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1 Introduction

The standard model of electroweak interactions due to Weinberg, Salam and Glashow
[1-3] is a quantum field theory based on the principles of unitarity, causality, locality,
Lorentz invariance and local gauge invariance under SU(2), ® U(1)y. Strong interactions
are described by the gauge group SU(3)c and together with the electroweak sector form
the standard model (SM) of elementary particle physics. We also require the theory to
be renormalizable, though we now think of the SM as the low energy limit of a more
fundamental theory, so that renormalizability can be dropped if we are looking for new
physics effects.

To accommodate particle masses with the principle of gauge invariance, a complex

scalar SU(2)-doublet, H, with a non-vanishing vacuum expectation value is introduced, so

that the electroweak symmetry gets spontaneously broken: SU(2), @ U(1)y 558, U(l)gm.

The matter content of the theory can be classified according to its transformation properties
under the gauge group SU(3)c®SU(2),®U(1)y and the Lorentz group. The Higgs doublet
H(1,2,+1/2) is a scalar under Lorentz transformations, while all the fermion fields are
represented by Weyl fields of definite chirality,

vy

LL(1,2,—1/2):< ) Ir(1,1,-1),

Iy

QL(3,2,+1/6):<22>, up(3,1,42/3), dgr(3,1,—1/3).

(1)

There are three families of fermions with the same quantum numbers and different
masses, we say that each type of fermion comes in three flavors. Thus we should consider
{Qr,Ly,dr,ur,lg} as 3 x 1 vectors in flavor space. Gauge interactions corresponding
to unbroken symmetries do not distinguish between the different families. All the flavor
dynamics in the SM, i.e. interactions that distinguish between different flavors, is then
generated by the electroweak sector. Neutrinos are massless in this model, so that it has
to be extended if we want to account in a natural way for neutrino oscillations.

Even though the SM has been successful when compared to experiments, there are
many questions that remain unanswered by the model, for example: why there seem to
be three families of fermions and what is the origin of the flavor dynamics and the mass
patterns observed. The large number of free parameters in the SM is also unsatisfactory.
There are in total 18 free parameters: the strong gauge coupling, 2 electroweak gauge
couplings, 2 in the scalar sector and 13 in the Yukawa sector (9 fermion masses, 3 mixing
angles and 1 complex phase). It is not surprising that most of the parameters are needed
to account for particle masses and the flavor dynamics. Any extension of the SM that
accounts for neutrino masses and mixing introduces in general more parameters.

The electroweak sector of the SM suffers from the well known hierarchy problem [4-
6]. Some of the most interesting extensions of the electroweak (EW) sector that remedy
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this problem, such as the minimal supersymmetric standard model (MSSM), necessarily
introduce a second Higgs doublet. Extending the electroweak sector also seems necessary
if we want to generate the baryon asymmetry of the universe at the EW scale, models with
two Higgs doublets offer interesting possibilities in this respect [7, 8]. The general two-Higgs
doublet model (2HDM) then provides a framework to study well motivated extensions of
the SM and to discriminate between them by comparing to experimental data.

Different versions of the two-Higgs doublet model have been extensively studied, see
for example Ref.[9] and references therein. Within the quark sector, the main constraint
for such models comes from flavor changing neutral current processes which are severely
suppressed in nature. The aligned two-Higgs doublet model (A2HDM) [10], based on the
hypothesis of Yukawa alignment, eliminates non-diagonal couplings at tree level and allows
for new flavor-blind sources of CP violation at the same time. QQuantum corrections induce
flavor changing neutral currents (FCNC’s) at the loop level with a particular hierarchical
structure, making it possible to accommodate masses for the scalar particles of the order
of the EW scale with current low energy constraints. It should then be possible to test
this scenario at both the intensity and precision frontier in experiments like the LHC and
Super B factories. It has been shown that the Yukawa alignment condition can be derived
from the hypothesis of minimal flavor violation (MFV) generalized to include flavor-blind
phases [11].

In this thesis we propose different extensions of the MF'V principle to the lepton sector of
a 2HDM, considering different scenarios for neutrino masses. We define MF'V for leptons
inspired by Ref.[11] and the motivation to extend the A2HDM in order to account for
neutrino masses. In Sec.(2) we develop the basic formalism of the 2HDM for the case
of a CP conserving scalar potential. In Sec.(3) we discuss how the strong suppression
of FCNC’s observed in the quark sector imposes severe restrictions on the flavor sector
of a general 2HDM. In Sec.(4), we consider different extensions of the MFV principle to
the lepton sector of a 2HDM. In Sec.(5) we study the renormalization-group equations of
the models developed previously with special attention on the induced FCNC’s. Finally
in Sec.(6) we study the constraints from the flavor violating decays l; — [;7 using the
expressions obtained in the previous sections.

2 The Two-Higgs Doublet Model

In this section we describe the EW sector of the most general two-Higgs doublet model
consistent with the SU(2), ® U(1)y gauge symmetry principle. The presentation here will
follow closely the one of Ref.[12], with some minor changes in the notation. We consider
the same fermion content as in the SM and two Higgs doublets with hypercharge ¥ = %,

denoted by ¢y, k = {1,2},
(e L (o iy
o= (0] = (6 000). ?



The corresponding charge-conjugated fields are denoted by &k
T 3 _ ;44
G = T2k <—<Z5k 5\ =gl +io2) (3)

The 2HDM is constructed as the most general renormalizable and gauge invariant
Lagrangian and can be divided into three parts: the kinetic and gauge Lagrangian
Liinetic-+sauge, the Higgs sector Lyiges and the Yukawa interactions contained in Ly,

£2HDM = »Ckinetic—f—gauge + »CHiggs + »CY . (4)

Like in the SM, we have that Lkinetictgauge + Liiges 18 invariant under the global flavor
symmetry

SU(?)):; = SU(3)QL ® SU(?’)UR ® SU(B)dR . (5)

Flavor violation in the quark sector refers to interactions that break the flavor symmetry
(5). In the 2HDM the source of all flavor violation are the Yukawa interactions Ly.

2.1 The Scalar Sector
The Higgs sector is responsible for the breaking of the EW symmetry and is described by

Litiges = (Du1) (D" 1) + (Dy2) (DF ) — V (1, ¢2) | (6)

where D, = 0, —ig'Y B, —ig ﬂ-Wﬁ, is the covariant derivative associated with the gauge
symmetry SU(2), ®U(1)y. The generators of SU(2) are denoted by 7; and can be written
in terms of the Pauli matrices 7; as T; = %TZ‘. The scalar potential V' (¢1, ¢2) is given by

A
V=mi ¢1'¢r +m3y oo — (me o1l g + h-C-) + 31 (¢1161)?
&
2

* {%(%%2)2 + {)‘6(@%1) + >\7(¢2T¢2)}¢1T¢2 + h.c.}. (7)

+ (62702)% + A3 (61701) (02T 2) + Aa (617 002) (627 h1)

All the parameters are real with the exception of m?%, and As,6,7, h.c. stands for hermitian
conjugate. We will assume that there is no explicit CP violation in the scalar potential, this
implies that all the parameters in (7) are taken real. Assuming that the vacuum preserves
the U(1)em symmetry we can expand the fields around their vacuum expectation values

(VEVs)

T ST ®)
@ ¢ %(Ua"i‘pa"i"ma) .



Furthermore, using the invariance under U(1)e, we can take #; = 0, keeping the relative
phase 0 = 0, — 6;. We assume that the scalar potential does not lead to spontaneous CP

violation so that we take § = 0. We also define for future purposes v = y/v? + v3. The

potential stationary conditions are obtained by requiring a 4 =0,
?; ;=v;/V2
2 2 1, 2 2 2
mi; = migls — Y [/\105 + Asa585 + 3A6spcs + /\755755] ,
1 _
m3, = misty' — 51}2 [/\25% + AsasCh 4 AsChts ' + 3/\75505} , 9)

where Asy5 = A3+ A+ A5, ¢g = cos § = v1/v, sg =sin B = vy /v and tz = tan 8. The terms
quadratic in the fields that follow from (7) are

1 1
V=mis HH +-m3 A2+ = (o po) M) 40 (10)
2 2 P2

The physical scalar spectrum consists of a charged field H*, a CP-odd scalar A and
two CP-even scalars h and H. The CP-odd and charged scalar masses are given by

m? = 2 = Lo £ Agt + oty)
A S5Cs 9 5 6lp B)
1
qui = mi + 51)2()\5 — )\4) . (1].)

The neutral CP-even scalar states are found by diagonalizing the mass matrix M by means
of an orthogonal transformation,

)= () () )

with ¢, = cosa, s, = sina and

2 _
M? = m?, (_? SS%> + B, (13)
BCs Cs
where
B 2 )\10% + 2X¢s5c5 + )\53% (A3 + A\1)speg + /\605 + /\755 (14)
(As + Aa)spes + Aecl + Ars A2s% + 2M785¢3 + AsCh

One then gets myg > my,

My, = { \/ 2 4 4(M3y)? } : (15)



The angle « is fixed by

sin(2a) = 2Mi,
VMR = M3)? + 4(My)?
2 _ Aq2
cos(2a) = My — Mo (16)

VMG = M3,)2 + 4(M3,)?

