N + F2AS(AP)? —
3/32F 2N — 1/8F2(AT")? 4+ 2F2(ATV)AA5P
1/8F2\5F
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355

i QupS ) (ul { P, x-})

—2F%d,,,c5—8F 53, NP +8F CcANE + F~4d,,cq N} +
F*4dmcd)\§s + 1/2F*d,cq + 2F*4)\fpcdcm)\§P
F*4/\113Pc§)\§r" + 4F*4/\§Pc§>\§1° + 2F*4/\§Pcdcm/\§’P
AF NN — 2FAINPANY + AF ege, A
12F cge NSSATY — 2F g, (ASF)? — FAA2NPNY
4F‘4C§A§S)\§P — 2F‘4C§A§S)\§P — 8F‘4C§A§S)\§P
2F*4c§)\§s/\§’P + 5/4F*4C§A§P + 4F*403(A§P)2)\§P
S GO A ST M AT
1/8F‘2)\$P)\§P — 2F‘2)\5P)\§S)\§P — 4F‘2)\2PP)\§S)\§P —
F‘2)\5P)\§S)\§P — 1/4F_2)\5P)\§P + 1/2F‘2)\2PP)\§P +
F‘2/\§P)\§S/\§P + F_2)\§P/\§S/\§P + 2F‘2)\§S)\§S/\§P —
1/8F2APNIE —2 F 2 (AP )2ASE 4+ 1/2F 2APS (ASF)3 —
AF2ASASSASP — 7/4F2\SSMP _ 22 )\SS(A\SP)2\SP 1
F—Q)\%S()\?P)?, + 5/2F_2)\§S)\§P + F—Q)\§S()\§P)3 +
5/32F‘2)\§P + 1/8F‘2()\§P)3 — 1/8F‘2)\§P

I+ 1+ + |

356

i (x-)(u-u{S, P})

—24F%d,,c3(NP)?2 — F%d,c3 — 28Fc3c,,\iF +
4F5ANY + 12F~4d,,ca PP (NF)? — Fdca)Ps +
8F_4dmcd/\§s(/\§lj)2 + F_4dmcd/\§s -+ F_4dmcd()\§P)2 —
1/AF4dycg — AF 4\ cie NP + 5/2F 4NTPENSY +
2F NP cie ASP — 2F~ANEPE2ASP 1 4 —4\PP2N\SP —
FANEPENSY 4 13F ~eie APSATE + 10F e, ASSASY +
3/4F cge ;Y — F4cqen(NJP)3 — 19/2F ~42APNF —
SEAAENSAIE 4+ 6F MM+ 1/8F*A2NF —
16 F 42 (AF)2ASF + 9/2F~4c2(\JF)3 +
1/2F72ANE + 1/4F 7 2APPASSASE — F=2)\PPASSASE
1/2F2\PPASSASP 12 P2 \PPASSASP £ 3 /16 F—2ATPASP +-
1/AF2APPNSE 1 /2F2AEPASSATE + F2AEPA\SSA0F —
AFR2NPPASSASE — FP2ADPASSATE — 1/8F2)\DP AP —
2F2APPATSASE 1 F2AEPASSATY — 2 F—2)\PSASSATP —
9/16 F2APS\JF + 12F 2035 (AJF)2A5F -
13/4F 2N (NP)? + 1/4F2APBNE + F2(\35)2A\F +
L/SF72ABNE + 1/2F2A5(\P)® — 3/64F2)\5F +
1/16F2(\F)? + 3/16 F2\5F
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357

i (x- A9, P})(u-u)

—F 5%, ¢35 — 4AF53c, NP+ AFTSANE
1/2F A dpcg)$S — 3/8F Adcq + 4F 4 \Peqe, NP —
7/2FANPP2ASP + 2F4\DP e, ASP
FANSPENSE — FNPPE2ASP 1 10F e APSASE —
1/2F 4cacmAt — 6F 4cae, (NF)? — 11 /2F 42NN —
AFEABNE — FHEASAT + FAEASAY
T/8FANTY + AFA2(AP)2ASY + 9/2F 42 (AF)3
5/2F*cA3Y + 1/AF2ATPAPATY — F2ATPAPSASE
1/2F2ATP AN - 1/2F2ATP AN
5/16F AP AT — F2ATP(AFP)2A5F
5/4F2ATPASY — 1/2F2ATPAPATY + 3/8F2ALP AP
1/2F2A5PAPINY — 3/8F 2 AP APY 4+ 2F 2 ATASEATP
2F 2APNPAT +9/16 F2APNFY — 5 F2AT5 (AFF)2A5P
1/AF2AB(AF)3 — 5/4F2ABNP + F2(A35)2\5F
B/8F AN — 1/2F2AS5(ATT)? + 3/8F 2APSATT
1/2F2X3(ATF)? 4 5/64F 2A\T" 4 5/2F2(AF)2A5F
11/16F2(X37)? + F2(AP7)*ASF + 3/16 F 2 \5F

