
EXPLORANDO LA FASCINANTE REGION ADONDE 
NO VALEN LAS HIPOTESES DE LA MECANICA 

ESTADISTICA DE BOLTZMANN-GIBBS   





TYPICAL SIMPLE SYSTEMS:  
     Short-range space-time correlations 

     Markovian processes (short memory), Additive noise 

     Strong chaos (positive maximal Lyapunov exponent), Ergodic, Euclidean geometry 

     Short-range many-body interactions, weakly quantum-entangled subsystems 

     Linear/homogeneous Fokker-Planck equations, Gausssians 

                        Boltzmann-Gibbs entropy (additive) 

            Exponential dependences (Boltzmann-Gibbs weight, ...) 

TYPICAL COMPLEX SYSTEMS: 
     Long-range space-time correlations 

     Non-Markovian processes (long memory), Additive and multiplicative noises 

     Weak chaos (zero maximal Lyapunov exponent), Nonergodic, Multifractal geometry 

     Long-range many-body interactions, strongly quantum-entangled sybsystems 

     Nonlinear/inhomogeneous Fokker-Planck equations, q-Gaussians 

             Entropy Sq (nonadditive) 

                q-exponential dependences (asymptotic power-laws) 

e.g.,  W (N ) ∝ μN   (μ > 1)

e.g.,  ( )  ( 0)W N N ρ ρ∝ >
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-  Additive versus Extensive 

-  Central Limit Theorem 

-  Predictions, verifications and applications 
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A Saguia and MS Sarandy, Phys Lett A 374, 3384 (2010) 



Summarizing, for a wide class of quantum systems or subsystems with N  elements, 
we know that

  SBG (N ) ∝  ln L ∝ ln  N       ≠ N       for d = 1 quantum chains

              ∝  L      ∝ N        ≠ N       for d = 2 bosonic systems
              ∝  L2      ∝ N 2/3       ≠ N       for d = 3   (black hole)
              ∝  Ld−1    ∝ N (d−1)/d  ≠ N       for d -dimensional bosonic systems 
                                                                                         (d > 1; area law)

              ∝ Ld−1 −1
d −1

≡ ln2−d L ≠ Ld ∝ N       (d ≥1)         (NONEXTENSIVE!)

      
                  
For the same class of quantum systems, we expect

   S
qent

(N ) ∝ Ld   ∝ N       (d ≥1; qent ≠ 1)                       (EXTENSIVE!)

 (analytically and/or computationally shown for d = 1,2)



      SYSTEMS   ENTROPY SBG 

      (additive) 
ENTROPY Sq (q<1) 
    (nonadditive) 

Short-range 
interactions, 
weakly entangled 
blocks, etc 

 
    EXTENSIVE 

 
 NONEXTENSIVE 

Long-range 
interactions (QSS), 
strongly entangled 
blocks, etc 

 
NONEXTENSIVE 

 
      EXTENSIVE 

quarks-gluons, plasma, curved space ...?  



-  Additive versus Extensive 

-  Central Limit Theorem 

-  Predictions, verifications and applications 
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Particular case q = 1: 

q-GENERALIZED INVERSE FOURIER TRANSFORM: 

M. Jauregui and C. T., Phys Lett A 375, 2085 (2011) 



M. Jauregui and C. T.       
Phys Lett A 375, 2085 (2011) 

q - Gaussian 
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-  Additive versus Extensive 

-  Central Limit Theorem 

-  Predictions, verifications and applications 





Andrade, Silva, Moreira, Nobre and Curado, Phys Rev Lett 105, 260601 (2010)  
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Linear-Quadratic q=1 

q=0.75 

“This allows the use of this model in  
hypofractionation radiotherapy treatments  
where current models cannot be applied.”  
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EXTENSIVE 
SYSTEMS 

NONEXTENSIVE 
SYSTEMS 

dipole-dipole 

Newtonian gravitation 

  

V (r) ∼ − A
rα      (r →∞)        ( A > 0,   α ≥ 0)

                        integrable if       α / d > 1       (short-ranged)
                non-integrable if  0 ≤α / d ≤1        (long-ranged )

α -XY model 



L.J.L. Cirto, V.R.V. Assis and C. T. (2011) 



KURAMOTO MODEL:  (N nonlinearly coupled oscillators) 

G. Miritello, A. Pluchino and A. Rapisarda, Physica A 388, 4818 (2009) 

(N=20000; K=2.53) (N=20000; K=0.6) 



CONSERVATIVE MC MILLAN MAP: 
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G. Ruiz, T. Bountis and C. T.                        
Int J Bifurcat Chaos (2011), in press 



( , ) (1.6,1.2)μ ε = max( 0.05)λ ≈

G. Ruiz, T. Bountis and C. T.                        
Int J Bifurcat Chaos (2011), in press 
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q=1.15      
T=0.145 
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P. Czerski, Int J Mod Phys A 26,  638 (2011) 

(200 GeV) 

(17.3 GeV) 

(5 GeV) 

prediction for LHC 

RAPIDITY DISTRIBUTION FOR PROTON PRODUCTION              

IN HEAVY-NUCLEI COLLISIONS: 
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q-PLANE WAVES: 



2) New representation of :π

M. Jauregui and C. T., J Math Phys 51, 063304 (2010) 
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4) q − generalized Schroedinger equation
    (quantum non-relativistic spinless free particle)

    i ∂
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Its exact solution is given by

          Φ x,t( ) = Φ0  eq
i p  . x−Et( )  = Φ0  eq
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 with               
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2m
  (Newtonian relation!)  
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F.D. Nobre, M.A. Rego-Monteiro and C. T., Phys Rev Lett  106, 140601 (2011) 



5) q-generalized Klein-Gordon equation: 
           (quantum relativistic spinless free particle: e.g., mesons π )

∇2Φ x,t( ) = 1
c2

∂2Φ x,t( )
∂t2 + q m2c2

2 Φ x,t( ) Φ x,t( )
Φ0
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 Its exact solution is given by

           Φ x,t( ) = Φ0  e
q

i p  . x−Et( )  = Φ0  e
q
i k  . x−ω  t( )    

 with
            E2 = p2c2 + m2c4       (∀q)      (Einstein relation!)

Particular case:     m = 0 ⇒  q-plane waves
  F.D. Nobre, M.A. Rego-Monteiro and C. T., Phys Rev Lett  106, 140601 (2011) 



6) q-generalized Dirac equation: 
  (quantum relativistic spin 1 2  matter and anti-matter free particles: 
                                                                  e.g., electron and positron)

 i
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where a j{ }  are complex constants.
F.D. Nobre, M.A. Rego-Monteiro and C. T., Phys Rev Lett  106, 140601 (2011) 



Its exact solution is given by
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    being the same  ∀q

hence
            E 2 = p2c2 + m2c4    (q∈R)    (Einstein relation!)

F.D. Nobre, M.A. Rego-Monteiro and C. T., Phys Rev Lett  106, 140601 (2011) 
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