We have been working so far in the basis of Higgs doublets defined by {¢1, ¢2}, but
we could have chosen any other basis connected to the latter by a unitary transformation,
the kinetic term of the scalar sector (6) transforms covariantly under such transformation.
Using this freedom we can look for a special basis where Lkinetic+gauge ald Ly have a simpler
form. Let us consider a general change of basis in the Higgs sector

(i;) — U (;’Z;) . (17)

The rotation U is a general 2 x 2 unitary matrix . Particularly useful are those transfor-
mations that leave only one Higgs doublet with a VEV different from zero,

D, Lfv v o1
(o) =2 () () )

We call such basis “the Higgs basis". Expanding ®; and ®, around their VEV we get

G+

1= <%(v + 51+ z’GO)> ’ (19)
H+

D, = <%(52 +z'53)> : (20)

The fields {G°, Sy, Sy, S5} are hermitian Klein-Gordon fields, while G+ and H™' are com-
plex Klein-Gordon fields. In the Higgs basis the Goldstone bosons and the physical charged
scalar appear explicitly, the neutral mass eigenstates are obtained via an orthogonal trans-
formation O,

H Sy cos(a — ) sin(a— ) 0\ [S)
hl|=0[S]=|-sin(a—p) cos(a—p) 0] [S2] . (21)
A S, 0 0 1) \s,

We can write the generic Higgs fields (8) in terms of the physical states and Goldstone
bosons

p1+in = coH — soh + 2'05G0 —i5gA,

P2+ iy = So H + coh + ngGO +icgA,

ot = cﬁGjE — 35Hi ,

Go* = 55GE + cgHE . (22)



Working in the Higgs basis is particularly simple because the Goldstone fields G° and
G* are contained in only one Higgs doublet ®;. It is important to note that the freedom
under scalar basis transformations is not only useful for practical purposes but also has a
fundamental significance since physical observables should also be independent of such basis
changes. In particular the parameter tan 5 cannot be considered as a physical parameter
in the general 2HDM since it is basis dependent [13].

As a final comment we remark that the scalar potential introduces many unknown pa-
rameters. This makes difficult to establish theoretical limits on the scalar boson masses.
One can infer constraints on these parameters based on general assumptions like perturba-
tivity, the unitarity of the S-matrix and the fact that the potential must be bounded from
below (positivity), see Ref.[14] and references therein.

2.2 The Kinetic Sector

The fermion and gauge kinetic sectors of the 2HDM are the same as in the SM, we quote
it here for completeness. The gauge fields have the following kinetic term

1 v 17 14
ﬁgaugefkinetic = _Z(FluyFl,uu + FQM FQ/U/ + F; F3,uz/ + F)lj FY“I/) ) (23)

where the field strengths are given by

FIY = "W} — "W+ ge?* Wiwy
F¥ = 9'B” — 9" B* . (24)

We have used the usual Levi-Civita tensor €% with €2 = 1. One defines the physical
gauge fields like in the SM by

)= (5 ) G)- e
and W= = —5(Wy F iW5). Then (23) is given by
Lo tinetic = — (@, W) OW?™) + (9,WH) (@ WH)
— SOANPA) + (AN A) — (0,2,)(02") + 5(0,2,)(& )
+ non — quadratic terms. (26)

The covariant derivative, D, = 0, —i¢'Y B, —ig TiW/i, written in terms of the physical
fields is given by

Dy = 0, +ieA,Q — igW}T, + W,T.) — iCiZM(Tg —Qs2), (27)
with Q =Y + 13, T} = %(Tl +iT5,) and
e , e
9= o (28)



The gauge interactions of the different fermion multiplets f given in (1) are described by

STif ' Duf =3 if' v 0uf + La+ Lz + Lw, (29)
f/ f/

where

2 1 - . _ _
La=— ey |5 (@7t + T ) — 5 (07" dy + dy dy) = (9" 1+ T B

4 4 2 - 2 . -
Lz =5 Z,[(1 = 32) Ty v uly = 5% Wy + (1 4+ S8) dy v dy + 5% d o dy
+ (=1 +282) 1 1 4 282 U yH Uy + ), l/}l} :
Ly =9 [W:(E'L Wy 4 vp Z'L)} +h.c.. (30)

V2

The fermion fields are primed to differentiate them from the mass eigenstates. The kinetic
term of the scalar sector (6) is given in the Higgs basis by

1 1
(Du®1)1(D"®1) + (D, o) (D' ®2) = (9,G)(9"G™) + 5(6‘51)2 + 5(6“9@0)2

1
+ My *W,”WH + 5MZQZ2 + iMy (W, "G — W, 0"G™) + My Z,0"G°

1
+ (OLH ) O"H ) + 5 ((092)% + (085)?) + Lapv + Lov> + Lopv2 (31)
Using the notation ch?_;B = A(9,B) — (0,A)B, we have

L2y =te[A" — cot(20y) Z"] [(H+§LH_) + (G+5;:G_)}
__°
sin(20v)

g Lt & . & o 0 . o
-5 (H™0,5) = i(H™9,52) + (G~0,G°) = i(G~9,5)]

2"[(G°9,51) + (550,.52)]

- Jwe (H0,S5) + i(H*9,5) + (GT9,G°) +i(G*9,51)]



2 1 _
Love =—5) [ngzuzu + MW, wht]
— (eMy A* + gMZsin29WZ”)(G+W; +GW,),

11 _
= |SM3Z, 2" + My, Wy W [H? + h* + A% + (G°)?]

Lo —
¢2V2 2

2
+ {24 — cot(26w) 24 + %W;Ww}((;m* Y HYHY)
- %Sl(A“ + tan(6w) Z)(GTW; + G W)
. %SQ(AH + tan(6w) Z*) (H W, + H W)
- %iGO(A“ + tan(Bw) ZM) (G- W — GTW,)
- %isg(m + tan(6w) Z*) (H- W, — HY W) | (32)

The masses My and My, satisfy

2 2,
v =My = "M, ~ 246 GeV . (33)
g g

The gauge fixing Lagrangian Lqr for a general R¢-gauge is given by

%aﬂzua"zy + My G 0"Z, — 82 pp2 (o2
Z

2
- giwaﬂwja”wy +iMy (GTO'W, — G O'W}) — &w My GTG™
1
264
where the gauge fixing parameters £z, {y and &4 are arbitrary non-negative real numbers.
Finally, to formulate the Fadeev-Popov ghost Lagrangian Lgp one has to consider
the variation of the gauge-fixing terms under an infinitesimal gauge transformation. An
infinitesimal gauge transformation is parametrized by

Lop =—

M A" A, (34)

U(x) = exp(i{g ;; Tewn(z) +g'Y B(x)}) (35)

where wy and (3 are infinitesimal parameters, T} are the SU(2) generators in the funda-
mental representation and Y is the hypercharge. The scalar doublets in the Higgs basis
transform under such transformation as

: B
61 =g Y wili +9'5) %,

k=1 2
- 3 B
0@, =i(g > wiT — g'§)CI>1 . (36)
k=1



From (36) one finds

2 o2
(5G’i = iiMWwi + Z{(—GWA + gchC Swa)Gi + g(Sl + iGO)wi} s
5G0 = —MZwZ — %Slu)z + g(erG_ + W_G+) s (37)

where we have defined

g (G- D)) e

The gauge fields transform according to
0A, = Oywa +ie(w_W,S —w, W),
02, = Ouwz — igcw(w_W,] —w, W),

5W:E =0,wy = ing(—swwA + cpwyz) Fig(—swA, + cwl,)wy . (39)
The ghost Lagrangian for a general R¢-gauge is given by
B _ 8(0, 21 — Mz G") _ 6(0,A")
ﬁpp = — zj:[CZ (swi c; + CATCZ‘
(MW — i&w My G* O(O*W [ +i&wMw G~
PPRICaLl 5fw T )i+5* ("W, 5ffw v >c1}. (40)

In (40) the sum the of ghost fields ¢; runs over {cz,ca,ct, ¢} and that of w; over
{wz,wa,w;,w_}. Taking into account (37) and (39) one gets

EFP = — EZ [(aua“ + £ZM§ + %gZMZSH)CZ - ggZMZGJrCi - ggZMZGich

- igcwa"EZWM_ch + igcwa“EZW/jc_ — C40,0"cy — ie@”@;VVlL_cJr + ie@“EAlec_
_ 4 " 2 g -~ C%v - S%v
— " (00" + &w My, + Sw (S +iG ))e" + EwgMw ;

G+CZ — egwaG-i_CA}
Cw
—ig0'e T (=swAy + cwZy)ct +ige,0te TW ey —igs,d'e W ea
2 —s?

— (00 + g My + S Miv (51— iGO) e + Ewg

w

+1ig0"c " (—swA, + cwZ,)c” — ige,0t'c "W ez +igs,0"c "W ca. (41)

2.3 Yukawa Interactions

All the possible couplings of the fermion fields with the Higgs doublets consistent with
gauge invariance and renormalizability are contained in the Yukawa Lagrangian Ly,

Ly = — {@/L(F1¢1 + Tago) le + QIL(Alaﬁl + Azaﬁz) u;% + [_,/L(quﬁl + Ty¢0) l;%} + he.,
(42)

10
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where I';, A; and II; are arbitrary 3 x 3 complex matrices in flavor space. The primes over
the fermion fields are meant to emphasize that these are not the mass eigenstates. The
Lagrangian (42) cannot account for neutrino masses and mixing. In the following of this
section we focus on the quark sector, the flavor lepton sector will be treated in detail in
Sec.(4). Writing this Lagrangian in the Higgs basis we get

V2

Ly = —7 {Q/L(M:iq)l + Y;l/q>2) d;% + Q}J(M;él + Yz;i)Q) u;%} +hec., (43)
with
M= (il1 + vely )
=— (v v ,
d NG 111 2l 9
/ 1
Y, = NG (1’2 — wal'y)
/ 1
M, = ﬁ (V1A +v24y) ,
/ 1
Yu = ﬁ (’UlAQ - U2A1) . (44)

We can make bi-unitary transformations in flavor space to diagonalize the mass matrices

{M,, My},
up, =Utuy , dy, =Ufdy,
Up = Ubug , dp=Uldg. (45)
We choose the unitary matrices U};R (f = u,d) so that
UMM, UL = M, = diag(my, me,my)
UgTMC}UI‘é = M, = diag(mg, ms, mp) . (46)

We define the Cabibbo-Kobayashi-Maskawa (CKM) matrix V = U#U¢ and the Yukawa
matrices by

Y, =UMY, UL,
Y, =0y, U, (47)

Note that Y, and Y, are arbitrary complex matrices. Expanding the Higgs fields around
their VEV we can write the Yukawa interactions (omitting the Goldstone bosons) (42) as
Sty - 1 7=
Ly =—(1+2)(dMyPrd+ M, Ppu) — ~S[dYy Ppd +uY, Ppul
v v

_Lg, [dYaPrd — @Y, Prul
v
V2 V2

— ~“H"UVYy Prd+~—~H dV'Y, Pru+h.c.. (48)
v v
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In (48) Pp g are the usual chiral projectors, P, = 3(1 — 75) and Pg = (1 + 75). Since Y,
and Yy are in general non-diagonal they lead to flavor changing neutral couplings involving
the fields S5 and S;. The Yukawa matrices Y, and Y, can also contain complex phases,
giving rise to new sources of CP violation.