I B S e

I+

358

i ()P {x-u-u})

—8F%d,,c3(A\F)? — F %, — 16F %, A\
GFSNP | 4FSASP L 4P, e ASS (P2
1/2F4dcg)SS — F~4dca(NF)? — 3/8F4d,,cq
4F*4/\113Pcdcm/\§’P + 2F*4)\fpc§)\§P + 2F*4/\§Pc§>\§1°
2F NP e N3P — FANEP AP + 12F ey, NS ATP
5/4F 4cqen NP — Ftcie,(AF)3 — 8F 4NN

+ 1+

QFAENSAT + FHAASNT — 2F AN +
6F NS 4 3/AF AN 4+ AF G (AT)2AST —
FHAAF)? + FAEAE  —  F2AIPASAY

FOPASASE 4+ 2F2APPASSAP + 1/2F2A0P AP —
1/4F2APPASP — Fo2ARPASSATE + 1/4F2A0PAP +
1/2F 2AEPAPSATY — 3/8F 2ALPASP — 2F 2APSASSASP —
3/8F 2NN —2F2AB (AP )2ASP +1/2F AP (AFF )3 +
L/AF2APAE + F2(AP)PNY 4+ 1/2F 22BN —
FASNT + 12F 228\ — 1/32F2\FF +
3/2F2(AT7)2ASF — 1/2F 2(\37)? + 1 /16 F 2 \5F
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359 | i (S{x_,u-u})(P) | —-FSd,c — 2F5c,\}¥ — F ;)] +
F4d,cg\sS — 1/4F4dy,cq + 4F M Pcic NP —
JFANPP2ASP _ g -4)PPE2)SP _ poa)PPe2ySP
S5Eiem AP ASY 4+ 2F 4 yc, ASSASE — 3/2F ey, ASF —
4F cge,(NSP)3 — BFAENSATE — 2F42N8NF +
FHEASNP 1 PP 4 4FH2O)DT 4
BFAE(AT)? + 3/2F 2ATPAPNTY — F2ATPAPASY —
1/2F 7 2APPASSASY — F2ATP (AFP)2ASF +1 /4 F TP ASF —
F2EPAP — 2F2)PPASSASP | P-2)PPASSASP |
QF-2ASSASSASP _ gF-2)SSASSASP _ 1 /RF2ASSASP
F2ASS(ASP)2ASP — 3/2F 2SS (A3P)3 — 1/4F2ASSASF +
F2OAF9)2AY — 1/4F2A5NF — 2F2A35(ATP)2A50 +
3/8F2APATT +1/2F 2N (NP + 1/2F 2(AT7)2A5F +
F2A7)*ASY + 1/16F 2\

360 | i{(Su-u)(Px-) —2F5d,,c3—8F 0cic, N\J¥ +8F ScANF — F~4d,,cq\PS —

1/AF M dpmeq + 2F M Peic, NP — FOATPENT +
AFINPPENSE + 2FNEPAENT — 2F PN +
AF4cqem NSATE — 1/2F cgepy N3P — 2F ~4cqe,n (NSF)3 —
SEAEAPNY + AFGAPAT 4+ 2F1EAPNT —
AFENSNE + 2F1EASATT — 1/4F AN +
AFHENPPAE — FHAGNP)? + 2F gAY +
5/2F 2APPATSASE —2F 2 APPATSASP 42 P2 ATPASS AP
AF2APPASSASE — F2APPASSASP — 5/8F2APPASP
1/2F72XAPPASE 4 BF2AEPAPSASP + 2F 2APPASSATF
B/AFT2NIPATE — BF2ALPATSATY — 2F2ALPASSATY
B/AF2AEPATE — AF2ABAPANTT — 3/8F2APAFP
AFE2APS(AT)2ASY = 112F 2AB(A)3
1/2F2ANE + 2F2(AP)2AT + 3/2F 2AS8)\F
12F2ASS(ASP)2ASF — AF2ASS(AFP)3 — 3F2AF5AP
BMAFAPNT + F2AS(NP)?P — 5/32F 2\
7/2F2(XFP)2A5F 4+ 11/8F 2 (AfF)? + 1/8F 2 \5F