In terms of the fermion mass eigenstates we can write the charged-current interaction
(30) as

The neutral interactions £4 and Lz (30) are flavor diagonal in the mass eigenstate basis.

3 Natural Flavor Conservation and Minimal Flavor
Violation in the Quark Sector

FCNC’s arise in (48) because of the impossibility to simultaneously diagonalize two ar-
bitrary complex matrices in general, in our case those of (44). Within the quark sector,
flavor changing neutral current processes like K9 — K, B — B% and D° — D° mixing im-
pose stringent bounds on the magnitude of these flavor non-diagonal couplings. One way
to suppress the FCNC’s is to assume that the particles that give rise to flavor changing
neutral couplings are very heavy, in the TeV range [15].

More interesting scenarios, with the scalar particle masses close to the EW scale, can
be obtained by making additional assumptions about the flavor sector of the model so as to
protect it from large FCNC’s. One way to eliminate non-diagonal terms in the Lagrangian
is by imposing flavor-blind symmetries so that only one Higgs doublet couples to a given
quark species, this is called natural flavor conservation [16, 17]. Another possibility to
suppress FCNC'’s is provided by the hypothesis of minimal flavor violation (MFV) were all
the flavor dynamics is related to the SM Yukawa couplings.

We can classify the different scenarios by considering the breaking of the largest group of
unitary transformations that leave invariant the SM gauge and kinetic Lagrangians [11, 18]

GI=5U3), U)oU)y ®U(1)pq, (50)

where U(1)p corresponds to baryon number, U(1)y to hypercharge and U(1)pg is the
Peccei-Quin symmetry [19]. The transformation properties of the quark fields under SU (3)2
in terms of the unitary matrices {V, Vi, Vp} are

QL —)VL QL, UR—>VUUR, dR —)VDdR. (51)

Models with NFC can be obtained by imposing U(1)pg or another flavor-blind discrete
symmetry involving both right handed quarks and both Higgs fields. For different versions
of the 2HDM with NFC see for example Ref.[9]. Minimal flavor violation as formulated in
Ref.[18] is based on the assumption that SU (3)3 is broken only by two independent 3 x 3
matrices A\, 4, which transform as spurions under SU(3), in the following way

A = Vi Vi L da—= VAV (52)
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Then at first order in the breaking terms A, 4, the MEFV hypothesis is equivalent to the
alignment of the Yukawa matrices in Eq. (42) [10]

PZ - 5@21)\d ) Fl - géAd7
Ay =EN, , A =¢E7N. (53)

Where &, = {£,€2} and &, = {€},£2} are arbitrary complex parameters since we assume
that the breaking of CP and that of SU (3)2 are decoupled. Note that we are using a similar
notation for the gauge-fixing parameters {4, &z, &w} and in (53).

The Yukawa alignment condition is the basis of the aligned two-Higgs doublet model
(A2HDM) as defined in Ref.[10]. it was later shown that the A2HDM is equivalent to the
MEYV hypothesis (53) at fist order in the symmetry breaking terms A, 4 [11]. Writing the
alignment condition (53) in terms of the mass and Yukawa matrices that appear in (43)
we have

. @—tanﬁ

Y, = ¢gM} , Y, =M, , Cf—m,

tan 8 = vy /vy . (54)
In (54) we have used the definition £; = 5}% / 5} The parameters ¢ are scalar-basis invariant.
The condition of Yukawa alignment (53) guarantees that we can diagonalize simultaneously

the mass and Yukawa matrices of (44), so that there are no FCNC’s at tree level. The
Yukawa interactions (48) become in this case

1 _
_ ESg[gddePRd + <5t M, Prul

253 [§d(iMdPRd—§Z’I_LMuPRU}

2 _
V2. H=dV' M, Ppu+h.c.. (55)

—
Uu

v

5
_ £gdHﬂ:LVMd Prd+
v

Considering the 2HDM as an effective theory below the scale A, we encounter higher order
operators OZ(k) constructed from the 2HDM fields

1

Leg(E <A) = Loppm + Y
ik

In the MFV framework L. must be invariant under SU (3)2 once the transformation
properties of the spurions are taken into account. The flavor structure of the higher order
operators is then determined by the spurions A, 4. As is well known, the MFV principle
allows us to avoid the new physics flavor problem and to accommodate new physics at the
TeV scale [18]. The extension of MEFV to the lepton sector (MLFV) can be done in many
different ways and is in general less predictive than for the quark sector [20, 21].
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4 Minimal Flavor Violation in the Lepton Sector

To understand the pattern of masses and mixing of the fundamental fermions is among the
main challenges of particle physics. Comparing the flavor structure of the lepton and quark
sectors may lead to important clues in the search for the underlying theory that generates
such patterns. However, finding physically meaningful relations between the quark and
lepton-flavor sectors is far from trivial. An example of this kind of efforts are the so-called
Quark-Lepton Complementarity (QLC) relations, which relate angles of the quark mixing
matrix to that of the lepton mixing matrix. However, as remarked by C. Jarlskog such
relations are ill-defined since their definition is convention dependent [22].

Even though the hypothesis of minimal flavor violation was motivated by the strong
suppression of FCNC’s in the quark sector, it is interesting to look for extensions of this
principle to the lepton sector. The interest is two-fold: supposing that the MF'V structure
of the quark flavor sector is generated by some underlying dynamics or symmetry principle,
one can then expect that the lepton sector should also possess a similar structure. It is
also interesting because extending the SM in order to account for neutrino masses can be
done in many different ways and the principle of MFV can then be used as a guide in the
model building or to make the model more predictive.

The principle of MFV has been extended to the lepton sector for different scenarios of
neutrino masses for the case of one Higgs doublet, see for example Refs.[20, 21, 23, 24]. The
case of two-Higgs doublets has not been studied in great detail yet, among some recent
works we find Ref.[25] and Ref.[26]. In this section we consider minimal extensions of
the SM with two-Higgs doublets following Refs.[20, 21]. We are interested in predictive
scenarios where the flavor structure is determined in terms of the lepton mixing matrix and
the light neutrino masses. We consider different ways to implement the MFV hypothesis
with particular attention on the role of Yukawa alignment. The cases studied are:

Extended field content with lepton number conservation. There are 3 right-handed
neutrinos and lepton number is conserved at the classical level, neutrinos are Dirac
particles. The maximal flavor group is SU(3)} = SU(3), ® SU(3),,, ® SU(3)i,,.

Minimal field content. The same fermion content as in the SM, the neutrinos get their
mass from the dimension five Weinberg operator [27]. The lepton flavor symmetry

group is SU(3)r, @ SU(3),,.

Extended field content without lepton number conservation. There are 3 right-
handed neutrinos and lepton number is violated by the Majorana mass term for
the right-handed neutrinos. We assume that the flavor symmetry group SU(3)? is
broken down to the subgroup SU(3)., ® O(3),, ® SU(3),, by the Majorana mass
matrix for the right-handed neutrinos.

It is important to notice that the physics responsible for the neutrino masses is expected
to be at very high energy scales. Indeed see-saw models with natural Yukawa couplings
require the heavy Majorana masses to be around 10'° — 106 GeV. This is fundamentally
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different from the quark sector where the MF'V principle is thought to constrain the flavor
structure of TeV-scale new physics. One has to keep in mind that imposing a symmetry
principle over such different scales is a very strong assumption.

4.1 Extended Field Content with Lepton Number Conservation.

One way to accommodate neutrino masses and mixing is to add to the fermion content of
the SM three right-handed neutrinos, which we denote by a 3 x 1 vector in flavor space
vr. The right-handed neutrinos are singlets under the gauge group vg(1,1,0). The lepton
kinetic Lagrangian in this case is invariant under the group of transformations

GL=5UB) UML), @U1)y @U(1),, (57)

where U(1), corresponds to lepton number, U(Y) to hypercharge. The transformation
properties of the lepton fields under SU(3); are

LL—)VLLL, ZR_>‘/ZZR7 VR—)VVIJR, (58)

where {V7,V},V,} are generic unitary matrices.
The lepton Yukawa Lagrangian in a generic scalar basis {¢1, ¢} is given by

Ly = —{ Loy +Taga) Uy + Ly (S1y + o) v} + hec.. (50)

In the Higgs basis we have

V2

Ly == (L (M + Y, ®) Ly + T (M, + Y/Ba)wp} + b, (60)
where

M= (0111} + vo1l5)
=— (v v ;

! \/§ 11 211l
;1

Y, = —= (nlly — wll) ,

l \/5(1 2 2 1)

M= (V151 + 1252)
= — (v v ,

v \/5 1241 2242
;1

Y, = — (128 — 1)) . 61
y \/5(1 2 — UzX1) (61)

In the case where neutrinos are Dirac particles and lepton number is conserved, one
can implement the MFV principle in an analogous way to the quark sector. We assume
that the flavor symmetry SU(3)} is broken only by two independent 3 x 3 matrices A, .
These matrices transform as spurions under SU(3)? in the following way

A= VeV N =V (62)
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At first order in the symmetry breaking terms );, the MFV hypothesis is then equivalent
to the Yukawa alignment condition, analogous to (53),

My =&N , =g\,

D= A, Ti=6"A, (63)

and defining &; = fj%/f} we can write

— tan
Vi—oM,  Y—gM,, =S tans

JREETE o

We consider the breaking of CP and of SU(3)? to be independent, so that &, == {¢!, €2}
and & = {¢,¢#} are arbitrary complex parameters. A general bi-unitary transformation
in the lepton sector is given by
vp=Ujvr , v, =Ujvy,
Iy ="Uklp , I;, =ULl. (65)
We can choose a specific basis where the mass matrices are diagonal, real and with positive
eigenvalues,
UZTMI’,UE = M, = diag(m,,, my,, m,,),
UL MUY = M, = diag(me, my,m.) . (66)

Defining the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) Upyns = UYTUL, the charged-
current interaction Ly (30) takes the form

Ly = % {WJ(DL Upnmns Y 11) + h-C-} ) (67)

while the neutral interactions £4 and £z do not change since the right-handed neutrinos
are singlets under the gauge group. The matrix Upyng can be parametrized in general as

0

C12C13 $12C13 S13€
_ 1) 19
Upnins = | —S12C23 — C12523513€" C12C23 — S12523513€" S$23C13 | (68)
) )
512523 — C12C23513€" —C12523 — $12C23513€" C23C13

with ¢;; = cos6;;, s;; = sinb,;, the angles 6,; € [0, 7/2] and the Dirac phase §. The lepton
Yukawa Lagrangian is given by

Sy, - 1 _
Ly = — (1+71)(ZM1PRZ+DM,,PRV)—;SQ[QZMZPRZ +< 7 M, Ppv)|

— 28y (@I My Pl — ¢ v M, Pg|
v
V2,

2 _
- %Q HJrﬁ UPMNS M[ PRZ + 7@, H™ UIJLMNS YV PR v+ h.c.. (69)
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4.2 Minimal Field Content

We now explore the scenario were the left-handed neutrinos get Majorana masses through
an effective operator of dimension 5 known as the Weinberg operator [27], see Fig.(1). The
kinetic part is invariant under the group transformations

SU®3)., ® SU3), © U(1), @ U(l)y (70)

where U(1), and U(1)y correspond to total lepton number and hypercharge respectively.
The lepton fields transform under (70) as

LL—>VLLL, lR_>‘/llR' (71)

The Lagrangian responsible for the neutrino Majorana masses is given by

1
ﬁeff = ——Oeff + h.c., (72)
AN
where Apy is the scale of the physics responsible for the breaking of U(1),. We assume that
the breaking of U(1), is independent from the breaking of the flavor symmetry SU(3),, ®
SU(3)1,- In full generality we can write O,z in a general scalar basis as

2 2
Ocrr=>. >, (L’LQT kY C1 L’LC) e dudia (73)

i,7=1a,b,c,d=1

where C is the charge conjugation operator! and k¥ is a 3 x 3 matrix in flavor space for
i,7 = 1,2 that satisfies k¥ = (k/')T. The Weinberg operator O,; introduces through k%
a new source of violation of the global flavor symmetry (70), specifically of the SU(3).,
part, and it also violates lepton number by two units AL = 2. In the Higgs basis O,y is
given by

2 2 N
Ocfr = Z Z (L'LaT Kot L/LC>€ab€Cchz‘b¢)jda (74)
1,j=1 a,b,c,d=1
where

K1 = R 4 cgsar!? + cpspr®! + 52672 (75)

K1 = —cgsprtt + c%/{m - s%/{m + cpspr?

K2 = —cgsprtt — s%/{m + C%I{m + cpspr?

)22 2 22

= s%n“ - CgSgFLlQ - CgSgl-in + R

!The charge conjugation operator C' is given in the chiral representation by C' = iv2vo.
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Figure 1: Effective Majorana mass for the neutrinos.

The lepton Yukawa sector (42) in the Higgs basis takes the form

2 =1/ ’ ’ A
Lyz_%{%wym+n%ﬂﬁ+ha. (76)
We assume that there are only two irreducible sources of lepton-flavor symmetry breaking:

A and g, that transform under SU(3),, ® SU(3),,, as spurions in the following way
N= VeV g = VgV (77)
At first order in A\; we then get the alignment of the Yukawa matrices (63) and (64).

At first order in g, we have

/fij = Cij9v ﬁ/ij = C;jgl/ ) (78)
/
ij
il

with ¢;; (¢
11j

) being complex parameters in a generic scalar basis (in the Higgs basis). Since

k' = k""" we have that g, = g7 and |, = ¢,;,. We can normalize g, so that ¢}, = 1.
After the electroweak symmetry breaking, the Weinberg operator gives rise to a Majorana
mass term for the left-handed neutrinos

1
‘Ceff SSB} CMajorana = _aV,LTC_lM;VIL + he 4+, (79)
with , )
v 11 v
My =——+"=+—g,. 80
ALN ALNg ( )

A general bi-unitary transformation of the lepton fields is given by

vy, = Uy
b= Uklg | I, =Ul,. (81)

We can choose a particular basis where the charged lepton and neutrino mass matrices are
diagonal and positive,

M, = UlLTMl'UIl% = diag(m., m,, m,),
M, = ”TMI’,UZ = diag(my,, My, My,;) - (82)
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In this basis we have

L = 2 (Wi Un* 1 + ] (83)

V2

where U = Uy U iT is the mixing matrix and can be parametrized in general by,
U = Upnns X diag(1, e?2/2 glos/2) (84)

with Upnns as defined in (68). The extra phases {as1, 31} appear because the neutrinos
are Majorana particles in this case. The part of the effective Lagrangian linear in the scalar

fields reads

v 1T 11 ~—1_ . 1 T /11 1/ + 1 T /11 1/ +

L. :——{y WO (S +iGo) — v, TR e gt — p Tl oy, g
ff Aix L L( 1 0) L \/— \/— ( )
85

1
y L /120 1 / (52_'_Z53) /Tﬁ/lQC—llLTHJr /T /210 1 / (SQ+253)}—|—h.C..

In the mass eigenstates basis we then have
1 1 1
Lof=— _{ TM,C vy (S) + iGo) — V] MUC 1, —=G* — [EMUTC vy —=G* (86
i) VL vi(S1 +iGo) — v L7 L s (86)
+ C; VI M, C uy (Sy +iSs) — f}% TALUC U HY + C; VT M, C 1w (s +zsg)} +he..
In (86) there are no FCNC’s due to the MFV condition imposed on % (78).

4.3 Extended Field Content without Lepton Number Conser-
vation.

Without imposing lepton number conservation, the gauge symmetry principle allows the
right-handed neutrinos to have a Majorana mass term together with (59),
1 1T ~=1 agr 1

»CMajorana = §VR C MR vp + h.c.. (87)
In Eq. (87), My, is a 3x 3 symmetric complex matrix because fermionic fields anti commute.
The lepton kinetic Lagrangian in this case is invariant under the flavor transformations
SU(3);. The lepton fields transform under this symmetry as (51). The Majorana mass
term violates U(1) g and introduce a new source of violation of the flavor symmetry SU(3)3.
We can recover the invariance under SU(3)? by considering that the Yukawa matrices
transform as spurions according to (62) and

Mp, — VMR V5. (88)

There are many different ways to define MLFV according to how one defines the irre-
ducible sources of lepton-flavor symmetry breaking. Following Ref.[20] we assume that the
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Majorana mass matrix Mp breaks the SU(3),, symmetry to O(3),,. This implies that
Mp, is proportional to the identity in flavor space, M1 = MY 6%, We will assume also that
there are only two irreducible sources \; , that break SU(3),, ® SU(3);, in the Yukawa
sector.

The Yukawa sector in this case is given by (59) in a general scalar basis and (60) in
the Higgs basis. At first order in the symmetry breaking terms );, the ME'V hypothesis is
then equivalent to the Yukawa alignment condition (63) and (64). At energies well below
the right-handed Majorana mass scale My, one can consider an effective theory in which
the right-handed neutrinos are integrated out, indeed for heavy right-handed neutrinos one
can neglect the kinetic term in the equation of motion

lr

ALy + L ajorana _ - - -
0~ NEY 5 Majorana) = MpvptC 1—-LL(21¢1+—22¢2). (89)
VRj
One then obtains .
—~T —~T _
@:_MJ$@,+£@)CQ. (90)

Substituting (90) into Ly + Lifajorana and taking into account (63) gives the effective La-
grangian

1 - * - —~T %, 9% T —~T
Leps=— MLL ((ﬁi PAGIAL 1 + &S Adal b

FETE NG + () A0\ 2 ) OLE + . (o1)

We can rewrite (91) in a similar form to (73)
1
M
+ fg*fi*(LzTﬂl))\u)\ZC_l(¢2T7'2LL) + (53*)2(L:£T2¢2))\u)\30_1(¢2T7'2LL)} +hec..

(92)

Leps=— {(fi*)Q(LETﬁl))\u)\gCl( TrLr) 4+ &€ (L mag2) AW ALC ™ (] 7oLy

Matching the Lagrangian (72) to (92) we obtain the low energy parameters of the
minimal field content scenario in terms of high energy parameters related to the right-
handed neutrinos. The Yukawa alignment condition naturally leads to the MFV hypothesis
(78) with g, oc A, AL,

Returning to the complete Lagrangian Ly 4 Lyajorana, & bi-unitary transformation in
the lepton sector is given by

I, =ULl, , v, =Uly,
lp=Uklp , vp=Ubvg. (93)

We will work in a particular basis where M; and Mg are diagonal and real while M, is an
arbitrary complex matrix. The mass terms obtained are then

_ 71 1 r T 1 \eT -1 * V}/
Lonass =~ Milr + 5 (1", )") C WIQ%y>+hQ, (94)
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where (¢)¢ = CyI (¢p)* and M is a 6 x 6 matrix given by
0 M,
R
To find the neutrino mass eigenstates we need to diagonalize M,
VIM'V =D.