++ 1+

I+ + |
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361 | i (Sx_)(Pu-u) | =16F°d,c5(\;F)? — 2F%d,,c5 — 36F °c3c,, ¥
20FScANY + 8F4d,ca \PS(NIP)? + Fd,,c ) S
2F 4dcg(NSP)? — 3/AF *dycq — SF 4\ Peqe, N3P
SEANTPENSE 4 A —4\PPE2NSP — aF~4\EP e, AT
AFTANPENSE — 2 ~4\PPE2ATP 4 28 F ey, ATSASE
F4cqe NP — 16F 4ciem(NF)? — 23F‘4C§A§SA§P -
10F*4 INSASE + 10F ¢ /\SS)\SP — 3/4F2ANT
20F 4 (/\SP)2/\SP + 15F (/\SP) - F- 4c§ASP
3/2F 2/\PP)\SS)\SP 2F— QAPP)\SS)\SP 3F~ 2)\PP/\SS)\SP+
3F~ 2)\PP)\SS)\SP+1/8F 2)\PP)\SP—|—6F 2)\PP<)\SP) )\SP
1/2F2)\PPASP — 4F‘2)\2PP)\§S)\§P — 2F‘2)\2PP)\§S)\§P +
2E2AEPASSASE + AP 2\EP(ASP)2ASF — 3F2APPASP +
F2PPASNSE — 3/4F2\PASP + 4R 2XPSASAT —
AFTINISASSATY 4+ 7/8 F2APSATY — SF2ATS(AJF)2A5F —
1/2F2AB(AP)3 + 1/2F2ABNY + 2F2(A$5)20\FF +
3/4F 2NN — F2AB (NP2 — 3/4F25NF +
F2S5(NP) + 3/32F20F + 1/2F2(\F)2AF —
5/8F2(AF)3 + 2F2(\SP)AASF + 1 /8 F—2)\5P

362 | i (SP){x_u-u) | —2F5d,,c3—8F %c3c,, \}¥ +4F I\ + F~4d,,,cy 7> —
3/4F4d,cqg + 2F~ 4/\PPcdcm/\SP — F*4)\fpc§)\§P +
AFANPPE2ASE o —ANPP AP + 12F ~4cie APSASE —
5/2F Acqe Y — 2F 4che, (NF)? — TFAAENSNP
QEAEASNY + 3/4F1AENTE + FTAA(AP)3
2FAANE 4+ 1/2F2ATPAPSAIE — 2F2)\PPATSASP
F2ATPASNY 4 3/8F2ATPAFY — 1/2F2A7PASP
F2PPATSNSE — 3/4F—2)\FPASP — 4P 2)\PSASSNSP
5/8F AP — 1/2F2AFS(ATF)? — 1/2F 2APSASF
2FZ(NPS)2NE + 3/4F 2N + F2A55(\9F)3
3/32F 2\ + 2F2(\FP)AF — 3/8F2(ASF)8
3/8F2\5F

L+

+

L+

+ 1+
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363 | i (u,Su’x_ Y P) | F4dnca)® — 2F tdncg)y® + 1/4F d,cq —
FANPPENSP 4+ AF—4\PPEINSP 1 9 F~4c 0, APSATP —
4F*4chmA§S)\§P + F*4cdcm/\§P — F*4c§)\§s/\§’P +
2F NN — B/AF AT — AF TGN +
FAGAF)? + FHAAENE — 12F 22PN +
BEIATEASSAY — 4F2APPASSASP — 3/8F2APPASP +
F2NEPAPNTE — AF2AEPASSATY + 3/4F 2APASP +
1/8F AN —2F 22X (AT )2ASP +1/2F 2AP5 (AFF)? —
1/AF2ABNY + 12F 2S5 (ATF)2A5F — 3F 2A8 (AY)? —
FASNT + 3/32F 2\ — 3/2F2(AT")°A5° +
3/8F 2(\F)?