In (96), D is the mass matrix of the physical light and heavy neutrinos,

D= (g g) = diag(mlllamllzamllsaM17M27M3)7

and the matrix V' can be written in general as

-(59)

(95)

(97)

(98)

Assuming that the mass scale of the right-handed neutrinos is much larger than the EW
scale, one can diagonalize M by an expansion in terms of € ~ v/Mpg. In the following we

will neglect terms of O(e?). Eq.(96) then implies the following conditions

St~ —K"M, Mz',
d~—K"M, Mgt M, K*,
T~1,

D~ Mg,

Q~M,Dt.

The physical neutrino states {vy, Ni} are given by

I/L, o vy,
i) = ().

(104)

so that we can diagonalize the mass term (94) by the following set of transformations:

v =Kv,+QNp vp=S"v{ + Nj.

We can write then

_ 1 _
‘Cmass = _lL Ml lR + _(772 NE) D VL + h.c..
2 Np
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The leptonic charged and neutral current interactions in the mass basis take the form

EW :% [W:(ZL’}/HKI/L +Z_LP)//LQNL)} —|—h.C.,

‘CZ :%ZM[(_]‘ + 283}) Z_L’}/MZL + 28121} l_R’yMlR
+ v+ v KN QAN + N QT K y*up, + Ny QT Q* Ny, (107)

where K can be identified then with the lepton mixing matrix given in (84).
Expanding the Higgs fields around the VEV we get the Yukawa interactions in the
Higgs basis

S1

»CY +£Majorana = ‘Cmass + {_F[ZL Ml ZR + (DL KT + NL QT) M, (S* VE + NIC,)}

— %52 [gl I Mylg + (v, KT+ N QN M, (S*v¢ + Ng)]

L5 [l Mil — 0 K Ny Q) M, (5705 + ;)

+ ?m [ (7 ST+ N§) M, UL L, — g (7, KT+ N,QY) M Ul

+ h.c.} . (108)

Multiplying (100) from both sides by vd~! we get

T
1=— (y/Mgl M,TK* \/d1> <\/M§1 M," K* \/dl) : (109)
A general solution to (109) is given by

VMRt M,T =i RVAKT (110)

where R is an orthogonal complex matrix, this is known as the Casas and Ibarra parame-
terization [28]. A complex orthogonal matrix R can be decomposed as

R=0H, (111)

where O is a real orthogonal matrix and H is a complex orthogonal and hermitian matrix.
By using the invariance under O(3),, we can choose a basis of right-handed fields such
that O = 1. We can parametrize H in the following way

_ - 0 ¢ ¢
H:em:[—mizlmﬂsmhrﬁ, O=[-¢ 0 &), (112)
" " _¢2 _¢3 0
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where r = \/m and ¢; are real parameters. Using (110) we get
B =K' M, =iViR\/Mp,
F = Q' M, = Mz (ivd R \/Mg)' (ivd R \/Mpg),
E=Q'M,S = —M'(iVdR\/Mg)'d. (113)
From the previous identities we can also derive
ST M, UL ~dK , M, U, ~ FTQ', K'M,S*~d. (114)

Now we can express (108) in terms of R, @, the lepton mixing matrix and the physical
masses {M;, d, Mg}

1
(%

S - _ _
£Y+£Majorana = Emass+ {_ [ZL Ml lR+DLdVE+NLEVE+DLBNE +NLFN]CJ}
1 - _ _
- ;Sg[gl I Mylg + 5 (7, dv§ + 9, BN§ + N Evi + Ny F N)]

i _ _
— =S4 (1L Mylg — (7 dv§, + 7, BN + N, Ev§, + N F N§))|

2 § _
+ %}ﬁ (o (75 d K 1+ N§ FT QML) — g (7, KT Mylg + N, Q1 My I)]

-I—h.c.} : (115)

At this point we can compare (115) with the MFV model proposed in Ref.[25]. In
Ref.[25] a Z; symmetry is imposed on the Lagrangian to constrain the possible couplings
of the Yukawa sector. As a consequence of the particular charge assignments under Z4,
there are no Higgs mediated FCNC’s in the light neutrino sector. In the charged lepton
sector there are FCNC’s at tree level determined by the lepton mixing matrix. Flavor
changing neutral couplings with heavy neutrinos are parametrized by the neutrino masses
d, Mp and the matrix R, which in this case is block diagonal as a consequence of the Z,
symmetry imposed.

On the other hand, in (115) the Yukawa alignment condition produces no Higgs me-
diated FCNC’s for both the light neutrinos and the charged leptons. The flavor changing
neutral couplings with the heavy neutrinos are also parametrized by d, Mz and the matrix
R, a general orthogonal and hermitian complex matrix. It is also important to notice
in (115) the presence of new flavor-blind CP violating phases ¢, and ¢, in close analogy
with the quark sector of the A2HDM [10]. The Yukawa sector of the extended field content
scenario studied in Refs.[20, 29] is recovered in the limit ¢, = 0.
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5 Radiative Corrections

Now we study the one-loop renormalization-group equations (RGE) for the parameters of
the different scenarios considered in the previous section. We are interested in the effects
of the RGE running from a high energy scale (at which the Yukawa alignment condition is
supposed to hold) down to the electroweak scale ~ M. For previous studies of the MLFV
hypothesis under RGE evolution see for example Refs.[26, 30]. We first consider the case
of Dirac neutrinos and lepton number conservation, see Sec.(4.1).

5.1 Extended Field Content with Lepton Number Conservation

It is well known that even though the Lagrangian (69) does not contain tree-level FCNC'’s,
quantum corrections will in general induce non-diagonal neutral couplings. Only models
with NFC remain stable under the renormalization group [31]. Since flavor changing neutral
current processes are strongly suppressed, one has to examine whether this class of models
are still viable.

The one-loop RGE for the Yukawa couplings are [25]

d
167T2Md—Fk = fr, = arl'y+
i
2
+ 3 [3Tr(Tel] + ALA) + Te (T + SL3) | T
=1
2
+ 3 (=280 + Th DT + %AZAIT T} + %FZF} Tk),
=1
167T2,udiAk = Ba, = anDi+
o
2
+ 3 [BTr(ARA] + TH) + Tr(345] + I ) | A,
=1

2 1 1
+ ZZ(—QFIPLAz + AATA, + 5rlr} Ag + aAZAjAk) :
=1
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d
167T2,M@Hk = ﬁnk = aHHk—i—
2
+ > [3Te(Cal] + ALA) + Tr(T1I1] + 3{%) |1,
=1
- f tr1. o Lyt Lot yt
+ > (=25 SLIT + LI, + S SIS+ ST ),
=1

d
1671'2#@2;9 = ﬁgk = ang—i—

3 [3Te(AA] 4 TID) + Te(Ses] + ) 5,
=1

2
1 1
+ 30 (—2ALTILS, + S 5% + §HlHjZk + 5&2}&) : (116)
=1
where p is the renormalization scale. The coefficients {ar, ar, an, ax} are given by
5 9 17
Q2 2 Y2 _ 2 9 41 2
ar = —8g; — 29" — 159 > an =89, = 29"~ 159 >
9, 15 , 9, 3,
=——g — — =——g°— - 117
an=—79"~ 19", an=—79"— 79", (117)

where g;, g and ¢ are the SU(3)., SU(2)r, and U(1)y gauge coupling constants respectively.
If we neglect the Yukawa matrices > that couple with vg we recover the expressions given
in Refs.[34, 41].

The running of the coupling constants is the same as in the SM and is given at one-loop
by

d

167@@% =—Cjg;. (118)

Denoting by n, the number of effective quark flavors we have

1 10 2 1
Cl :—g —Enq s 02 :7—§nq s 03: g(llNc—an) (119)

Solving the RGE for the coupling constants we get
g;(A)? 2 Cj 2 Mz\n

g;(Mz)? = - =g;(A ——=g;(N)*log(—=)| . 120
M) = T rroe ()~ > [~ os (7)) (120)

We can study for which values of the parameters {&,, &4, &, &, } the alignment condition is
stable under the renormalization group. This kind of analysis was made for the case of a
trivial leptonic sector (42) in Ref.[31]. Imposing the stability conditions

d d d d

—TI'y =¢,—7T — Ay =& —A

d,u 2 fddlu 1 ) d,u 2 gudu 1,

d d d d

—II, = &§—11 —Y =&—% 121
d/,L 2 gl d/,L 1 ) d/,L 2 5,, d/,L 1, ( )
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we get the following set of equations

(€= E)(1+88a) =0, (& —&)(A+8&k,) =0
(& =& +&¢€) =0,  (§—&)A+&E) =0
(& = &)1 +88) =0, (& -&)1+E&E) =0,

(§a — &)1+ &&)
(€ — &)1 +&,8)
(& — &)1 +&E))

0 (& — &)+ E8) =0,
0 (& - &)1 +88)=0. (122)

Note that in (121) we have neglected the running of the parameters £;. Solving (122) one
finds 8 different solutions

fdzflzfuzgua é-;:_a:qu:g:a
1 1 . *__iz_i
fd=§l=—§;=—£—:, =% =g %
1 1
£d:£l £u_ 5*7 5;;:51*:_525;7
1 1
§a=6& = — §* =&, ffj:fz*:—g:—g- (123)

The solutions (123) correspond to the possible implementations of a Z5 symmetry in which
each fermion type couples to only one Higgs doublet, generalizing the results of Ref.[31].
We now consider the leading log (LL) approximation to solve the RGE (116)

ayYy

= e () > Vi) A Vi) +

T6m zﬁyk( )10g<%> . (124)

In this approximation the running of the gauge couplings is not taken into account. Using
(124) one gets the following scalar mediated FCNC’s from (60),

Lrene = —{ﬁLAu {cos(a — B)h +sin(a — B)H — z’A] UR
+dpAg {cos(oz — B)h +sin(a — B)H + z'A} dr
+ LA, {cos((x — B)h +sin(a — B)H — z’A] VR
+ LA {cos((x — B)h +sin(a — f)H + z’A} ZR} + h.c.. (125)
From (47) and (48) we have

1.1 1.1
A, =Y, = -Urty!Us | Ag=-Y,=-Udyud (126)
v v v v
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with analogous expressions for the lepton sector. The result we obtain for the non-diagonal
matrices Ay agrees with the expression found in Ref.[32]

. 1 M : . off-dia
off-diag __ Z * ok diag\2y /1 p sdiag g
agins — ———tog (=2 ) (1 sin(si — ) (VM) Tzt T,
~ 1 M . oo\ Off-diay
off-diag __ Z * . T diag\2 diag g
A5 — o (2 ) (1 -+ sa)oa — ) (VI(M0)2V M) %,
(127)
off-dia 1 MZ % % % ia ia off-diag
agians — ———tog (=2 ) (1 (6T = <) (Urans (M PUbys ME) ™%,
off-dia 1 M. * ia iao off-diay
A — o S8 ) (14 a6 = ) (Vs (M PUpas M) (128)

Note that charged lepton flavor violating couplings are suppressed compared to the
neutrino ones due to the smallness of the neutrino masses. From (127) and (128) it is
also clear that there is a GIM cancellation mechanism suppressing the induced FCNCs.
The GIM cancellation is exact for degenerate fermions and is expected to be very effective
for the charged leptons since the neutrino mass differences are very small compared to
v ~ 246 GeV. Numerical simulations of the RGE for the quark Yukawa couplings performed
in Ref.[33] showed that the error associated to the LL approximation in expressions (127)
can be as large as a factor of 2.5, so that it is not negligible.

As remarked in Ref.[10], the quantum corrections (127) and (128) are invariant under
the following flavor-dependent phase transformations of the fermion mass eigenstates

i ial X ri iad —ial
fx = e fx o Myij — e Myge™
iat —ja®L it —iabT
Vig = e Vige ™ ) (UPMNS)Z-]-_>€ ! (UPMNS)ije 7y (129)
where f = d,u,l,v and X = L,R. Because of this symmetry, quantum cor-

rections to the A2HDM have a specific flavor structure. The only allowed local
FCNC structures in the quark sector are of the form ay V(MyMH)"VT(M,M™M, ug,
dp, V(M M)V (MyM})™ My dg or similar terms with extra factors of V and mass matri-
ces [10]. This argument can be extended to the lepton sector for the case of Dirac neutrinos
in a straightforward way.

5.2 Minimal Field Content

In the case of Sec.(4.2), we found that due to the condition (78), which is supposed to hold
at an energy scale A, there are no FCNC’s in (86). One expects that quantum corrections
will in general generate some flavor non-diagonal couplings. To write the renormalization
group equations for % (73), it is useful to use the following parametrization of the scalar
potential (7)

2
V = quadratic terms + ) Nkt (010,) (o) , (130)

1,7,k =1
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so that

A A

?1 = A1 ) 72 = Ao222 5 Az = A1 + Aoz,

As = A221 + A2tz 5 As = Ai2ie + Ao1an,

A6 = A1z + A12i1 = Aot + Atizr . A7 = Aaa1z + Ai2ge = Ao1ze + Aaoor - (131)

Using this notation we have [34],

d 2 2 . . » »
167T2'ud,u =B, = —3¢°K7 + 4 Z )\kilj/ikl + Z(Tkmk] + Tkj/#k) + K9P + PTRY
k=1 k=1

+2 Z{ RFITIIT, — (5™ 4 )M, TETE R — T (59 4 67) )

(132)
where
i Al Ut
Ty = u[ILI] + 3u [+ Al P= o ST T (133)
k=1
The Yukawa couplings follow the RGE given in (116) setting >; = 35 = 0.
We can solve (132) by using the LL approximation
g My,
1] _ -
WI(Mz) = (M) + = B (M) o (7). (134)

We define the quantity © = (cs, s3) and use the notation o - gf = 055} + 555? together with

€52 = €57+ [€7]7. Solving (135) by imposing the MFV condition (78) at the energy scale
A, we obtain that quantum corrections induce FCNC’s at the scale ~ M

1

T TR U = { UMD — 416 = derag "]

+ (UTMEU M7 + 86! + 8erag?el ]}

log(%)

1672040 - &2

o (UI/T 12(MZ)U1L/)off-diag _ {(MVUTMZ2U)oﬁ—diag [012|é|2 +4012‘§11|2
— 88 +deniE - 8012|512‘2}
(U MU M) ™% 1] G + 8e1n€ €7 + 8enl€2)?] }
log(%)

16m204)0 - &2
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ALN (UVT 21 (MZ)UZ)oﬂ—diag _ {(MVUTMZ2U)OH—diag [012 |5|2

+ 46167 — 8ol E — den|§) P + dens )]
+ (U MU M, )T [012|gl|2 + 8cé] € + 8022|fll|2”

log(%)

1672040 - &2

1

o LR (M) UL e = { LU MU e G 4 denntf €] — Scratlé?
+ (UT MPU* M, )42 | 0|5 * + 8e10€7 ]| }

log ( 4z

x #)ﬁ (135)
167200 - )2

Note that in this case the induced FCNCs are also GIM suppressed. Due to the unitarity

of the lepton mixing matrix U, the expressions obtained in (135) vanish in the limit of
degenerate charged leptons.

5.3 Extended Field Content without Lepton Number Conserva-
tion

Renormalization group effects also play an important role in the case of right-handed
Majorana neutrinos. In Sec.(4.3) we assumed that the right-handed neutrino Majorana
mass is flavor universal. This condition is supposed to hold at a very high energy scale A
and is not generally true at other scales due to quantum corrections. The renormalization
group evolution of the Majorana mass Mg (87) is given by

dM
1672 u—= i B (250 4 82 My + ME (5,51 4 5,507, (136)

where 3J; are the Yukawa matrices of (59). We are interested in the renormalization group
evolution of My from A to the scale M. Solving (136) in the LL approximation we get

Mp(Mp) ~ Mg(A)
(A) o ()

(137)

1672 [(212{ + 222£>MI% + M%(ElZI + 222£)T

Using the condition (63) we find the radiative corrections for the majorana neutrino mass,
Mp(Mp) ~ Mg(A)

1
1672

0
[(mi + AADME + M{AAL + A ADT [ (A) log(TR) &7 (138)
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6 Phenomenology: [; — [, Transitions

Flavor changing processes in the charged lepton sector have not been observed so far.
The simplest flavor changing transitions among charged leptons l; — [;v are strongly
constrained experimentally, recent limits obtained for the decay of a muon to an electron
and a photon, set the upper bound B(y — ey) < 2.4 x 107'2 at 90% C.L. [35]. For the
other decays we have the 90% C.L bounds [36],

B(T — ey) <33 x 1078, (139)
B(r — py) < 4.4 x 1078,

In this section we will perform a phenomenological analysis of [; — [;y transitions for
the case of Dirac neutrinos and minimal field content. In Sec.(5.1) we derived analytical
expressions in the LL approximation for the radiative induced flavor changing neutral
couplings (128). In Sec.(6.1) we use this result to estimate the contribution of the flavor
changing neutral Higgs bosons to the decay y — ey. Then in Sec.(6.2) we constrain the
effective flavor violating operators by studying the transitions l; — {;v. We study for which
values of Apx and the scale of flavor symmetry breaking A it is possible to observe these
decays experimentally and we also analyze the correlations between the different decay
modes. We will analyze branching ratios normalized as

L(l; — L)

_ 14

B(l; = l;y) =

6.1 Flavor Changing Neutral Higgs Boson Contributions to
Ho— ey

It is known that within the SM modified by the presence of neutrino mass terms (Dirac,
Majorana or type I see-saw), the leading contribution to the decay pu — ey is too small
to be observed. For example in the case of Dirac neutrino mass terms one obtains B(y —
ey) < 107%°. The observation of such decay would then be a clear signal of physics beyond
the SM, furthermore many extensions of the SM predict a sizable enhancement of the
i — ey decay rate to levels close to the present experimental limits.

In Sec.(5) we derived the FCNCs induced by radiative corrections from a high energy
scale A to the EW scale ~ M. In the presence of flavor changing neutral couplings certain
two-loop graphs may dominate over the one-loop contribution as realized by Bjorken and
Weinberg [37]. This can be understood because the one-loop contribution involving virtual
scalars have three chirality flips while certain two-loop graphs have only one (see Figs.(2)
and (3)). This decay has been studied previously for the case of multi-Higgs doublets
and general flavor changing couplings at two-loops [38, 39]. We will use the expressions
derived in Ref.[38] to constrain the parameters of the model developed in Sec.(4.1). For
completeness we quote the relevant results derived in Ref.[38] with the original notation.
We will then establish the relation with our particular model.

30



Figure 2: A one-loop Feynman diagram for u — ey with flavor changing neutral Higgs
couplings. There are two chirality flips in the Yukawa couplings and one in the fermion
propagator.

g’y Y

7\ ’s
v SN H 7 <o M
Y T

() (d)
Figure 3: Dominant two-loop Feynman diagrams for y — ev. In diagram (a) there is also
a contribution from ghost fields and Goldstone bosons in the internal loop. The dashed

lines in the internal loop of (b), (c) and (d) correspond to Goldstone bosons and ghost
fields.