364 | i (u,Su’PY(x_) | F4dncg S + 16F2dca 5 (NF)?2 — 2F~4d,,cg\5°
1/AF 4 dpeg + 287N Peie N3P — 2F 4P 2NTP
AF NPT — SEAN\P ey, AJP + AF~ANEP 2N
2F e ASSASE 4+ 12F ~2c4e \SSASE + 3F~4cqe,, AP
6EAEASNE — 2FAE2ABNT — 3/2F 12N
FAANY + 3F2ATPAPBAY — AR 2\PPASSASP —
F2APPXSSATE — 1/2F2APPATP — FP2APPAPSALY
it SR
B/AFANEAY + 1/2F AN — 3/4F 2PN
24F 2B (NPT — 6F2AS(ATT)? 4+ F2A35A5P
3/4F2NSNE — 2F 7 2(ATP)2ASF + 1/2F2(\FF)3

|+ o+

|+

365 | i (u,Pu’x_){S) | 8F bcic , NP — 4F5cNY + 2F M\ Pcic, A
F=ANPPENSP — 8P 4N\PP e, NIP + 2F AP 2P
8F_4/\5Pc§/\§13 — 4F_4cdcm)\§s)\§P + F_4cdcm)\§P
3F*4c§)\§s/\§’P - 2F*4c§)\§sz\§’P - 3/4F*4C§A§P
AFAANPYIASE + P23 (ASP)2 + 1/2F 2APPAPAE —
F2APPASSAIE — 1/8F2)\PPATY — F2\PPAPSATP —
AFENEPAPSNSE 4 AF—2XEPASSATY + 3/4F2X\EPASF
F2ASPASY + 3/8F2ATPAYY + 2F AP (ARP)2AS0 —
12F72AB(AP)? — 3/4F2APAP — 3/32F 22 +
1/2F2(AF")2A57 — 1/8F 2(\J")?

I+ + |
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366 | i (x— {V*P,V,S}) | ANFd,,ca(A3¥)? +3NFcic, A3¥ —3/2NF 12030 +
SNF2(A\P)2NSP — 3/4aNF-2(\F)?

367 | i (x_)(V,PV’S) | 8F d,nca(MF)? + 6F cic,,N3¥ — 3F1EANY +
GF 2P )20 — 3/2F2(A§P)°

368 | i (x_V,P)(V'S) | =2F ¢y, \i¥ + F el ® — 2 2(ONP)°AF +
1/2F2(\JF)3

369 | i (x_V, S)VIP) | =2F ¢y, \J¥ + Fed® — 2F2(ONP)°AF +
1/2F2(\JF)3

370 | i (Sx4x_P)+he | 2NF*d,  NTc; +  4ANFd,ci 55 (\F)?
1/2NF74dmCd/\§S — 4NF74dmCd)\§P)\§P -+
2N F~4d,cqg( M) — 1/ANF~*d,,cq + 1/SNF~4d,cpn +
IN F~4cicm ASATE = N F ey NP +3 /2N F~4caem N5F —
ONFAENSNE + 2N FAANSAE + 1/2NF 42 NP +
1/2NF-2)\PPASS\SP + 1/2NF2)\PPASP +
NF72APPASSASP — NF=2)\PPASSASP — NE=2)\PPASP
1/ANF2APNP —1/2NF2APNP 4+ 1/8N F2A$SASF +
SNF2AS(AP?2AT —  5/2NF2AS(AP) +
SNF2AP(ASP)2 — NEF72(ASP)2ASP + 1/4NF2\5F

371 | i (Sx.Px_)+hec | =12NF~%d,,c2c,,(N3")?  —  8NF %%, +
SNF=5d,,c3 — 6NF5d% AN — 16NF522 NP +
10NF_GC§CW)\§P — ANF~4d, P ey +
NF~*d,\%c,, — 2NF*d, \¥cq + 2NF~*d, \ ¢, +
2NF74dm/\§PCd — NF74dmCd/\§S — 2NF74dmCd)\§S -+

ANF=4dcgdASS(SP)2 4+ 1/2NF~4d,cq\SS
ANF~4dcgSPASP + 6N F4d,cg(ASP)?

NFEdpcqg + 2NF4dcn NS (V)2 + NF~4d,, e N55 +
4N F~4d eSS (AF)2 + 2N F~4d,cn A5S —
7/2NF~4d,cm(AST)? + 5/8NF~d,,cp, +
NF AR NS 4+ 2NFA2 NSSASE + 1/4ANF~4d? \5P —
NEX\PPeye, A5 + NFENP2 ASF —
2N F~4 M\ P e NP + 2N F~4)\EP2 \TP

ANF~4\EPcqen N3P + SNFANPPCNSP —
2N F~4cepm APSAST — AN F~4cqemASSASP +
6N F~4cqem NSAT — 7/4ANF~*cycm AT —
ANF = 4cqen(NE?2AY + INFcue, (NP +
5/2N F~*ccm AP - ANFAAENSNP +

QNF*4C§)\§S)\§P — NF*4C§/\§P + 2NF*4C%1)\§S)\§P +
4NF’4cfn/\§’S)\§P + 5/4NF’4cfn/\§’P — 5NF’4cfn(/\§’P)3 +

1/2NF2)\PPASS)\SP - 1/2NF72)\PP)SP +
NF2APPASSASP + NF20PPASP 1 /2 N =2 \PPAS\SP —
NF72)\PPASS AP — 1/8NF-2\FPASP +
2N F20EP(AJP)2ASP + NF72ASASSASP +

L/ANF2NSNP —1/2NEF2ABNP —1/2NF2A$5\5P 4
NE2ASAP +3/8NF2ASSN\P 6N F2A$5 (AFP)2A5F —
5/2NF2\$5(\5F)? — 2N F~2(A\55)2)5P +
ANF AP (ASP)? — 1/2NF2(AF7)2A5F
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372

i{Sx_-x4+P)+h.c.

—12NF %d e (WS = 8NF Sdpciem  +
SNF=5d,,c3 — 6NF5d%2A\NY — 16NF 522 \5P +
10NF*6cf’lcm)\§P — NF4d, \Pcqy + NF4d, e, —
INF~4d,\Pcq + 2NF4d, M ¥c,, — NF~4d,,cg\35 —
INFdcg)SS + NF4dpcgh$S + 5N F~4d,cq(ASF)2 —
1/2NF~4d,,cq + 2N F~4d,,cm AP (ASF)? +
NF4d,cnA\JS + AN F~4dcmASS(ASF)? +
ONF~4d,cn 2SS — 7/2NF~4d,, ¢ (AST)? +
1/2NF~4dc + NFARNSNE + 2NFA2 SN +
1/ANFAd2 NP — NF~ 4\ Peie, AP+ NEFANPP 2 AP —
INFNPeic, AP 4 2NF\PP2 \SP -
ANF=NPeien P 4+ BNEANEPENSP -

2N F~4ciem APSAST — AN F~4cqemASSASP +
SN F~4cqe NSAST — 3/ANF~4cqem AT —
ANFcqer NPT+ TNFcaen(MF)? +
SNFcqen 5P — ANFAANBATY — 2NFANP +
AN F 42 ASAP + ANFE NN +
3/ANF~42 NP —5NF~4c2 (\P)2 —1/2NF20\PPASP —
12NF2AEPASAY —  NFAIPASAY +
NF2AEPASATT — 1/8NF2AEPASP +
ANFAEP(NP)2AT —  1ANF7APSAT  +
12NF 2NN +2NF2APAPA +1 /2N F2ASNF —
ANF 2N (AY)2ASY = NE2ASSASY + NF 2 N3P (ASF)2 +