The flavor changing neutral couplings of the physical scalars H, = {H, h, A} are
parametrized by

My —
L=— Ttt(A;PL + AL PR)tH,

VM Me
— Y CE(AY P+ AL PR)uH, 4 gMyy cos g W W T Hy + -+ - (141)
v
In our notation we have the Higgs mixing angles: ¢y = a — [ corresponding to H and
¢n = a — B+ 5 for h, see (21) and (32). The dominant two-loop contribution arises from
W boson and top exchange [38]. We neglect diagrams with internal Z bosons since their

1—45sin? Oyy)

contribution is suppressed by a factor of ( ppy e 0.087 with respect to the diagrams
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where the Z is replaced by a photon. The dominant two-loop amplitudes are then

3 3
A oop (1t = €7) Z 008 D AL 3 (20) +59(2a) + 79(20) + Th(za)]

4 4
Ao (= ) SQ?ZA“%[ReAttf(z«m)— INTIMAY g(21a)] - (142)
where z, = %IQ%, Zta = Mg : AL = —1, A = 1. The functions f(z), g(z) and h(z) are
defined as

/d 1_121: z) log(x(lz_x))’
9 / 1—1: —zlo ( (1_x)>’

:i/o z—x(l—x) [1+z—x(zl—x) log<x(1z_x>>}'

(143)

These functions are of order O(1) for the range of scalar masses we are interested (see
Fig.(4)).

_ f(2)

— 9

_ -h(z)

Figure 4: Numerical values for the functions f(z), g(z) and —h(z).

The branching ratio is given by

3,a\3m, /1 1
B(n - e7) = 5(5)" 2 (514 + 5 14nl) (144)

™ My,
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_ ALR Hyy _}_ALJ?- Hyy

where a = e?/(4m) is the fine structure constant and Ay g T W loop | S€€

(142). For the case of Dirac neutrinos (see Sec.(5.1)) we have

AL = ﬁml)m cos(a — ),

A= n,z; e(Az)m sin(a — ),

A = i e (M)

AbF = m -(A)3 cos(ar = ).

AlLE = ﬁmz); sin(a— B)

A = e (B (145)

The matrix A; is defined in (128), in particular

1 M
(A2 = s og (52 ) (1 + Sl = )my X (Ursaxs)(Ursaxs)am?, . (146)

7

Note that there is a GIM cancellation mechanism at play, for degenerate neutrinos (4;)12 =
0 because of the unitarity of the PMNS matrix Upyns. This can be seen in a more general
way if we consider that

off —dia, iagy 2 iag\ off —dia;
Azﬂ 8 o (UIJ-"[-’MNS(MVd £) UPMNS]MJd g) f-diog (147)

The GIM cancellation is very effective since the neutrino mass differences are very small
compared to the electroweak scale v = 246 GeV, for example taking m,, = 1 eV and normal
hierarchy we find

M
(A2 ~ 1073 x log(TZ)(l +oa)(s—s)- (148)

One obtains that the two-loop contributions (142) to B(u — ey) are negligible even for
A = 10" GeV due to the strong suppression of the flavor changing couplings (146). This
conclusion also holds for the decays 7 — py and 7 — ey. The GIM cancellation mechanism
makes the one- and two-loop contributions from flavor changing neutral scalars negligible.

6.2 Constraining LFV Effective Operators from [; — [;y

Within the MFV framework there are effective operators suppressed by the scale A at
which the flavor symmetry is broken,

ERER ,
L=1 (Z S D09 + h.c.) . (149)

a=1j=1
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In the following part we neglect renormalization group effects on these effective operators.
We are interested in effective operators that conserve lepton number since otherwise they
would be suppressed by the scale Apy, supposed to be much higher than A. This implies
that the lowest order operators that contribute are of dimension 6. Since y — ey is a
magnetic transition the relevant operators have the form Z_EF L]];, where I' must transform
like (3,1,3) under SU(3)} in the spurion sense. In a general scalar basis one has

O %y = ¢'8llRoy, T LR
Okt = 904lrowm T L F" . (150)

We can also write the effective Lagrangian (149) in the Higgs basis

1 2 2 ' la )
L=1 (Z S 09 + h.c.) . (151)

a=1j=1
According to (18) we have
i = A kies + Shiss
0/2,%% = _Cga,t})zLSﬁ + Cg,l})zLCﬁ ) (152)
where a = {1,2}. In the framework of Dirac neutrinos there is only one spurion with the

required transformation property I' = \; (62), we neglect terms of second order in \;. From
(61) we then have that

) v
diag(me, m,, m.) = E(Cgfll + sp §12))\l ) (153)

Since )\ is flavor diagonal the operators in (150) do not contribute to the decay p — ey.
Note that the quantity o- é = (cp & + 55 &) is invariant under scalar basis transformations
(17).

In the case of the minimal field content (see Sec.(4.2)) we have another irreducible
source of flavor symmetry breaking g, (77). Since we are interested in flavor transitions
among charged leptons we choose to work in the basis where J; is diagonal. Thus we have

A
Gy :%U*diag(myl, My s Moy U
v

A= \/ﬁﬁ diag(me, my, m.). (154)
U(@ : &)

As in Ref.[20], we now have a spurion combination transforming like (3,1,3) given by
M(glg,). Hence for the case of minimal field content we have

O%L = g'®!lrowN(gg,) L FY
Ok = 9! 1roumiN(gh9,) LLFL™ (155)
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The branching ratio in the limit m. < m,, is given by

4
v

B(p — ey) = 967262@\(gl9u)ue|2\0/1,% -l (156)
Y

The branching ratio (156) we obtain for the minimal field content scenario is multiplied

with respect to the equivalent expression in Ref.[20] by the flavor universal factor |0 - 5|_2.

From (154) we have

A2y A?
(gigv)lj - (Udlag(mm?ml/z’ m )UT) %(m?/lélj + U U* ATnsol + U U* Amatm) .
(157)
By using the parametrization of the lepton mixing matrix given in (84) we find
Ay 1 is
(9390 e “7 \/5(812012Amsol + 513" Amiyy,)
T A%N 1 A i A
(9590 )re #— o \/—( S12€12 msol + size matm) )
Ain1,
(gigy>7,u %F 2( 12Amsol + Amatm) : (158)
For the numerical analysis we use the values Am2, = 8 x107° eV?, Am2, = 2.5x1073 eV?

and 012 = 33°. The angle 6,3 is experimentally bounded 6,3 < 7r/ 13 [36]. The plus sign in
(158) is for normal hierarchy m,, < m,, < m,,, and the minus sign is for inverted hierarchy
my, < my,, < m,,. By looking at (156) we note that even though B(l; — [;7) depends
strongly on the scales A and Apy, the ratio of different LF'V rates only depends on low
energy parameters. In Fig.(5) and Fig.(6) we compare the different LFV transition rates
for normal and inverted hierarchy of neutrino masses. Since the flavor universal factor
|6 - & cancels in the ratio of different LFV transition rates, we find as in Ref.[20] that
B(r — py) > B(r — ey) ~ B(u — e7).

The decays l; — [;7 would be experimentally observable only if there is a large hierarchy
between the scales of lepton-number and lepton-flavor violation. Observable rates for
[ — ey requires approximately A 2 109ALN, in Fig.(7) we plot B(s — ev) and B(r — )
as a function of s,3 taking ((c} g?p - RL)l/QA x/A)* =10, According to (156), the factor

| - 5\_2 can lower the required hierarchy between these scales if ¢ - 5 is very small.

As mentioned in Ref.[20] the requirement of perturbativity of the spurion g, and the
limits on neutrino masses, m, < 2 eV, imply the upper bound Apxy < 10 GeV. Inter-
estingly one then finds that g — ey is in the observable range for the expected values
A ~ 1 —10 TeV. The dependence of B(x — e7) on the CP phase ¢ is shown in Fig.(8)
assuming normal hierarchy, (cllg)L — c/1’5%)L)1/2/\L]\1/]\)4 =10, 9-& = 1 and taking s13 in
the interval [0.01,0.1]. It is important to take into account that the decay p — ey can be
accidentally suppressed with respect to 7 — vy for a particular combination of s;3 and 9,

see Fig.(8).
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(a) normal hierarchy (b) inverted hierarchy
Figure 5: Ratio B(u — ey)/B(7 — e7v) as a function of s;3 for normal (a) and inverted (b)
hierarchies.
By—>e'y/B‘r—>,u'y Bﬂ_’EV/BT_’#V
0.1;
0.001}
1072+
10—7,
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Figure 6: Ratio B(u — ev)/B(7 — py) as a function of s;3 for normal (a) and inverted
(b) hierarchies.
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Figure 7: Branching ratio B(u — e7y) and B(7 — u7) as a function of s3 for ((cllg)L -

c’lyg)L)l/QALN/A)4 = 10'°%. The CP phase is fixed § = m and the shading is generated by

varying |0 - 5 | in the interval [0.5, 1]. The current experimental upper bound on B(p — e)
is also shown.

5x 10713

1x 10713
5x 10714

1x 10714
5x 10~1°

Figure 8: Branching ratio B(u — ev) as a function of § for (ALN((C/L(I?L — c’L(I?L)l/Q/A)4 =

101 and © - 5_2 = 1. The shading corresponds to a variation of s13 in the interval [0.01,0.1]
and normal hierarchy is assumed.

7 Summary and Conclusions

In this thesis we provide possible extensions of the A2HDM [10] to the lepton sector. We
consider Yukawa alignment as arising from an MFV principle following Ref.[11]. We define
the MFV principle for three different scenarios of neutrino masses
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e Extended field content and lepton number conservation. Dirac neutrinos.
e Minimal field content.
e Extended field content without lepton number conservation.

In the case of Dirac neutrinos we then obtain expressions for the leptonic sector com-
pletely analogous to those found for quarks in Refs.[10, 33]. We studied the effect of
radiative corrections and obtained analytical expressions for the flavor changing neutral
couplings in the LL approximation for the case of Dirac neutrinos and minimal field con-
tent. We also consider the one-loop RGE for the right-handed Majorana mass matrix.
This is relevant for leptogenesis since radiative corrections break the degeneracy imposed
at a high energy scale [29, 30].