1/4ANF=2)\5P
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373 | i (S P{x_,x+}) | =8F 5d,,c2c,,(Ni¥)? — 4F75d,,c2c,, + 2F %d,c) —
AFSd2 NP — S8F S22 N + 4F 53, AP —
F4d, NPy — 2F 4, NPy + 2F1d, N Vcq —
2F g \SS + 2F4d,cg)S — 8FAdcgASEAST +
3F4d,ca(NSP)? — 1/4F ~4d,cq + AF 4den NS (ANF)2 +
2F 4 e NS — F4dpen(NP)? — 1/4F e +
2E AR NSNE — 12822 NP — 4F 4\ Pche,, AT +
2F NP2 — 4F~cye, APSASE + 8F~4eycn \SAST —
FAcqen 5P+ F4cqen ST —2F 42 NS AP + P42 \5F +
AFANSNT 4+ 12F2APPASP 4+ F2)\PPASP
F2AEPASNTE 4+ 2F20EPASSATY + 1/4F2AEPAPP —
F2PPXSE 0 P2ASASSAY — 1/4F 22PN +
L2F7 2NN+ 1/2F 72X\ — F20350\5F +
UAF-2)3\P — F2\8AP _ ap-2(8S)2AP 4
4F 2N (NSP)2 — 3/2F2(\JF)2A5P

374 | i (S{x_,xs })(P) [ 4F 8332 N — 4F 53¢, ¥ — 3F %, \MPc¢; +

2F4d, MNP, + 2F*d M NPcq — Fd,cg)3® —
AF4dp e )ASPAS 4+ 3F4d,,ci(ASP)2 4+ 1/4F—4d, ey

2F 4d e (N2 — 1/4F d e — 2F AP e, NP+
QFANPP2 NSP 1 AR eae ASSASY — 3F i, NP+
2F i (AT)3 + AF cge NST — AFAANSNT +
21N —  3FAENY + 12F AN —
F ) ik A
F7EAENY  — 2F72A5M°AT — F2A0 A +
FoASASAY — 1/4F XSAP 4 1/2F 2ASAP 4
DF-DASASAT — 12F SN 4 FOASAP 4

12F 72X — F2AS(AP)2 —  F2APPASP
2F2(A55)2A8F + 1/2F 2(\F)2A5F




Appendix G: g-function Coefficients 231

375 | i (Sxo )(Px_) | —2F*d, \Tcy — 4F *d M Vcq + 4F 4, NVcq —
2F’4dmcd)\§s — 16F74dmcd/\§P)\§P + 6F74dmcd(/\§P)2 —
3/2F4dca + 1/2F e, — AF *cie NP+
2F Heqe, N3P — AFAENSATT + 8FINSAY +
2F1NSE + 2F 122 4 2FOPPASSASP 4
F72APPASP 1 4p=2)EPASSASP 4+ 2F2)\PPASP
AF2AEPASSNY — 2F2APASP 4+ 2F 2PN —
1/2F2ABNF+ F2ABNP + F2ASNP —2F 2555 +
FAPAT + 16F2A5(AP)2AF — 6F2A55(\P)? —
2F AN — AF2AP)PAY + 8F AP (AR)? -
3F2(ASP)2A5F
: _ —6 2 SPY2 _ —6 2

376 | i (Sx—)(Px+) | —16F°dciem(AY) 16F~°d,,cicm +
12F5d,,c5 — 8F5d22\Y — 24F 522 \5F  +
16F*60flcm)\§P — 6F %, NPy + 4F*d, ¢, +
4F A, MNPcq — AF eSS — AF4dcq)SS  +
4FAdpcg)SS 4+ 10F4dcg(NSP)? + 1/2F 4dueq +
SF e NS (AF)? + AF4d e ASS —
L10F 4 d e (AST)?2 — 3/2F ey + AF A2 ABSAP —
FA@2 NP — 4P \PPeie, 5P+ 4F~I\PP2 AP —
16F AN cye P +H12F NP AP —8 F ey, A\PSASF —
S8Egem ASSNSY + 24 F ~4cqe, NSSAY — 6 F ~2c4e, \SE +
16 F~4cqc (ATF)2A5F + 12F ~4cqe, (AF)3 -

8 cgeANSF — 12F71ANSPATY + AFANE —
6PN+ SFUEASAF A2 s
12742 (AP FATPASP  — g 2)EPASP

2FINEPASSNSE — AP —2AEPASS AP 1 4 —2)\PPASSASP —
1/2F2APPATP 4 SF2AEP(ASF)2ASP — 2 —2)\PPASP
2FEINBNSSNTE — 1 2F 205N+ F2APSASP

AF72SSAATT —  F2SSATE + 2F2ABNSP

3/2F AP — 8F2ASS(ATY)2ASY — 2F 2APASF
4F72(/\§S)2/\§P _}_F72(/\§P)2)\§P

4+ 4+ +
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377

i (SP)X-x+)

—2F 4, \Pcq + AF4d,, M\ Pcq — 8F2d,,cg\JP AT +
2F 4d,cg( NP — 1/2F 4dyey + 1/2F *dpcn +
SEicmANSNY — 5E4cic N¥ + AF 4eqe NP —
AF NSNS 4 2F 4N —2F NS +2F 1l WP +
F2APPASP — o 2)PPASP 2 2)PSASSATP —
1/2F72ANE 4+ F2A950SF + 12 2A$S)\F
2FIASSASE — AF2(O059)2NF + AR 2P (A2 —
F72()\§P)2/\§P

378

i(x=){(x+1{S.P})

—24F~8d,,c2c,, (\;T)? — 12F~%d,,c2cm

66 d,,c3 — 12F 542 2N — 24F S22 NP
12F*60flcm)\§P — F*4dm)\lfpcd + 2F’4dm)\§Pcd
2F A dcgh\PS — 2F74d,cq05S + 8F~4d,,ca )55 (NF)?
F4dcq)5® — 8F4d,,ca\SENSE + 3F~4d,,cq(ASF)?
1/AFdpcq + AF 2 dnen NS (NP)? + 2F4d, e 2]S
8 Ad e N5P (AF)? + 4F 4 d, e M58
F4dcn(NP)? + 3/4FAdpe, + 2F 42 NSNT
AF A2 NBNE + 1)2F4d2 NP — AF 4\ P eie,, A5
2F NP AT — AP cie NSNTE — AF 40, ASSASY
12F eqen NP AP — 5/2F *ciepm\;P

16F ~4cqem (AT )2ASE +4F 2 cic, (AT )3 4+6 F~4eqen \5F —
AFAANSNE + FAENE - 3FENE +
AP NN+ 8F A2 APNE + 2F 42 \P +
F2APPASSATP 4+ 172F2ATPASF — F2XEPAPSATE +
L/AF2AEPATY — FP2AEPASY + F2APSASSATY —
/AR T2APNE + 1/2F2APNE + 12F 2055 (AJF)2ASF —
SE2ASNPY — F2APNE — 2F2(A39)2A\P +
6F 2T (ASE)2 — 3/2F~2(\JF)2A5F

+ +

L+ +++ L+
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379

(-9, PE)(x+)

—3F %, NTcqy + 2F %, e, — 6F *d, ey
A4 d NP e + 2F4d, AP ey — 8F4d,,ca\SPASP
9F4dca( NP2 — 5/4F 4dcqg — 6F Ad e (ASF)?
3/4F A dpcy — 2F NP eae, \SP 4 2F7ANPP 2 \SP

- -

AFANEP cae NSF + AF NP2 NSF + 8F 40, \SSATE —

5/2F 4ciep NP+ 6F 4cqe, (AF)? + 3F tcqc ASE
6F NN — FEA + 32 AT
6F 42 (AP)? — 1/2F72APPASP + F2APPASP
F7NPASY 4+ FAPASATY + 1/4F 22PN
1/2F2ABNE 4+ 2F2A58A3SASP — F=21/2A35A8P

+

F2ASASY 4 3/4F2APNTT — AF2AP (NP2 —

F2NE — 2F72(\59)2\F + 2P 2)\5P(A3F)?
1/2F72(ASP)208F + 1/2F—2)\5F
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Agraiments

Malgrat que no estava molt convencut de fer els agraiments, perque és segur que
anava a deixar-me algun d’important, finalment he pensat que era millor cérrer
aquest risc que no fer-los.

En primer lloc vull donar les gracies als meus caps, Jorge i Toni, ja que sense
ells és segur que aquesta tesi no hauria estat la que és. Ells sén una part important
del treball d’aquests 1ltims quatre anys, periode que segur mai oblidaré. Han sabut
crear un ambient de treball encomiable.

Gracies als meus companys i amics que deixaré a 'IFIC, gracies a Julia, Paola,
Martin, Pablo i Vicent, aquests quatre anys haurien estat molt més avorrits sense
ells. No puc oblidar-me tampoc de Juanjo i Pedro, treballar amb ells ha estat un
plaer per a mi.

Per tltim, gracies a Rut i als meus pares, que sempre han recolzat la meua decisié
de fer el doctorat.