By using general two-loop expressions for B(u — ev) [38], we find that the contribution
of the radiatively generated FCNCs to the decay p — ey is negligible even for A ~ 10
GeV due to the strong GIM suppression. The GIM cancellation mechanism is very effective
because the neutrino mass differences are very small compared to the EW scale. We argue
that these contributions are also negligible for the other lepton flavor violating decays
T — py and T — e7.

In Sec.(6.2) we study the contribution of dimension 6 effective operators to the decays
li = ljy. As found in Ref.[20], observable rates for {; — [;7 transitions are obtained if
there is a large hierarchy between the scale of lepton number violation Ay and the flavor
symmetry breaking scale A. For example the observation of u — ey requires approximately
A > 10°Arn. We find that B(l; — ;) is multiplied with respect to the expression found
in Ref.[20] by a flavor universal factor | - 5|*2. For very small values of 0 - 5_2 the required
hierarchy between A and Apx would be relaxed. The same particular pattern found in
Ref.[20] is also found in this case among the different decay channels, B(7r — uy) >
B(r — ey) ~ B(x — ev). This pattern is a clear prediction of the MFLV hypothesis and is
expressed exclusively in terms of neutrino masses and mixing parameters. The branching
ratios B(l; — [;7) increase with s;3, with the exception of B(r — py) which is independent
of this parameter.

The recent evidence for a non-zero 63 at 90% C.L [40], together with the expected
sensitivity improvements B(u — ey) = O(10713) at MEG and B(7 — pvy) = O(107%) in
Super B factories, open the possibility to test the MF'V hypothesis in the near future. The
non-observation of none of these decays on the other hand would only set stringent bounds
on the ratio (Arn/A)*|0 - &|72 and based only on this analysis, will not disprove the MFV
hypothesis.
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A Feynman Rules

In this section we provide Feynman rules associated to the scalar fields. We provide the
rules in a general R¢-gauge. The Feynman rules for the three and four point Higgs vertices
in the most general CP-conserving 2HDM, see (7), are listed in Ref.[14]. We quote the
Feynman rules in terms of the states {S,S2, 53} for simplicity, these are given in terms
of the physical particles {H, h, A} by (21). We use the notation ¢! = {h, H, A} for the
physical neutral scalars. The scalar propagators are given by

@Y B kQ—mig H* - k2 —m2,.
ok ko
G* k2 — & M3, GO k2 —&,M3

Figure 9: Propagators of the scalar fields.
In Fig.(11) we quote the gauge interactions of the scalar and in Fig.(10) the scalar-ghost

interactions. The Feynman rules given in Fig.(12) arise from the Lagrangians (55) and (69)
corresponding to the case of Dirac neutrinos and lepton number conservation.
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Figure 10: Ghost vertices from (41).
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Figure 12: Yukawa interactions of the physical scalars for the case of Dirac neutrinos and
lepton number conservation, see (55) and (69).

42



B Renormalization Group Equations

In this appendix we provide a derivation of the RGE for the Yukawa couplings, only
taking into account the quark sector. We concentrate on the flavor changing part of these
equations, so that we are not going to discuss the gauge contributions since these are
flavor diagonal before EW symmetry breaking. We use the finite cutoff interpretation of
the RGE following Ref.[41] with an UV cutoff E and in the following we only quote the
cutoff-dependent parts o< In(E?) of the Green functions. Within this scheme, the loop
integrals in momentum space are given by

d'q 11 B* o
/ @2m)t 2 (2n) / s /m 0 (B-1)

where m is an arbitrary fixed parameter. The non vanishing contributions to the one-loop
two-point Green function —iG,gZ7]l)(p2,E2) for k,1 = 1,2 and i,j = 1,2, 3,4; represented
diagrammatically in Fig.(13) are

- N, E?
G 0P, ) =i S () [AkA} + AAL T ¢ rlr;} ,

. . E2
G0, B) =(-1) 2 S () [AkAlT _AAL T, T+ rlr,z] . (B2)

where (') = (12) = (21) = (34) = (43).
o) Q 6l)

Figure 13: Diagrams that contribute to the Green function —iE,&i’{)(pQ, E?).

The two-point Green function for incoming u’ and outgoing v/, denoted by —iG(p; F; u', u?)
is represented in Fig.(14). One obtains that
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Figure 14: Diagrams that contribute to the Green function —iX(p; E; u’, u?) .

The vertex correction, showed in Fig.(15) gives rise to the three-point Green functions

GO (k,p; B;u's0/; ¢f) = —32%2\/5 1n(%);21{(1 +75) {FTFIATL
+(1 = 5) [Airlri] } :
ji
GO (k,p; By d'; d’; ¢7) = _Lm(ﬁ)i{u + ) {A AT ]
AR 32722 m? o B
+H1 ) |rjan]] . (B.4)
ji

The RGE are obtained by requiring that Green functions in the theory with finite cut-of
E are equal to those with cut-off £ + dFE, this condition determines how the fields and
couplings must change with the cut-off scale. Imposing that G(p?, E?) = G(p? E + dF)

one obtains
1672

Ne

2
dpn(E) = —dlog EY Tr [AkAj + rlrﬂ S (E). (B.5)

=1

44



u!(k +p),d (k+ p)

a0 N
wi(k), (k)

Figure 15: Diagram contributing to the Green function G® (k, p; E; u’; u’; ¢7) .

Similarly imposing G(p; E;u',vw/) = G(p; E + dE;u’,u’) we get the following cut-off de-
pendence of the quark fields

A" (E)p.r = df,(E), "¢ (E) .k . (B.6)
with
dlog E?) 2
aB)E = )P = - TEE) S n Al ] (),
™ k=1 ij

2(dlog E?) &
BN = -G Yo [Alad (8.

2(dlog E?) &
dfa( ) —W;{rgrk]ﬁ(bﬂ). (B.7)

Finally, from the condition G® (k, p; E; u’, w/; ¢}) = GO (k, p; E+dE;u',w; ¢}) we get the
RGE for the Yukawa couplings

JlogE ~  16n2 { —N, ZTr{AkA + Il }A
1 2 2
= o3[+ nrha +2aaa] + 230 [NrA) } ,
=1 =1
dT', 2 ; ;
TonF = T2 { NC;Tr T.0f + AT
2
— =[] + AADT, + 20T +2 Z[AZALH]} . (B.8)
=1 =1

C Parametrizing Yukawa Alignment

Yukawa alignment was originally parametrized in Ref.[10] as (53). Recently a different
parametrization of Yukawa alignment was proposed in Ref.[33]

Fl = COS(Q/}d))\d s F2 = sin(wd))\d,
Ay = cos(¥y) Ay , Ay = sin(¢y,) Ay - (C.1)
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where {1,,14} are arbitrary complex parameters. This parametrization is equivalent to
the one proposed in Ref.[10] in the following way

&4 = tan iy , £, = tan,, (C.2)
and
¢g = tan(vy — B) S = tan (i, — B). (C.3)

Using the parametrization of the Yukawa alignment condition of [33], one obtains for (127)
and (128) the following expressions

Y

off-dia, 1 COS( d wu) SIH(Q/JU w;> diag\27 /1 7 sdia. off-diag
A8 — A2y log( ) |COS(wd _ )|20052(% — ﬁ) (V(Md g) VM, g)
off-dia, 1 S( wd) Sin(@z)d - w;) t diag\?2 diag off-diag
Ba = 4723 log( ) | cos(thy, — B)|? cos?(Yq — ) (V (M72)7V My g) '
(C.4)
off-dia, 1 COS( 1/11/) Sln(i/h/ w*) ia iag ) Of-diag
AGTARE = Ar203 log( ) [ cos(iy — B)[2 cos (¢, — lﬁ) (UPMNS(Mld 20U s M2 g) :
off-dia, 1 COS( Qﬁl) Sln(wl ¢ ) 1 dia diag off-diag
AT g log( >|COS( B)|? cos? (¢ — B) (Ubsans (M%) Upnins M;) '
(C.5)

The expressions (135) obtained in Sec.(5.2) can also be written in the parametrization
of [33],

1 : .
o (UrT k™ (Myg)UY etdiag — {(MVUTZ\/.I?U)OH'dhag [cosh(ZIm@/)l) — 4] cos(vy)|> — 4eppsin (i) cos(@/)l*)}
LN

+ (UT MPU* M, )T diae [cosh(ZIm@/)l)

2 *\ o1 lOg(%)
+ 8 cos(yn)* + Seuz cos(v) sin()] | 167207 cos(8 — )]

(C.6)
1 : .
——(UYTs"2 (M) Uy i — {(J\/.I'VUT]WZZU)Off'dllag [clgcosh(QImwl) + 4epa| cos(iy) |2

AL
— 8sin (1)) cos(vy) + 4egg cos(¢y) sin(y) — 8cya] sin(wl)ﬂ
+ (UT MPU* M, )°Tdiag {clzcosh(ﬂmwl)
10g(%>

16720 cos(B — y)|?”
(C.7)

+ 8¢y cos(1y) sin® (1) + 8caa| sin(wl)ﬂ }
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1 : .
—(UPT R (M) Up )48 = 3 (M, UTMPU )42 ¢15cosh(2Imi,
L L l

Arn
+ 4sin(y) cos(¢hr) — 8cgy cos(4)) sin(yy) — 4era| cos(v) |
+ dero| sin(yy) |2} + (UT MEU* M, )T diae {cmcosh(ZIm@/)l)
log(%)
16720 cos(B — ¥y)|?’
(C.8)

+ 8¢y cos(¢]) sin(1)y) + 8cag COS(Q/H)‘Q} }

1 . .
A_ (UZTK/22(MZ>UIL/)OH_d1ag — {(MVUTMZ2U)oﬁ-d1ag [ngCOSh(QIrm/Jl) + 4012 sin(z/;l*) 005(1/11)
LN
— 81z cos(¢y) sin(¢))
+ (UT MPU* M, )°Tdiag |:CQ2COSh(21m'l/}l)

s )
16m2v*| cos(B — ) *-

+ 8¢ cos(y) sin(wl*)} } (C.9)
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